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PREFACE

This book is based on an honors course in advanced calculus that we gave in the
1960’s. The foundational material, presented in the unstarred sections of Chap-
ters 1 through 11, was normally covered, but different applications of this basic
material were stressed from year to year, and the book therefore contains more
material than was covered in any one year. It can accordingly be used (with
omissions) as a text for a year’s course in advanced calculus, or as a text for a
three-semester introduction to analysis.

These prerequisites are a good grounding in the calculus of one variable
from a mathematically rigorous point of view, together with some acquaintance
with linear algebra. The reader should be familiar with limit and continuity type
arguments and have a certain amount of mathematieal sophistication. As possi-
ble introductory texts, we mention Differential and Integral Calculus by R. Cou-
rant, Calculus by T. Apostol, Calculus by M. Spivak, and Pure Mathematics by
G. Hardy. The reader should also have some experience with partial derivatives.

In overall plan the book divides roughly into a first half which develops the
caleulus (principally the differential calculus) in the setting of normed vector
spaces, and a second half which deals with the calculus of differentiable manifolds.

Vector space calculus is treated in two chapters, the differential ealculus in
Chapter 3, and the basic theory of ordinary differential equations in Chapter 6.
The other early chapters are auxiliary. The first two chapters develop the neces-
sary purely algebraie theory of vector spaces, Chapter 4 presents the material
on compactness and completeness needed for the more substantive results of
the calculus, and Chapter 5 contains a brief account of the extra structure en-
countered in scalar product spaces. Chapter 7 is devoted to multilinear (tensor)
algebra and is, in the main, a reference chapter for later use. Chapter 8 deals
with the theory of (Riemann) integration on Euclidean spaces and includes (in
exercise form) the fundamental facts about the Fourier transform. Chapters 9
and 10 develop the differential and integral caleulus on manifolds, while Chapter
11 treats the exterior calculus of E. Cartan.

The first eleven chapters form a logical unit, each chapter depending on the
results of the preceding chapters. (Of course, many chapters contain material
that can be omitted on first reading; this is generally found in starred sections.)
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On the other hand, Chapters 12, 13, and the latter parts of Chapters 6 and 11
are independent of each other, and are to be regarded as illustrative applications
of the methods developed in the earlier chapters. Presented here are elementary
Sturm-Liouville theory and Fourier series, elementary differential geometry,
potential theory, and classical mechanics. We usually covered only one or two
of these topics in our one-year course.

We have not hesitated to present the same material more than once from
different points of view. Tor example, although we have selected the contraction
mapping fixed-point theorem as our basic approach to the implicit-function
theorem, we have also outlined a “Newton’s method” proof in the text and have
sketched still a third proof in the exercises. Similarly, the calculus of variations
is encountered twice—once in the context of the differential calculus of an
infinite-dimensional vector space and later in the context of classical mechanics.
The notion of a submanifold of a vector space is introduced in the early chapters,
while the invariant definition of a manifold is given later on.

In the introductory treatment of vector space theory, we are more careful
and precise than is customary. In fact, this level of precision of language is not
maintained in the later chapters. Our feeling is that in linear algebra, where the
concepts are so clear and the axioms so familiar, it is pedagogically sound to
illustrate various subtle points, such as distinguishing between spaces that are
normally identified, discussing the naturality of various maps, and so on. Later
on, when overly precise language would be more cumbersome, the reader should
be able to produce for himself a more precise version of any assertions that he
finds to be formulated too loosely. Similarly, the proofs in the first few chapters
are presented in more formal detail. Again, the philosophy is that once the
student has mastered the notion of what constitutes a formal mathematical
proof, it is safe and more convenient to present arguments in the usual mathe-
matieal colloquialisms.

While the level of formality decreases, the level of mathematical sophisti-
cation does not. Thus increasingly abstract and sophisticated mathematical
objects are introduced. It has been our experience that Chapter 9 contains the
concepts most difficult for students to absorb, especially the notions of the
tangent space to a manifold and the Lie derivative of various objects with
respect to a vector field.
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There are exercises of many different kinds spread throughout the book.
Some are in the nature of routine applications. Others ask the reader to fill in
or extend various proofs of results presented in the text. Sometimes whole
topies, such as the Fourier transform or the residue calculus, are presented in
exercise form. Due to the rather abstract nature of the textual material, the stu-
dent is strongly advised to work out as many of the exercises as he possibly can.

Any enterprise of this nature owes much to many people besides the authors,
but we particularly wish to acknowledge the help of L. Ahlfors, A. Gleason,
R. Kulkami, R. Rasala, and G. Mackey and the general influence of the book by
Dieudonné. We also wish to thank the staff of Jones and Bartlett for their invaluable
help in preparing this revised edition.

Cambridge, Massachusetts L.H.L.
1968, 1989 S.S.
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CHAPTER 0

INTRODUCTION

This preliminary chapter contains a short exposition of the set theory that
forms the substratum of mathematical thinking today. It begins with a brief
discussion of logic, so that set theory can be discussed with some precision, and
continues with a review of the way in which mathematical objects can be defined
as sets. The chapter ends with four sections which treat specific set-theoretic
topics.

It is intended that this material be used mainly for reference. Some of it
will be familiar to the reader and some of it will probably be new. We suggest
that he read the chapter through “lightly” at first, and then refer back to it
for details as needed.

1. LOGIC: QUANTIFIERS

A statement is a sentence which is true or false as it stands. Thus ‘1 < 2’ and
‘4 -+ 3 = 5 are, respectively, true and false mathematical statements. Many
sentences oceurring in mathematics contain variables and are therefore not true
or false as they stand, but become statements when the variables are given
values. Simple examples are ‘z < 4’, ‘ < ¥/, ‘z is an integer’, ‘3z? + y* = 10’
Such sentences will be called statement frames. If P(x) is a frame containing the
one variable ‘x’, then P(5) is the statement obtained by replacing ‘z’ in P(z) by
the numeral ‘5’. For example, if P(z) is ‘z < 4’, then P(5) is ‘5 < 4, P(\/2)
is ‘4/2 < 4’, and so on.

Another way to obtain a statement from the frame P(x) is to assert that P(x)
is always true. We do this by prefixing the phrase ‘for every 2’. Thus, ‘for every
z, x < 4’ is a false statement, and ‘for every z, z> — 1 = (z — 1)(zx + 1) isa
true statement. This prefixing phrase is called a unwersal quaniifier. Syn-
onymous phrases are ‘for each ' and ‘for all 2’, and the symbol customarily
used is ‘(Vz)’, which can be read in any of these ways. One frequently presents
sentences containing variables as being always true without explicitly writing
the universal quantifiers. For instance, the associative law for the addition of
numbers is often written

r+ @Y+ = @+y+e

where it is understood that the equation is true for all z, ¥ and z. Thus the
1
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actual statement being made is
Vo) (V) (VA)lx + (y +2) = (@ + y) -+ 2]

Finally, we can convert the frame P(x) into a statement by asserting that
it is sometimes true, which we do by writing ‘there exists an z such that P(z)’.
This process is called existential gquantification. Synonymous prefixing phrases
here are ‘there is an x such that’, ‘for some z’, and, symbolically, ‘(3z)’.

The statement ‘(Vz){(x < 4)’ still contains the variable ‘z’, of course, but
‘2’ is no longer free to be given values, and is now called a bound variable.
Roughly speaking, quantified variables are bound and unquantified variables
are free. The notation ‘P(x)’ is used only when ‘2’ is free in the sentence being
discussed.

Now suppose that we have a sentence P(x, ) containing fwo free variables.
Clearly, we need two quantifiers to obtain a statement from this sentence.
This brings us to a very important observation. If quantifiers of both types are
used, then the order in which they are written affects the meaning of the statement;
(Ay)(Vz)P(z, y) and (Vx)(Iy) P (z, y) say different things. The first says that one y
can be found that works for all z: “there exists a y such that for all z...".
The second says that for each z a y can be found that works: “for each z there
exists a y such that ...”. But in the second case, it may very well happen that
when z is changed, the y that can be found will also have to be changed. The
existence of a single y that serves for all z is thus the stronger statement. Ior
example, it is true that (Vx)(3y)(x < y) and false that (Jy)(Vz)(xz < y). The
reader must be absolutely clear on this point; his whole mathematical future is
at stake. The second statement says that there exists a y, call it yo, such that
(Vx)(z < yo), that is, such that every number is less than yo. This is false;
Yo -+ 1, in particular, is not less than yo. The first statement says that for each z
we can find a corresponding y. And we can: take y = z + 1.

On the other hand, among a group of quantifiers of the same type the order
does not affect the meaning. Thus ‘(Vz)(Vy)’ and ‘(Vy) (Vz)’ have the same mean-
ing. We often abbreviate such clumps of similar quantifiers by using the quan-
tification symbol only once, as in ‘(Vz, ¥)’, which can be read ‘for every x and y’.
Thus the strictly correct ‘(Vz)(Vy)(Ve)[z + (y + 2) = (x + y) + 2]’ receives the
slightly more idiomatic rendition ‘(Vz, y, 2)[x + (y +2) = (¢ -+ y) + 2. The
situation is clearly the same for a group of existential quantifiers.

The beginning student, generally feels that the prefixing phrases ‘for every z
there exists a y such that’ and ‘there exists a y such that for every 2’ sound
artificial and are unidiomatic. Thisisindeed the case, but this awkwardness is the
price that has to be paid for the order of the quantifiers to be fixed, so that the
meaning of the quantified statement is clear and unambiguous. Quantifiers do
oceur in ordinary idiomatic discourse, but their idiomatic occurrences often
house ambiguity. The following two sentences are good examples of such
ambiguous idiomatic usage: “Every x is less than some y” and “Some y is greater
than every z”. If a poll were taken, it would be found that most men on the
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street feel that these two sentences say the same thing, but half will feel that the
common agsertion is false and half will think it true! The trouble here is that
the matrix is preceded by one quantifier and followed by another, and the poor
reader doesn’t know which to take as the inside, or first applied, quantifier. The
two possible symbolic renditions of our first sentence, ‘{(Vz){z < #){(3y)’ and
‘Wa)(z < y)(3y)Y, are respectively false and true. DMathematicians do use
hanging quantifiers in the interests of more idiomatie writing, but only if they
are sure the reader will understand their order of application, either from the
context or by comparison with standard usage. In general, a hanging quantifier
would probably be read as the inside, or first applied, quantifier, and with this
understanding our two ambiguous sentences become true and false in that order.

After this apology the reader should be able to tolerate the definition of
sequential convergence. It involves three quantifiers and runs as follows: The
sequence {x,} converges to z if (Ve)(AN)(Vn)(if n > N then |z, — x| < €).
In cxactly the same format, we define a function f to be continuous at a if
(Ve)(A8) (V) (if [z — a| < 6 then [f(z) — fla)] < €). We often omit an inside
universal quantifier by displaying the final frame, so that the universal quanti-
fication is understood. Thus we define f to be continuous at a if for every e
there is a § such that

if |z —ada <3, then |f(x) — fla)] < e

We shall study these definitions later. We remark only that it is perfectly
possible to build up an intuitive understanding of what these and similar
quantified statements actually say.

2. THE LOGICAL CONNECTIVES

When the word ‘and’ is inserted between two sentences, the resulting sentence
is true if both constituent sentences are true and is false otherwise. That is, the
“truth value”, T or I, of the compound sentence depends ouly on the truth
values of the constituent sentences. We can thus deseribe the way ‘and’ acts in
compounding sentences in the simple “truth table”

P Q Pand@
T T T
T Ir I
F T i
¥ ¥ F

where ‘P’ and ‘Q’ stand for arbitrary statement frames. Words like ‘and’ are
called logical connectives. It is often convenient to use symbols for connectives,
and a standard symbol for ‘and’ is the ampersand ‘&’. Thus ‘P & @’ is read
‘P and @.
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Another logical connective is the word ‘or’. Unfortunately, this word is used
ambiguously in ordinary discourse. Sometimes it is used in the exclusive sense,
where ‘P or ¢’ means that one of P and @ is true, but not both, and sometimes
it is used in the #nclusive sense that at least one is true, and possibly both are
true. Mathematics cannot tolerate any fundamental ambiguity, and in mathe-
matics ‘or’ is always used in the latter way. We thus have the truth table

P Q Por@
T T T
T T T
F T T
Ir I Ir

The above two connectives are binary, in the sense that they combine fwo
sentences to form one new sentence. The word ‘not’ applies to one sentence and
really shouldn’t be considered a connective at all; nevertheless, it is called a
unary connective. A standard symbol for ‘not’ is ‘~’. Its truth table is obviously

P ~P
T I
I T

In idiomatic usage the word ‘not’ is generally buried in the interior of a
sentence. We write ‘x is not equal to %’ rather than ‘not (x is equal to y)’.
However, for the purpose of logical manipulation, the negation sign (the word
‘not’ or a symbol like ‘~’) precedes the sentence being negated. We shall, of
course, continue to write ‘x # y’, but keep in mind that this is idiomatic for
‘not (x = y)’ or ‘~(x = y)’.

We come now to the troublesome ‘if ..., then ... connective, which we
write as either ‘if P, then @ or ‘P = @’. This is almost always applied in the
universally quantified context (Vz)(P(x) = Q(z)), and its meaning is best
unraveled by a study of this usage. We consider ‘if x < 3, then z < 5 to be a
true sentence. More exactly, it is true for all z, so that the universal quantifi-
cation (Vz)(z < 3= z < 5) is a true statement. This conclusion forces us to
agree that, in particular, ‘2 < 3=2 <5, 4 <3=4 <5, and 6 <3=
6 < 5 are all true statements. The truth table for ‘=’ thus contains the
values entered below.

2

P Q P=q
T T T
T F -
Ir T T
F F T
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On the other hand, we consider ‘¢ < 7 =2 < 5 to be a false sentence, and
therefore have to agree that ‘6 < 7 = 6 < 5’ is false. Thus the remaining row
in the table above gives the value ‘¥’ for P = Q.

Combinations of frame variables and logical connectives such as we have
been considering are called truth-functional forms. We can further combine the
elementary forms such as ‘P = @’ and ‘~P’ by connectives to construct com-
posite forms such as ‘~(P = @)’ and ‘(P = Q) & ( = P)’. A sentence has a
given (truth-functional) form if it can be obtained from that form by substitution.
Thus ‘z < y or ~{(x < ¥)’ has the form ‘P or ~P’, since it is obtained from this
form by substituting the sentence ‘z < ¥’ for the sentence variable ‘P’. Com-
posite truth-functional forms have truth tables that can be worked out by
combining the elementary tables. For example, ‘~ (I = @)’ has the table below,
the truth value for the whole form being in the column under the conneective
which is applied last (‘~’ in this example).

P Q ~P=0Q

T ¥ T
F T I
I T ¥l T
I F Fi T

Thus ~(P = @) is true only when P is true and ¢ is false.

A truth-funetional form such as ‘P or (~P)’ which is always true (i.c., has
only ‘T’ in the final column of its truth table) is called a tautology or a tautologous
form. The reader can check that

(P& (P=Q)=0Q and (P=@Q &@=R)=(P=R)

are also tautologous. Indeed, any valid principle of reasoning that does not
involve quantifiers must be expressed by a tautologous form.

The ‘if and only if’ form ‘P < @’, or ‘P if and only if @’, or ‘P iff ¢, is an
abbreviation for ‘(P = Q) & (@ = P)’. Its truth table works out to be

P Q PsQ

T T T
T ¥ F
¥ T ¥
F F T

That is, P < @ is true if P and Q have the same truth values, and is false
otherwise.

Two truth-functional forms 4 and B are said to be equivalent if (the final
columns of) their truth tables are the same, and, in view of the table for ‘<,
we see that A and B are equivalent if A < B 4s tautologous, and conversely.
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Replacing a sentence obtained by substitution in a form A by the equivalent
sentence obtained by the same substitutions in an equivalent form B is a device
much used in logical reasoning. Thus to prove a statement P true, it suffices to
prove the statement ~P false, since ‘P’ and ‘~(~P) are equivalent forms.
Other important equivalences are

~(PorQ) & (~P) & (~Q),
(P=Q) & Qor (~P),
~(P=0Q) © P & (~Q).

A bit of conventional sloppiness which we shall indulge in for smoother
idiom is the use of ‘if’ instead of the correct ‘if and only if’ in definitions. We
define f to be continuous at x if so-and-so, meaning, of course, that fis continuous
at « if and only if so-and-so. This causes no difficulty, since it is clear that ‘if
and only if’ is meant when a definition is being given.

3. NEGATIONS OF QUANTIFIERS

The combinations ‘~(Vz)’ and ‘(3z)~’ have the same meanings: something is
not always true if and only if it is sometimes false. Similarly, ‘~(3y)’ and ‘(Vy)~’
have the same meanings. These equivalences can be applied to move a negation
sign past each quantifier in a string of quantifiers, giving the following important
practical rule:

In taking the negation of a statement beginning with a string of quantifiers,
we simply change each quantifier to the opposite kind and move the negation
sign to the end of the string.

Thus
~(V2)(AY)(V2)P(z, ¥, 2) < (3x)(Vy)(3)~P(z, y, 2).

There are other principles of quantificational reasoning that can be isolated
and which we shall occasionally mention, but none seem worth formalizing here.

4. SETS

It is present-day practice to define every mathematical object as a set of some
kind or other, and we must examine this fundamental notion, however briefly.
A set is a collection of objects that is itself considered an entity. The objects
in the collection are called the elements or members of the set. The symbol for
‘is a member of’ is ‘€’ (a sort of capital epsilon), so that ‘c € A’ isread “z isa
member of A7, “x is an element of A”, “z belongs to A”, or “zisin A”.

We use the equals sign ‘=" in mathematics to mean logical identity; 4 = B
means that A 7s B. Now a set A is considered to be the same object as a set B
if and only if A and B have exactly the same members. That is, ‘4 = B’ means
that (Vz)(x € A & = € B).
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We say that a set A is a subset of a set B, or that A is included in B (or that
B is a superset of A) if every element of 4 is an element of B. The symbol for
inclusion is ‘C’. Thus ‘A C B’ means that (Vz)(x € A = v € B). Clearly,

(A =B) & (ACB)and (BC A).

This is a frequently used way of establishing set identity: we prove that A = B
by proving that A C B and that B C A. If the reader thinks about the above
equivalence, he will see that it depends first on the equivalence of the truth-func-
tional forms ‘P < @’ and ‘(P =Q) & (@ = P)’, and then on the obvious
quantificational equivalence between ‘(Vx)(R & S)’ and ‘(Vz)R & (Vx)S’.

We define a set by specifying its members. If the set is finite, the members
can actually be listed, and the notation used is braces surrounding a member-
ship list. For example {1, 4, 7} is the set containing the three numbers 1, 4, 7,
{x} is the unit set of z (the set having only the one object z as a member),
and {z, y} is the pair set of x and y. We can abuse this notation to name some
infinite sets. Thus {2, 4, 6, 8, ...} would certainly be considered the set of all
even positive integers. But infinite sets are generally defined by statement
frames. If P(x) is a frame containing the free variable ‘2’, then {x : P(z)} is the
set of all x such that P(z) is true. In other words, {x : P(z)} is that set A such
that

y€ A e Py).

TFor example, {z:x? < 9} is the set of all real numbers 2 such that 2% < 9,
that is, the open interval (—3, 3),and y € {z : 2% < 9} < y? < 9. A statement
frame P(z) can be thought of as stating a property that an object  may or may
not have, and {z : P(x)} is the set of all objects having that property.

We need the empty set &, in much the same way that we need zero in
arithmetic. If P(z) is never true, then {z : P(z)} = &. For example,

gz #a} = .

When we said earlier that all mathematical objects are customarily con-
sidered sets, it was taken for granted that the reader understands the distinction
between an object and a name of that object. To be on the safe side, we add a
few words. A chair is not the same thing as the word ‘chair’, and the number 4
is a mathematical object that is not the same thing as the numeral ‘4’. The
numeral ‘4’ is a name of the number 4, as also are ‘four’, 2 - 2°, and ‘IV’.
According to our present viewpoint, 4 itself is taken to be some specific set.
There is no need in this course to carry logical analysis this far, but some readers
may be interested to know that we usually define 4 as {0, 1, 2, 3}. Similarly,
2 = {0,1}, 1 = {0}, and O is the empty set .

It should be clear from the above discussion and our exposition thus far
that we are using a symbol surrounded by single quotation marks as a name of
that symbol (the symbol itself being a name of something else). Thus‘‘4’’isa
name of ‘4’ (which is itself a name of the number 4). This is strictly correct
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usage, but mathematicians almost universally mishandle it. It is accurate to
write: let z be the number; call this number ‘@’. However, the latter is almost
always written: call this number z. This imprecision causes no difficulty to the
reading mathematician, and it often saves the printed page from a shower of
quotation marks. There is, however, a potential victim of such ambiguous
treatment of symbols. This is the person who has never realized that mathe-
matics is not about symbols but about objects to which the symbols refer. Since
by now the present reader has safely avoided this pitfall, we can relax and
occasionally omit the strictly necessary quotation marks.

In order to avoid overworking the word ‘set’, we use many synonyms,
such as ‘class’, ‘collection’, ‘family’ and ‘aggregate’. Thus we might say, “Let @
be a family of classes of sets”. If a shoe store is a collection of pairs of shoes, then
a chain of shoe stores is such a three-level object.

5. RESTRICTED VARIABLES

A variable used in mathematics is not allowed to take all objects as values; it
can only take as values the members of a certain set, called the domain of the
variable. The domain is sometimes explicitly indicated, but is often only im-
plied. For example, the letter ‘n’ is customarily used to specify an integer, so
that ‘ (Yn)P(n)’ would automatically be read “for every integer n, P(n)”. How-
ever, sometimes 7 is taken to be a positive integer. In case of possible ambiguity
or doubt, we would indicate the restriction explicitly and write ‘(Vn € Z)P(n)’,
where ‘Z’ is the standard symbol for the set of all integers. The quantifier is
read, literally, “for all n in Z”, and more freely, “for every integer n”. Similarly,
‘(In € Z)P(n)’ is read “there exists an n in Z such that P(n)” or “there exists
an integer n such that P(n)”. Note that the symbol ‘€’ is here read as the
preposition ‘in’. The above quantifiers are called restricted quantifiers.

In the same way, we have restricted set formation, both implicit and explieit,
as in ‘{n:Pn)}’ and ‘{n € Z : P(n)}’, both of which are read “the set of all
integers n such that P(n)”.

Restricted variables can be defined as abbreviations of unrestricted variables
by

(Vz € A)P(x) & Wr)(ze€ 4= Px)),
Az € A)Pz) < @)(zre d & P(@)),
{xeAd:Plx)} = {r:z2€ 4 & Plx)}.

Although there is never any ambiguity in sentences containing explicitly
restricted variables, it sometimes helps the eye to see the structure of the
sentence if the restricting phrases are written in superseript position, as in
(V> %) (In®?). Some restriction was implicit on page 1. If the reader agreed that
(Vz)(z® — 1 = (z — 1)(x + 1)) was true, he probably took z to be a real
number.
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6. ORDERED PAIRS AND RELATIONS

Ordered pairs are basic tools, as the reader knows from analytic geometry.
According to our general principle, the ordered pair <a, b> is taken to be a
certain set, but here again we don’t care which particular set it is so long as it
guarantees the crucial characterizing property:

<Lzr,y> = <a,b> & xz=aandy = b.

Thus <1,3> » <3, 1>.

The notion of a correspondence, or relation, and the special case of a map-
ping, or function, is fundamental to mathematies. A correspondence is a pairing
of objects such that given any two objects z and y, the pair <z, y > either docs
or does not correspond. A particular correspondence (relation) is generally
presented by a statement frame P(x, y) having two free variables, with z and y
corresponding if any only if P(x, y) is true. Given any relation (correspondence),
the set of all ordered pairs <z, y> of corresponding elements is called its graph.

Now a relation is a mathematical object, and, as we have said several times,
it is current practice to regard every mathematical object as a set of some sort
or other. Since the graph of a relation is a set (of ordered pairs), it is efficient and
customary to take the graph io be the relation. Thus a relation (correspondence)
18 stmply a set of ordered pairs. If R is a relation, then we say that x has the
relation R to y, and we write ‘zRy’, if and only if <z,y> € E. We also say
that z corresponds to y under E. The set of all first elements occurring in the
ordered pairs of a relation R is called the domain of R and is designated dom R
or D(R). Thus

dom R = {z:(3y)<z,y> € R}.

The set of second elements is called the range of R:
range R = {y: (3x)<z,y> € R}.

The tnverse, R™*, of a relation R is the set of ordered pairs obtained by reversing

those of R:
R~!= {<zx,y> : <y,z> € R}.

A statement frame P(z, y) having two free variables actually determines a pair
of mutually inverse relations R & S, called the graphs of P, as follows:

R:{<x)y>:P(x)y)}7 S:{<y)x>:P<x7y)}'

A two-variable frame together with a choice of which variable is considered to
be first might be called a directed frame. Then a directed frame would have a
uniquely determined relation for its graph. The relation of strict inequality
on the real number system R would be considered the set {<z, y>: z < y},
since the variables in ‘z < ¢ have a natural order.

The set A X B= {<z,y> :z€ A &y € B} of all ordered pairs with
first element in A and second element in B is called the Cartesian product of the
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sets A and B. A relation R is always a subset of dom R X range R. If the two
“factor spaces” are the same, we can use exponential notation: 42 = A4 X 4.

The Cartesian product R?Z = R X R is the “analytic plane”. Analytic
geometry rests upon the one-to-one coordinate correspondence between R? and
the Euclidean plane E2 (determined by an axis system in the latter), which
enables us to treat geometric questions algebraically and algebraic questions
geometrically. In particular, since a relation between sets of real numbers is a
subset of R2, we can “picture” it by the corresponding subset of the Euclidean
plane, or of any model of the Euclidean plane, such as this page. A simple
Cartesian product is shown in Fig. 0.1 (A U B is the union of the sets A and B).

B
R[4}

1 A A

AXB when A4 =({1,2]u2}, 3] and B=[1, 13]u{2}

Fig. 0.1 Fig. 0.2
If R is a relation and A is any set, then the restriction of Rto A,R | A,
is the subset of R consisting of those pairs with first element in A:
Rl A= {<z,y>:<z,y> € Rand z € A}.

Thus R | A = B n (A X range R), where C N D is the #ntersection of the sets

C and D.
If R is a relation and A is any set, then the image of A under R, R[A], is
the set of second elements of ordered pairs in R whose first elements are in A:

RAl= {y:Gx){x € A & <zx,y> € R)}.
Thus R[A] = range (R | A), as shown in Fig. 0.2.

7. FUNCTIONS AND MAPPINGS

A function is a relation f such that each domain element z is paired with exactly
one range element y. This property can be expressed as follows:

<z,y> €fand <z,2> €f = y= 2



(c) ketabton.com: The Digital Library

0.7 FUNCTIONS AND MAPPINGS 11

The y which is thus uniquely determined by f and z is designated f(x):
y=flx) & <z,y> &f.

One tends to think of a function as being active and a relation which is not
a function as being passive. A function f acts on an element z in its domain to
give f(x). We take z and apply f to it; indeed we often call a function an operator.
On the other hand, if B is a relation but not a function, then there is in general
no particular y related to an element z in its domain, and the pairing of x and y
is viewed more passively.

We often define a function f by specifying its value f(z) for each z in its
domain, and in this connection a stopped arrow notation is used to indicate the

pairing. Thus z — 22 is the function assigning to each number z its square z%

!
<-2, 4> <2, 4> + <4, 22—

‘ ' T <4, —2%
Fig. 0.3

If we want it to be understood that f is this function, we can write “Consider
the function f: z > 22”. The domain of f must be understood for this notation
to be meaningful.

If f is a function, then f~! is of course a relation, but in general it is not a
function. For example, if fis the function z — z2, then f~! contains the pairs
<4,2> and <4, —2> and so is not a function (see Fig. 0.3). If f~! 4s a func-
tion, we say that f is one-fo-one and that f is a one-to-one correspondence between
its domain and its range. Fach z € dom f ecorresponds to only one y € range f
(f is a function), and each ¥ € range f corresponds to only one z & dom f (f ! is
g function).

The notation

fiA—B

is read “a (the) function f on A into B” or “the function f from A to B”. The
notation implies that f is a function, that dom f = A, and that range f C B.
Many people feel that the very notion of function should include all these
ingredients; that is, a function should be considered an ordered triple < f, A, B>,
where f is a function according to our more limited definition, A is the domain
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of f, and B 1s a superset of the range of f, which we shall call the codomain of fin
this context. We shall use the terms ‘map’, ‘mapping’, and ‘transformation’
for such a triple, so that the notation f: A — B in its totality presents a mapping.
Moreover, when there is no question about which set is the codomain, we shall
often call the function f itself a mapping, since the triple <f, 4, B> is then
determined by f. The two arrow notations can be combined, as in: “Define
fiR— Rby z— 22"

A mapping f: A — B is said to be injective if f is one-to-one, surjective if
range f = B, and bijective if it is both injective and surjective. A bijective
mapping f: A — B is thus a one-to-one correspondence between its domain A
and its codomain B. Of course, a function is always surjective onto its range R,
and the statement that f is surjective means that B = B, where B is the under-
stood codomain.

8. PRODUCT SETS; INDEX NOTATION

One of the characteristic habits of the modern mathematician is that as soon as
a new kind of object has been defined and discussed a little, he immediately
looks at the set of all such objects. With the notion of a function from 4 to S
well in hand, we naturally consider the set of all functions from 4 to S, which we
designate S4. Thus R® is the set of all real-valued functions of one real variable,
and S*' is the set of all infinite sequences in S. (It is understood that an infinite
sequence is nothing but a function whose domain is the set Z* of all positive
integers.) Similarly, if we set @ = {1,..., n}, then S™ is the set of all finite
sequences of length n in S.

If B is a subset of S, then its characteristic function (relative to S) is the fune-
tion on 8, usually designated X, which has the constant value 1 on B and the
constant value O off B. The set of all characteristic functions of subsets of S is
thus 25 (since 2 = {0, 1}). But because this collection of functions is in a
natural one-to-one correspondence with the collection of all subsets of S, X
corresponding to B, we tend to identify the two collections. Thus 2% is also
interpreted as the set of all subsets of S. We shall spend most of the remainder
of this section discussing further similar definitional ambiguities which mathe-
maticians tolerate.

The ordered triple <ux,y, 2> is usually defined to be the ordered pair
< <Lz,y>,z>. The reason for this definition is probably that a function of
two variables x and y is ordinarily considered a function of the single ordered
pair variable <z, y>, so that, for example, a real-valued function of two real
variables is a subset of (R X R) X R. But we also consider such a function a
subset of Cartesian 3-space R3®. Therefore, we define R® as (R X R) X R;
that is, we define the ordered triple <z, y, 2> as < <z, y>,z>.

On the other hand, the ordered triple <z, y, 2> could also be regarded as
the finite sequence {<1, 2>, <2, y>, <3, 2>}, which, of course, is a different
object. These two models for an ordered triple serve equally well, and, again,
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mathematicians tend to slur over the distinction. We shall have more to say
on this point later when we discuss natural isomorphisms (Section 1.6). For
the moment we shall simply regard R? and R® as being the same; an ordered
triple is something which can be “viewed” as being either an ordered pair of
which the first element is an ordered pair or as a sequence of length 3 (or, for that
matter, as an ordered pair of which the second element is an ordered pair).

Similarly, we pretend that Cartesian 4-space R* is R* R? X R2 or
R! X R* = RX ((RX R) X R), etc. Clearly, we are in effect assuming an
associative law for ordered pair formation that we don’t really have.

This kind of ambiguity, where we tend to identify two objects that really are
distinet, is a necessary corollary of deciding exactly what things are. It is one
of the prices we pay for the precision of set theory; in days when mathematics
was vaguer, there would have been a single fuzzy notion.

The device of indices, which is used frequently in mathematics, also has am-
biguous implications which we should examine. An indexed collection, as a set,
is nothing but the range set of a function, the indexing function, and a particular
indexed object, say x;, is simply the value of that function at the domain element 7.
If the set of indices is I, the indexed set is designated {x;:7 € I} or {z;};er
(or {x;} =, in case I = Z*). However, this notation suggests that we view the
indexed set as being obtained by letting the index run through the index set I
and collecting the indexed objects. That is, an indexed set is viewed as being
the set fogether with the indexing function. This ambivalence is reflected in the
fact that the same notation frequently designates the mapping. Thus we refer
to the sequence {x,} -, where, of course, the sequence is the mapping n + z,.
We believe that if the reader examines his idea of a sequence he will find this
ambiguity present. He means neither just the set nor just the mapping, but the
mapping with emphasis on its range, or the range “together with” the mapping.
But since set theory cannot reflect these nuances in any simple and graceful way,
we shall take an indexed set to be the indexing function. Of course, the same
range object may be repeated with different indices; there is no implication that
an indexing is one-to-one. Note also that indexing imposes no restriction on the
set being indexed ; any set can at least be self-indexed (by the identity function).

Except for the ambiguous ‘{z; : 7 € I}’, there is no universally used notation
for the indexing function. Since z; is the value of the function at 7, we might
think of ‘¢, as another way of writing ‘z(¢)’, in which case we designate the
function ‘2’ or ‘x’. We certainly do this in the case of ordered n-tuplets when
we say, “Consider the n-tuplet x = <z, ..., 2,>”. On the other hand, there
is no compelling reason to use this notation. We can call the indexing function
anything we want; if it is f, then of course f(7) = x; for all 4.

We come now to the general definition of Cartesian product. Earlier we
argued (in a special case) that the Cartesian product A X B X C is the set of
all ordered triples x = <x,, 23, x3> such that z; € 4,2, € B, and z3 € C.
More generally, A, X Ay X --- X A,, or [[i=; A;, is the set of ordered n-
tuples x = <z1,...,2,> such that ;€ A;fori = 1,...,n. If we interpret
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an ordered n-tuplet as a functionon 7@ = {1,..., n}, we have

II7=; A; is the set of all functions x with domain @ such that z; € A4;
foralli em.

This rephrasal generalizes almost verbatim to give us the notion of the
Cartesian product of an arbitrary indexed collection of sets.

Definition. The Cartesian product J[;ezS; of the indexed collection of
sets {S;:7 € I} is the set of all functions f with domain the index set I
such that f(7) € S; for all € I.

We can also use the notation [J{S;:7 & I} for the product and f; for the
value f(2).

9. COMPOSITION

If we are given maps f: A — B and ¢: B — C, then the composition of g with f,
g © f, is the map of A into C defined by

(g o Nx) = 9(f(=)) forall z e A.

This is the funection of a function operation of elementary calculus. If fand g are
the maps from R to R defined by f(z) = '3 + 1 and g(x) = 2%, then fog(x) =
@)Y+ 1=12%3 4+ 1,and go flz) = (23 + 1)2 = 223 4 223 1 1. Note
that the codomain of f must be the domain of ¢ in order for ¢ o f to be defined.
This operation is perhaps the basic binary operation of mathematies.

Lemma. Composition satisfies the associative law:
folgeh)=(fog)eoh

Proof. (fo(geoh)@) = flgeh)@) = flgh@)) = (foplh@) =
((fog)oh)(x)forallz € domh. [

If A is a set, the identity map [4: A — A is the mapping taking every
xz € A toitself. Thus 4 = {<z,z> : z € A}. If f maps 4 into B, then clearly

folg=f=1Ipof.

If g: B — A is such that g o f = I, then we say that g is a left tnverse of f and
that f is a right nverse of g.

Lemma. If the mapping f: A — B has both a right inverse h and a left
inverse ¢, they must necessarily be equal.

Proof. This is just algebraic juggling and works for any associative operation.
We have
h=1TI40h= (gof)oh:go(foh):goIB:g, 0
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In this case we call the uniquely determined map ¢: B — A such that
fog= Igandgof= I, the tnverse of f. We then have:

Theorem. A mapping f: A — B has an inverse if and only if it is bijective,
in which case its inverse is its relational inverse f.

Proof. If f is bijective, then the relational inverse f~! is a function from B to A,
and the equations fo f~! = Iy and f~! o f = I, are obvious. On the other
hand, if f o ¢ = I, then f is surjective, since then every y in B can be written
y = f(g(y)). And if gof= I, then f is injective, for then the equation
f(z) = f(y) implies that x = ¢(f(x)) = ¢(f(y)) = y. Thus f is bijective if it
has an inverse. [

Now let ©(A4) be the set of all bijections f: A — A. Then ©(A4) is closed
under the binary operation of composition and

1) folgoh)=(fog)ohforallf, g, h €&,
2) there exists a unique I € &(A) such that fo I = I o f = fforall fe&;
3) for each f € S there exists a unique ¢ € & such that fog = go f = I.

Any set G closed under a binary operation having these properties is called
a group with respect to that operation. Thus &(A4) is a group with respect to
composition.

Composition can also be defined for relations as follows. If R C 4 X B and
SCBXC,thenSo RC A X C is defined by

<z,2> €S8R & (A B)(<z,y> € R & <y,z> €08).

If R and S are mappings, this definition agrees with our earlier one.

10. DUALITY

There is another elementary but important phenomenon called duality which
oceurs in practically all branches of mathematics. Let F: A X B — C be any
function of two variables. It is obvious that if z is held fixed, then F(x, y) is a
function of the one variable y. That is, for each fixed x there is a function
h*: B — C defined by h*(y) = F(z,y). Then z — k" is a mapping ¢ of 4 into
CB. Similarly, each y € B yields a function g, € C4, where g,(z) = F(z, y),
and y > ¢, is a mapping 8 from B to C4.

Now suppose conversely that we are given a mapping ¢: A — CZ. For each
r € A we designate the corresponding value of ¢ in index notation as A%, so
that % is a function from B to C, and we define F: 4 X B — C by F(z,y) =
h*(y). We are now back where we started. Thus the mappings ¢: 4 — CZ,
F:A X B—C,and : B— C4 are equivalent, and can be thought of as three
different ways of viewing the same phenomenon. The extreme mappings ¢ and
¢ will be said to be dual to each other.
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The mapping ¢ is the indexed family of functions {h*:x € A} C CB. Now
suppose that § C C® is an unindexed collection of functions on B into C, and
define F:§ X B — C by F(f,y) = f(y). Then 8: B — C¥ is defined by ¢,(f) =
f(y). What is happening here is simply that in the expression f(y) we regard both
symbols as variables, so that f(y) is a function on § X B. Then when we hold y
fixed, we have a function on § mapping & into C.

We shall see some important applications of this duality prineciple as our
subject develops. For example, an m X n matrix is a function t = {¢;;} in
R™X"  We picture the matrix as a rectangular array of numbers, where ‘4’ is
the row index and %’ is the column index, so that ¢;; is the number at the inter-
section of the 7th row and the jth column. If we hold < fixed, we get the n-tuple
forming the 7th row, and the matrix can therefore be interpreted as an m-tuple
of row n-tuples. Similarly (dually), it can be viewed as an n-tuple of column
m-tuples.

In the same vein, an n-tuple <fi, ..., f,> of functions from A to B can
be regarded as a single n-tuple-valued function from A to B7,

a— <f1(a)) L ;fn(a)>-

In a somewhat different application, duality will allow us to regard a finite-
dimensional vector space V as being its own second conjugate space (V*)*.

It is instructive to look at elementary Euclidean geometry from this point
of view. Today we regard a straight line as being a set of geometric points.
An older and more neutral view is to take points and lines as being two different
kinds of primitive objects. Accordingly, let A be the set of all points (so that A
is the Euclidean plane as we now view it), and let B be the set of all straight lines.
Let F be the incidence function: F(p, ) = 1 if p and [ are incident (p is “on” [,
lis “on” p) and F(p, l) = O otherwise. Thus F maps A X B into {0, 1}. Then
for each [ € B the function ¢;(p) = F(p, [} is the characteristic function of the
set of points that we think of as being the line { (¢;(p) has the value 1 if pison !
and 0 if p is not on [.) Thus each line determines the set of points that are on it.
But, dually, each point p determines the set of lines [ “on” 4, through ¢ts char-
acteristic function A?(l). Thus, in complete duality we can regard a line as being
a set, of points and a point as being a set of lines. This duality aspect of geometry
is basic in projective geometry.

It is sometimes awkward to invent new notation for the “partial” function
obtained by holding a variable fixed in a function of several variables, as we did
above when we set g,(z) = F(z, y), and there is another device that is frequently
useful in this situation. This is to put a dot in the position of the “varying
variable”. Thus F(a, -) is the function of one variable obtained from F(z, y)
by holding x fixed at the value a, so that in our beginning discussion of duality
we have

b = F(x,-), gy =F(-,y).

If f is a function of one variable, we can then write f = f(-), and so express the
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above equations also as h*(-) = F(z, -}, g,(-) = F(-, y). The flaw in this notation
is that we can’t indicate substitution without losing meaning. Thus the value
of the function F(z, -) at b is F(x, b), but from this evaluation we cannot read
backward and tell what function was evaluated. We are therefore forced to
some such cumbersome notation as F(z, -)|5, which can get out of hand. Never-
theless, the dot deviee is often helpful when it can be used without evaluation
difficulties. In addition to eliminating the need for temporary notation, as
mentioned above, it can also be used, in situations where it is strictly speaking
superfluous, to direct the eye at once to the position of the variable.

For example, later on D:F will designate the directional derivative of the
function F in the (fixed) direction £ This is a function whose value at « is
D¢F (o), and the notation D F(-) makes this implicitly understood fact explicit.

11. THE BOOLEAN OPERATIONS

Let S be a fixed domain, and let § be a family of subsets of S. The union of &,
or the union of all the sets in F, is the set of all elements belonging to at least one
set in ¥. We designate the union | or Jaes 4, and thus we have

Us = {z: 34)z e 4)}, yeUFe @4y e4).

We often consider the family § to be indexed. That is, we assume given a set [
(the set of indices) and a surjective mapping ¢ — A, from I to F, so that F =
{A;:7i € I}. Then the union of the indexed collection is designated {J;er 4; or
U{4;:ieI}. The device of indices has both technical and psychological
advantages, and we shall generally use it.

If & is finite, and either it or the index set is listed, then a different notation
is used for its union. If § = {4, B}, we designate the union 4 U B, a notation
that displays the listed names. Note that here we havexa € A UB < xz € A4 or
zeB. If §= {4;:1=1,...,n}, we generally write ‘A; U A, U---UA4,’
or ‘Ui=; A7 for Us.

The intersection of the indexed family {A}:cr, designated MN;cr 4, is the
set of all points that lie in every A;. Thus

re[14: & V) e 4.
el

For an unindexed family § we use the notation (F or M4es 4, and if § =
{A, B}, then N5 = A N B.
The complement, A’, of a subset of 8 is the set of elements z <= 8 not in
A: A’ = {255 :2 & A}. The law of De Morgan states that the complement of
an intersection is the union of the complements:
(Q 4y =U .
eI €I

This an immediate consequence of the rule for negating quantifiers. It is the
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equivalence between ‘not always in’ and ‘sometimes not in’: [~(Vi)(zx € 4;) ©
(3)(x & A))] says exactly that

S (ﬂAi)’ e ze | J .

If we set B; = A and take complements again, we obtain the dual form:

(UierB) = Nier(B).
Other principles of quantification yield the laws

Bn (LEJI 4:) = -91 (B4
from P & (32)Q(z) & (Iz)(P & Q(x)),

Bu(ﬂ A7) = N (BU 42,

€1 el

Ba () 4) = Bn 4,

€l el

BuU (U Ai) = U (BU A)).
el el

In the case of two sets, these laws imply the following familiar laws of set algebra:
(AUB)Y = A'n B, (AnB)=A'"uB (De Morgan),
ANBUC)=(AnNBUAnNQO),
AuBnC)=(AuBn4au0.

Even here, thinking in terms of indices makes the laws more intuitive. Thus
(A1 N dp) = A7 U 4%

is obvious when thought of as the equivalence between ‘not always in’ and
‘sometimes not in’.

The family § is disjoint if distinet sets in § have no elements in common, i.e.,
if VX, Y7NX %Y =XnNnY=g). For an indexed family {A.}se; the
condition becomes 7 # j = A; N A; = &. If § = {4, B}, we simply say that
A and B are disjoint.

Given f: U — V and an indexed family {B.} of subsets of V, we have the

following important identities:
UB]=Usrma 0 B = N84,
and, for a single set B C V,
B = (f7UBY.
For example,
zef [ B f) € () Bi = vi) (fa) € B)
o W)@efB) oze ﬂ B
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The first, but not the other two, of the three identities above remains valid
when f is replaced by any relation E. It follows from the commutative law,
(Ax)(3y)A & (y)(3x)A. The second identity fails for a general R because
‘(3r)(Vy)’ and ‘(Vy)(3x)’ have different meanings.

12. PARTITIONS AND EQUIVALENCE RELATIONS

A partition of a set A is a disjoint family F of sets whose union is 4. We call the
elements of F ‘fibers’, and we say that § fibers A orisa fibering of A. For example,
the set of straight lines parallel to a given line in the Euclidean plane is a fibering
of the plane. If ‘T’ designates the unique fiber containing the point z, then
x — T is a surjective mapping m: A — F which we call the projection of 4 on F.
Passing from a set A to a fibering & of A is one of the principal ways of forming
new mathematical objects.

Any function f automatically fibers its domain into sets on which f is con-
stant. If A is the Eueclidean plane and f(p) is the z-coordinate of the point p in
some coordinate system, then f is constant on each vertical line; more exactly,
f~Y(z) is a vertical line for every z in R. Moreover, x — f~!(x) is a bijection
from R to the set of all fibers (vertical lines). In general, if f: A — B is any sur-
jective mapping, and if for each value y in B we set

Ay=f"y = el flo) =y,

then § = {4, :y € B} is a fibering of 4 and ¢:y — A4, is a bijection from
B to &. Also ¢ o f is the projection m: A — &, since ¢ o f(x) = o(f(z)) is the
set T of all zin A such that f(z) = f(z).

The above process of generating a fibering of 4 from a function on A is
relatively trivial. A more important way of obtaining a fibering of A is from
an equality-like relation on A called an equivalence relation. An equivalence
relation ~ on A is a binary relation which is reflexive (x ~ x for every z € 4),
symmetric (x ~ y =y ~ x), and {ransitive (x ~ y and y ~ 2 = x ~ z). Every
fibering & of A generates a relation ~ by the stipulation that x ~ y if and only if
z and y are in the same fiber, and obviously ~ is an equivalence relation. The
most important fact to be established in this section is the converse.

Theorem. KEvery equivalence relation ~ on A is the equivalence relation
of a fibering.

Proof. We obviously have to define T as the set of elements y equivalent to z,
T = {y:y ~ z}, and our problem is to show that the family F of all subsets of 4
obtained this way is a fibering.

The reflexive, symmetric, and transitive laws become

z €T, TEF=yET, and zePandyecz = z€z

Reflexivity thus implies that § covers A. Transitivity says that if y € z, then
T €7 = x €Z,; that is, if y € 7, then 7 C 2 But also, if y €2, then z € 7 by
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symmetry, and so ZC 7. Thus y € Z implies ¥ = 2. Therefore, if two of our
sets @ and b have a point z in common, then @ = T = b. In other words, if @ is
not the set b, then @ and b are disjoint, and we have a fibering. [

The fundamental role this argument plays in mathematics is due to the fact
that in many important situations equivalence relations occur as the primary
object, and then are used to define partitions and functions. We give two
examples.

Let Z be the integers (positive, negative, and zero). A fraction ‘m/n’ can
be considered an ordered pair <m, n> of integers with n £ 0. The set of all
fractions is thus Z X (Z — {0}). Two fractions <m,n> and <p, ¢> are
“equal” if and only if mq = np, and equality is checked to be an equivalence
relation. The equivalence class <m, n> is the object taken to be the rational
number m/n. Thus the rational number system Q is the set of fibers in a par-
tition of Z X (Z — {0}).

Next, we choose a fixed integer p € Z and define a relation £ on Z by
mEn < p divides m — n. Then E is an equivalence relation, and the set Z, of
its equivalence classes is called the integers modulo p. It is easy to see that mEn
if and only if m and n have the same remainder when divided by p, so that in
this case there is an easily calculated function f, where f(m) is the remainder
after dividing m by p, which defines the fibering. The set of possible remainders
is {0,1,...,p — 1}, so that Z, contains p elements.

A function on a set A can be “factored” through a fibering of A by the
following theorem.

Theorem. Let ¢ be a function on 4, and let § be a fibering of A. Then ¢
is constant on each fiber of § if and only if there exists a function g on &
such that g = go .

Proof. 1f g is constant on each fiber of &, then the association of this unique
value with the fiber defines the function g, and clearly ¢ = g o w. The converse
is obvious. [
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CHAPTER 1

VECTOR SPACES

The calculus of functions of more than one variable unites the caleulus of one
variable, which the reader presumably knows, with the theory of vector spaces,
and the adequacy of its treatment depends directly on the extent to which vector
space theory really is used. The theories of differential equations and differential
geometry are similarly based on a mixture of calculus and vector space theory.
Such “vector calculus” and its applications constitute the subject matter of this
book, and in order for our treatment to be completely satisfactory, we shall
have to spend considerable time at the beginning studying vector spaces them-
selves. This we do principally in the first two chapters. The present chapter is
devoted to general vector spaces and the next chapter to finite-dimensional
spaces.

We begin this chapter by introducing the basic concepts of the subject—
vector spaces, vector subspaces, linear combinations, and linear transforma-
tions—and then relate these notions to the lines and planes of geometry. Next
we establish the most elementary formal properties of linear transformations and
Cartesian product vector spaces, and take a brief look at quotient vector spaces.
This brings us to our first major objective, the study of direct sum decomposi-
tions, which we undertake in the fifth section. The chapter concludes with a
preliminary examination of bilinearity.

1. FUNDAMENTAL NOTIONS

Vector spaces and subspaces. The reader probably has already had some
contact with the notion of a vector space. Most beginning calculus texts discuss
geometric vectors, which are represented by “arrows” drawn from a chosen
origin O. These vectors are added geometrically by the parallelogram rule:
The sum of the vector OA (represented by the arrow from O to A) and the
veetor OB is the vector OP, where P is the vertex opposite O in the parallelogram
having 04 and OB as two sides (Fig. 1.1). Vectors can also be multiplied by
numbers: x(—O_A') is that vector OB such that B is on the line through O and
A, the distance from O to B is || times the distance from O to 4, and B and 4
arc on the same side of O if x is positive, and on opposite sides if z is negative
21
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(0A+0B)+0C=0P+00=0X OA+(0B+0C)=0A+0G=0X

Fig. 1.3

(Fig. 1.2). These two vector operations satisfy certain laws of algebra,
which we shall soon state in the definition. The geometric proofs of these laws
are generally sketchy, consisting more of plausibility arguments than of airtight
logic. For example, the geometric figure in Fig. 1.3 is the essence of the usual
proof that vector addition is associative. In each ecase the final vector 0X is
represented by the diagonal starting from O in the parallelepiped constructed
from the three edges OA, OB, and OC. The set of all geometric vectors, together
with these two operations and the laws of algebra that they satisfy, constitutes
one example of a vector space. We shall return to this situation in Section 2.

The reader may also have seen eoordinate triples treated as vectors. In this
system a three-dimensional vector is an ordered triple of numbers <z;, xq, 23>
which we think of geometrically as the coordinates of a point in space. Addition
1s now algebraically defined,

<y, zg, x3> + <Y1, Yo, y3> = <x1+?/1, x_2+y2, 3+ Y3 >,

as is multiplication by numbers, {<zy, Zs, 23> = <iry, fxs, fx3>. The
vector laws are much easier to prove for these objects, since they are almost
algebraic formalities. The set R? of all ordered triples of numbers, together with
these two operations, is a second example of a veector space.
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If we think of an ordered triple <z, 2, 3> as a function x with domain
the set of integers from 1 to 3, where z; is the value of the function x at 7 (see
Section 0.8), then this vector space suggests a general type called a function
space, which we shall examine after the definition. For the moment we remark
only that we defined the sum of the triple x and the triple y as that triple z
such that z; = z; + y; for every <.

A vector space, then, is a collection of objects that can be added to each
other and multiplied by numbers, subject to certain laws of algebra. In this
context a number is often called a scalar.

Definition. Let V be a sct, and let there be given a mapping <o, 8> +>
a+ 8 from VXV to V, called addition, and a mapping <z, a> — za
from R X V to V, called multeplication by scalars. Then V is a vector space
with respect to these two operations if:

Al. aFB+V)=(a+8)+ 7 forall o, 8,7 V.

A2. e+ =B+« forall o,8€V.

A3. There exists an element 0 € V such that a + 0 = « for all a € V.
A4. Tor every @ € V there exists a § € V such that « + 8 = 0.

S1. (xy)a = z(ya) forall z,yeR, ae€V.
S2. (z+ ya = za+ yo forall z,yeR, aeV.
S3. z(e+B) = za+ 28 forall zeR, o, V.
S4. loa = « forall acV.

In contexts where it is clear (as it generally is) which operations are intended,
we refer simply to the vector space V.

Certain further properties of a vector space follow directly from the axioms.
Thus the zero element postulated in A3 is unique, and for each « the 8 of A4
is unique, and is called —a. Also Oa = 0, 20 = 0, and (—1)a = —a. These
elementary consequences are considered in the exercises.

Our standard example of a vector space will be the set V = R of all real-
valued functions on a set 4 under the natural operations of addition of two
functions and multiplication of a function by a number. This generalizes the
example R'123 — R? that we looked at above. Remember that a function f
in R4 is simply a mathematical object of a certain kind. We are saying that two
of these objects can be added together in a natural way to form a third such
object, and that the set of all such objects then satisfies the above laws for
addition. Of course, f + ¢ is defined as the function whose value at a is f(a) +
g(a), so that (f + ¢)(a) = f(a) + g(a) for all @ in A. For example, in R?* we
defined the sum x -+ y as that triple whose value at ¢is z; + y; for all 7. Similarly,
¢f is the function defined by (¢f)(a) = c(f(a)) for all a. Laws Al through S4
follow at once from these definitions and the corresponding laws of algebra for
the real number system. For example, the equation (s + &)f = sf 4 tf means
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that ((s + t)f) (@) = (sf + tf)(a) forall a € A. But

(0@ = s+ (@) = s(f@) + t(f(a))
= ($N(a) + () = (S + i)(a),

where we have used the definition of scalar multiplication in R*, the distributive
law in R, the definition of scalar multiplication in R“, and the definition of
addition in R4, in that order. Thus we have S2, and the other laws follow
similarly.

The set A can be anything at all. If A = R, then V = R® is the vector
space of all real-valued functions of one real variable. If A = R X R, then
V = R™® is the space of all real-valued functions of two real variables. If
A= {1,2) =2, then V = R? = R? is the Cartesian plane, and if 4 =
{1,...,n} =7, then V = R" is Cartesian n-space. If A contains a single
point, then R4 is a natural bijective image of R itself, and of course R is trivially
a vector space with respect to its own operations.

Now let V be any vector space, and suppose that W is a nonempty subset of
V that is closed under the operations of V. That is, if « and 8 are in W, then so
isa + B, and if ais in W, then so is za for every scalar . For example, let V be
the vector space R@? of all real-valued functions on the closed interval [a, b] C R,
and let W be the set €([a, b)) of all continuous real-valued functions on [a, b].
Then W is a subset of V that is closed under the operations of V, since f+ ¢
and ¢f are continuous whenever f and g are. Or let V be Cartesian 2-space R?,
and let W be the set of ordered pairs x = <z, xo> such that z; + zo = 0.
Clearly, W is closed under the operations of V.

Such a subset W is always a vector space in its own right. The universally
quantified laws A1, A2, and S1 through S4 hold in W because they hold in the
larger set V. And since there is some 8 in W, it follows that 0 = 08 is in W
because W is closed under multiplication by scalars. Tor the same reason, if «
is in W, then so is —a = (—1)a. Therefore, A3 and A4 also hold, and we see
that W is a vector space. We have proved the following lemma.

Lemma. If W is a nonempty subset of a vector space V which is closed
under the operations of V, then W is itself a vector space.

We call W a subspace of V. Thus €([a, b]) is a subspace of R"*" and the
pairs <zp, x> such that z; + 2, = 0 form a subspace of R%. Subspaces will
be with us from now to the end.

A subspace of a vector space R4 is called a function space. In other words, a
function space is a collection of real-valued functions on a common domain
which is closed under addition and multiplication by scalars.

What we have defined so far ought to be called the notion of a real vector
space or a vector space over R. There is an analogous notion of a complex vector
space, for which the scalars are the complex numbers. Then laws S1 through S4
refer to multiplication by complex numbers, and the space C* of all complex-
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valued functions on A4 is the standard example. In fact, if the reader knew what
is meant by a field F, we could give a single general definition of a vector space
over F, where scalar multiplication is by the elements of F, and the standard
example is the space V = F4 of all functions from A4 to F. Throughout this
book it will be understood that a vector space is a real vector space unless explic-
itly stated otherwise. However, much of the analysis holds as well for complex
vector spaces, and most of the pure algebra is valid for any scalar field F.

EXERCISES

1.1 Sketch the geometric figure representing law S3,
“(04 +0B) = =01 + =0B),

for geometric vectors. Assume that xz > 1.

1.2 Prove S3 for R3 using the explicit displayed form {z1, 2, x5} for ordered triples.

1.3 The vector 0 postulated in A3 is unique, as elementary algebraic fiddling will
show. For suppose that 0’ also satisfies A3. Then

O =0+0 (A3 for 0)

04+0 (A2
=0 (A3 for 0).

Show by similar algebraic juggling that, given «, the 8 postulated in A4 is unique.
This unique 8 is designated —a.

1.4 Prove similarly that 0a = 0, 20 = 0, and (—1)a = —a.

1.5 Prove that if za = 0, then either z = Oora = 0.

1.6 Prove S1 for a function space R4, Prove S3.

1.7 Given that « is any vector in a vector space V, show that the set {za:z € R}
of all sealar multiples of « is a subspace of V.

1.8 Given that « and 8 are any two vectors in V, show that the set of all vectors
ra -+ yB, where z and y are any real numbers, is a subspace of V.

1.9 Show that the set of triples x in R3 such that z;1 — z2 -+ 223 = 0 is a subspace
M. If N is the similar subspace {x:z1+ z2+ z3 = 0}, find a nonzero vector a in
M N N. Show that M N N is the set {za:z & R] of all scalar multiples of a.

1.10 Let A be the open interval (0, 1), and let ¥V be R4, Given a point z in (0, 1),
let V, be the set of functions in ¥ that have a derivative at z. Show that V. is a sub-
space of V.

1.11 For any subsets 4 and B of a vector space V we define the set sum 4 -+ B by
A+ B={a+pB:ac AandB e B}. Showthat (A + B)+C = A4+ (B+ O).

112 If ACV and X CR, we similarly define X4 = {za:z&€ X and o€ A}.
Show that a nonvoid set A is a subspace if and only if A+ A4 = A and R4 = A.

1.13 Let V be R2, and let M be the line through the origin with slope k. Let x be
any nonzero vector in M. Show that M is the subspace Rx = {ix:t& R}.
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1.14 Show that any other line I with the same slope & is of the form M + a for some a.
1.15 Let 31 be a subspace of a vector space V, and let « and 3 be any two vectorsin V.
Given A = a-+ M and B = 8- M, show that either 4 = B or ANB = .
Show also that A 4+ B = (a« -+ B) + 2.

1.16 State more carefully and prove what is meant by “a subspace of a subspace is
a subspace”,

1.17 Prove that the intersection of two subspaces of a vector space is always itself
a subspace.

1.18 Prove more gencrally that the intersection W = [Nier W; of any family
{Wi:7 &€ I} of subspaces of V is a subspace of V.

1.19 Let V again be R©:D and let W be the set of all functions f in V such that f'(x)
exists for every z in (0, 1). Show that 11" is the intersection of the collection of subspaces
of the form V, that were considered in Exercise 1.10.

1.20 Let V be a function space R*, and for a point a in .1 let W, be the set of functions
such that f(a) = 0. W, is clearly a subspace. For a subset B C -1 let Wp be the set
of functions f in V such that f = 0 on B. Show that Wpis the intersection [Yocp We.
1.21 Supposing again that X and ¥ are subspaces of V, show thatif X + ¥ = V and
XNY = {0}, then for every vector { in V there is a unique pair of vectors € X
and 7 &€ Y such that ¢ = £ 1.

1.22 Show that if X and Y are subspaces of a vector space V, then the union XY U Y
can only be a subspace if either Y C Y or VY C X.

Linear combinations and linear span. Because of the commutative and associ-
ative laws for vector addition, the sum of a finite set of vectors is the same for all
possible ways of adding them. I'or example, the sum of the three vectors
ag, ap, @ can be calculated in 12 ways, all of which give the same result:

(ag 4+ ap) + ac = ac + (ag + ap) = (ac + ag) + o = ap + (e + a,), ecte.

Therefore, if I = {a, b, ¢} is the set of indices used, the notation > ;=1 ay,
which indicates the sum without telling us how we got it, is unambiguous. In
general, for any finite indexed set of vectors {a;:7 € I} there is a uniquely
determined sum vector 3 ;er «; which we can compute by ordering and group-
ing the ;s in any way.

The index set I is often a block of integers @ = {1,...,n}. In this case
the veetors «; form an n-tuple {e;}7, and unless directed to do otherwise we
would add them in their natural order and write the sum as > 7., «;. Note
that the way they are grouped is still left arbitrary.

Frequently, however, we have to use indexed sets that are not ordered.
TFor example, the general polynomial of degree at most 5 in the two variables

‘s and ‘¢’ is
2. cs't
0<iTI<H

and the finite set of monomials {5’} ;1 ;<5 has no natural order.
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* The formal proof that the sum of a finite collection of vectors is indepen-
dent of how we add them is by induction. We give it only for the interested
reader.

In order to avoid looking silly, we begin the induction with two vectors,
in which case the commutative law a, + ap = ap + o, displays the identity of
all possible sums. Suppose then that the assertion is true for index sets having
fewer than n elements, and consider a collection {«;:7 € I'} having n members.
Let 8 and ¥ be the sum of these vectors computed in two ways. In the com-
putation of 3 there was a last addition performed, so that 8 = (Zies, o) +
Xier, @), where {Jy, Jo} partitions I and where we can write these two
partial sums without showing how they were formed, since by our inductive
hypothesis all possible ways of adding them give the same result.

Similarly, ¥ = (Ciek, @) + (ick, ou). Now set

ij = Jj N K and Eir = Z a;,
‘I:Eij
where it is understood that &, = 0 if Lj; is empty (see Exercise 1.37). Then
2 ieq, = £11+ £12 by the inductive hypothesis, and similarly for the other
three sums. Thus

B = (&11 + £12) + (21 + £22) = (E11+ E21) + (E12 + E22) - v,

which completes our proof.

A vector 8 is called a linear combination of a subset A of the vector space V
if 8 is a finite sum > x,a;, where the vectors «; are all in 4 and the scalars z;
are arbitrary. Thus, if A is the subset {"}q C R® of all “monomials”, then a
function f is a linear combination of the functions in A4 if and only if fis a
polynomial function f(t) = 37 cit®. If A is finite, it is often useful to take the
indexed set {a;} to be the whole of 4, and to simply use a O-coefficient for any
vector missing from the sum. Thus, if A is the subset {sin{, cost, ¢'} of R®,
then we can consider A an ordered triple in the listed ordering, and the function
3sint —e! = 3-sint+ 0-cost-+ (—1)e¢* is the linear combination of the
triple A having the coefficient triple <3,0, —1>.

Consider now the set L of all linear combinations of the two vectors
<1,1,1> and <0,1, —1> in R3 It is the set of all vectors s<1,1,1> -
t<0,1, —1> = <s,s-+t s — t>, where s and ¢ are any real numbers. Thus
L= {<s,s+ts—1t>:<st> cR?*. It will be clear on inspection that
L is closed under addition and scalar multiplication, and therefore is a subspace
of R%. Also, L contains each of the two given vectors, with coefficient pairs
<1,0> and <0, 1>, respectively. Finally, any subspace M of R® which
contains each of the two given vectors will also contain all of their linear combi-
nations, and so will include L. That is, L ¢s the smallest subspace of R® containing
<1,1,1> and <0, 1, —1>. Itis called the linear span of the two vectors, or the
subspace generated by the two vectors. In general, we have the following theorem.
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Theorem 1.1. If A is a nonempty subset of a vector space V, then the set
L(A) of all linear combinations of the vectors in A is a subspace, and it is
the smallest subspace of V which includes the set A.

Proof. Suppose first that 4 is finite. We can assume that we have indexed 4
in some way, so that A = {«;:7 € I} for some finite index set I, and every
element of L(A) is of the form > ;e; x;a;. Then we have

(X o) + (i) = 2 @i + yi)oy

because the left-hand side becomes >_; (x;a; -+ yse;) when it is regrouped by
pairs, and then S2 gives the right-hand side. We also have

e(2 i) = 2o (crs)ey

by S3 and mathematical induction. Thus L{4) is closed under addition and
multiplication by scalars and hence is a subspace. Moreover, L(A) contains
each o; (why?) and so includes A. Finally, if a subspace W includes 4, then it
contains each linear combination 3 x;a;, so it includes L{A). Therefore, L(A4)
can be directly characterized as the uniquely determined smallest subspace
which includes the set 4.

If A is infinite, we obviously can’t use a single finite listing. However, the
sum (2.7 z;a;) + (T y;8;) of two linear combinations of elements of A is
clearly a finite sum of scalars times elements of A. If we wish, we can rewrite it
as 271" 205, where we have set 8; = apyjand y; = zpqjforj=1,...,m.
In any case, L(A) is again closed under addition and multiplication by scalars
and so is a subspace. [J

We call L(A) the linear span of A. If L(A) = V, we say that A spans V;
V 1s finite-dimensional if it has a finite spanning set.

If V= R?, and if &', 6%, and §% are the “unit points on the axes”, §! =
<1,0,0>, 82 = <0,1,0>, and 8% = <0,0,1>, then {6°}} spans V, since
X = <1, 2o, 23> = <21,0,0> -+ <0,25,0> + <0,0,23> = 2,8 +
2982 + 238% = T3 2,6° for every x in R®. More generally, if V = R” and &’ is
the n-tuple having 1 in the jth place and 0 elsewhere, then we have similarly that
X = <&y, ..., Tn> = .oy ;8% so that {6} spans R®. Thus R™ is finite-
dimensional. In general, a function space on an infinite set A will not be finite-
dimensional. For example, it is true but not obvious that €([a, b]) has no finite
spanning set.

EXERCISES

1.23 Givena = <1,1,1>, 8 = 0,1, —1>,7Y = <2,0,1>, compute the lincar
combinations a« + 8+ 7Y, 3¢ — 284 V,za+ yB8+ Y. Find z,y, and z such that
ra+ yB-+2Y = <0,0,1> = 3. Do the same for §! and §2.

1.24 Given « = <1,1,1>,8 = <0,1,—1>, v = <1,0,2>, show that each of
o, 8,7 is a linear combination of the other two. Show that it is impossible to find
cocflicients z, 7, and 2z such that za -+ y8 + 2v = 8.
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1.25 a) Find the linear combination of the set 4 = <t,¢2 — 1,24 1> with coeffi-
cient triple <2, —1, 1>>. Do the same for <0, 1, 1>.
b) Find the coeflicient triple for which the linear combination of the triple 4
is (¢+ 1)2. Do the same for 1.
¢) Show in fact that any polynomial of degree < 2 is a linear combination of A.
1.26 Find the linear combination f of {ef, e !} C R® such that f(0) = 1andf/(0) = 2.
1.27 Find a linear combination f of sin z, cos z, and e* such that f(0) = 0, f/(0) = 1,
and f”7(0) = 1.
1.28 Suppose that a sin ¢ + b cos £ + ce® is the zero function. Prove thata = b =
¢c=0.
1.29 Prove that <1,1> and <1,2> span R2.
1.30 Show that the subspace M/ = {x:z; + 22 = 0} C R? is spanned by one vector.

1.31 Let M be the subspace {x:z1 — z2+ 223 = 0} in R%. Find two vectors a
and b in M neither of which is a scalar multiple of the other. Then show that Af is
the linear span of a and b.

1.32 Find the intersection of the linear span of <1,1,1> and <0,1, —1> in R3
with the coordinate subspace o = 0. Exhibit this intersection as a linear span.

1.33 Do the above exercise with the coordinate space replaced by
M= {x:21+ z2 = 0}.

1.34 DBy Theorem 1.1 the linear span L(A4) of an arbitrary subset A of a vector space
V has the following two properties:

i) L(A) is a subspace of V which includes A;

ii) If M is any subspace which includes A, then L(A) C M.
Using only (i) and (ii), show that

a) ACB= L(A) CL(B);

b) L(L(A)) = L(4).
1.35 Show that

a) if M and N are subspaces of V, then so is M -+ N;

b) for any subsets A, BC V, L(AU B) = L(A) 4+ L(B).
1.36 Remembering (Exercise 1.18) that the intersection of any family of subspaces
is a subspace, show that the linear span L(A) of a subset 4 of a vector space V is the
intersection of all the subspaces of V that include 4. This alternative characterization
is sometimes taken as the definition of linear span.
1.37 By convention, the sum of an empty set of vectors is taken to be the zero vector.

This is necessary if Theorem 1.1 is to be strictly correct. Why? What about the
preceding problem?

Linear transformations. The general function space R4 and the subspace
e([a, b]) of R both have the property that in addition to being closed under
the vector operations, they are also closed under the operation of multiplication
of two functions. That is, the pointwise product of two functions is again a
function [(fg)(a) = f(a)g(a)], and the product of two continuous functions is
continuous. With respect to these three operations, addition, multiplication,



(c) ketabton.com: The Digital Library

30 VECTOR SPACES 1.1

and scalar multiplication, R4 and €([a, b]) are examples of algebras. If the reader
noticed this extra operation, he may have wondered why, at least in the context
of function spaces, we bother with the notion of vector space. Why not study
all three operations? The answer is that the vector operations are exactly the
operations that are “preserved” by many of the most important mappings of
sets of functions. For example, define T:€([a, b]) — R by T(f) = ff f(®) dt.
Then the laws of the integral calculus say that T'(f 4 ¢) = T(f) + T(y) and
T(cf) = ¢T(f). Thus T “preserves” the vector operations. Or we can say that T
“commutes” with the vector operations, since plus followed by T equals T
followed by plus. However, T does not preserve multiplication: it is not true in
general that T(fg) = T(NHT(y).

Another example is the mapping T:x+y from R?® to R? defined by
Y1 = 2xy — x9 -+ 3, Y2 = 21 + 3xe — Sxz, for which we can again verify
that T(x +y) = T'(x) + T(y)and T'(cx) = ¢T(x). The theory of the solvability
of systems of linear cquations is essentially the theory of such mappings T'; thus
we have another important type of mapping that preserves the vector operations
(but not products).

These remarks suggest that we study vector spaces in part so that we can
study mappings which preserve the vector operations. Such mappings are
called linear transformations.

Definition. If V and W are vector spaces, then a mapping 7:V — W is a
linear transformation or a linear map if T(a 4+ B8) = T(a) + T(B) for all
a,B€V,and T(za) = 2T(a) foralla e V, 2z € R.

These two conditions on T can be combined into the single equation
T(xa+ yB) = 2T () + yT'(B) forall e,V andall z,yecR.

Moreover, this equation can be extended to any finite sum by induction, so
that if T is linear, then

T (; a‘iai> == ; ;T ()

for any linear combination > x;x;. For example, ﬁf tef) =20 clfab fi

EXERCISES

1.38 Show that the most general linear map from R to R is multiplication by a con-
stant.

1.39 For a fixed « in V the mapping 2 — za from R to V is linear. Why?
1.40 Why is this true for ¢+ ra when z is fixed?

1.41 Show that every linear mapping from R to V is of the form z +> za for a fixed
vector o in V.



(c) ketabton.com: The Digital Library

1.1 FUNDAMENTAL NOTIONS 31

1.42 Show that every linear mapping from R2 to V is of the form <z, z2> +>
Z1a1 + x2az for a fixed pair of vectorsa and a2 in V. What is the range of this mapping?

1.43 Show that the map f+> J2 f(t) dt from €({a, b]) to R does not preserve products.

1.44 Let g be any fixed function in R4A. Prove that the mapping T:R* — R4
defined by T(f) = ¢f is linear.

1.45 Let ¢ be any mapping from a set A to a set B. Show that composition by ¢ is
a linear mapping from R? to RA. That is, show that T: RZ — R4 defined by T(f) =
fo ¢ is linear.

In order to acquire a supply of examples, we shall find all linear transforma-
tions having R™ as domain space. It may be well to start by looking at one such
transformation. Suppose we choose some fixed triple of functions {f;}$ in the
space R® of all real-valued functions on R, say f1{(f) = sin ¢, fo(t) = cos ¢, and
fs(t) = ¢ = exp(t). Then for each triple of numbers x = {z;}? in R® we have
the linear combination 3_%_, x,f; with {z,} as coefficients. This is the element of
R® whose value at tis 33 x;fi(t) = x; sin t + 25 cos t + zge’. Different coefficient
triples give different functions, and the mapping x> > i, z;f; = x, sin +
Zs €OS + 3 exp is thus a mapping from R3 to R®. It is clearly linear. If we call
this mapping T, then we ean recover the determining triple of functions from 7'
as the images of the “unit points” & in R3; T(¢’) = ¥ &if; = f;, and so
T(8Y) = sin, T(8%) = cos, and T(8%) = exp. We are going to see that every
linear mapping from R® to R® is of this form.

In the following theorem {&°}7} is the spanning set for R™ that we defined
earlier, so that x = 3.7 2,8 for every n-tuple x = <zy,...,z,> in R™

Theorem 1.2. If {B;}T is any fixed n-tuple of vectors in a vector space W,
then the “linear combination mapping” x+> >_.7 z;8; is a linear trans-
formation 7' from R™ to W, and T(8’) = B8, forj = 1,..., n. Conversely,
if T is any linear mapping from R” to W, and if we set 8; = T'(¢°) for j =
1,...,n, then T is the linear combination mapping x +— > | x;8-

Proof. The linearity of the linear combination map T follows by exactly the
same argument that we used in Theorem 1.1 to show that L(A4) is a subspace.

Thus
T+ 3) = 3 (@it ys = 2 (@i + i)
- Z v+ Z yifs = T + T,
and

T(sx) = 21: (sz:)B: = ‘Zl: s(zBi) = 821:: ziB; = sT(x).

Also T(8") = "%, 8i8; = B;, since 6§ = land 8 = O for ¢ # j.
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Conversely, if T: R® — W is linear, and if we set 8; = T(a.j) for all j, then for
any x = <zi,..., I,> in R® we have T(x) = T(X} x; 8") = X1 2, T(8%) =
ST x8;. Thus T is the mapping x — > 7 z;8,. U

This is a tremendously important theorem, simple though it may seem, and
the reader is urged to fix it in his mind. To this end we shall invent some termi-
nology that we shall stay with for the first three chapters. If @ = {ay, ..., as}
1s an n-tuple of vectors in a vector space W, let La be the corresponding linear
combination mapping x — 27 z;a; from R™ to W. Note that the n-tuple «
itself is an element of W™, If T is any linear mapping from R™ to W, we shall call
the n-tuple {T'(8%)) 7 the skeleton of T. In these terms the theorem can be restated
as follows.

Theorem 1.2, I'or cach n-tuple a in W", the map La:R™ — W is linear
and its skeleton is . Conversely, if T' is any linear map from R” to W, then
T = Lp where 8 is the skeleton of 7.

Or again:

Theorem 1.2””. The map « +— La is a bijection from W7 to the set of all
linear maps T from R™ to W, and T — skeleton (T) is its inverse.

A linear transformation from a vector space V to the scalar field R is called
a linear functional on V. Thus f— f,f f(t) dt is a linear functional on V =
¢([a, b]). The above theorem is particularly simple for a linear functional F':
since W = R, each vector 8; = F(5%) in the skeleton of F is simply a number b;,
and the skeleton {b;}T is thus an element of R™. In this case we would write
F(x) = > 7 bx;, putting the numerical coefficient ‘b, before the variable
‘7. Thus F(x) = 3z, — x5 + 4x5 is the linear functional on R® with skeleton
<3, —1,4>. The set of all linear functionals on R”™ is in a natural one-to-one
correspondence with R” itself; we get b from F by b; = F(8?) for all 7, and we
get F from b by F(x) = > b, for all x in R™.

We next consider the case where the codomain space of T is a Cartesian
space R™, and in order to keep the two spaces clear in our minds, we shall, for
the moment, take the domain space to be R3. Each vector 8; = T(8%) in the
skeleton of T is now an m-tuple of numbers. If we picture this m-tuple as a
column of numbers, then the three m-tuples B; can be pictured as a rectangular
array of numbers, consisting of three columns each of m numbers. Let ¢;; be the
7th number in the jth column. Then the doubly indexed set of numbers {¢;;} is
called the matriz of the transformation 7. We call it an m-by-3 {an m X 3)
matrix because the pictured rectangular array has m rows and three columns.
The matrix determines 7' uniquely, since its columns form the skeleton of 7.
The identity T(x) = Y3 2,T(8") = 33 2;8; allows the m-tuple T(x) to be
calculated explicitly from x and the matrix {t;;}. Picture multiplying the
column m-tuple 8; by the scalar z; and then adding across the three columns at
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the 7th row, as below:
: / : :
Yi | = 21 ktn + ol liz )+ za] b3

y 81 B2 B3

Since ¢;; is the ith number in the m-tuple 8;, the 7th number in the m-tuple
3, w85 is Ti—y x;t;;. That is, if we let y be the m-tuple T'(x), then

3
?/i:Etijxj for izl,...,m,

j=1

and this set of m scalar equations is cquivalent to the one-vector equation
y = T(x).

We can now replace three by n in the above discussion without changing
anything except the diagram, and thus obtain the following specialization of
Theorem 1.2.

Theorem 1.3. Every lincar mapping 7 from R™ to R™ determines the
m X n matrix t = {¢;;} having the skeleton of T as its columns, and the
expression of the equation y = T'(x) in linear combination form is equivalent
to the m scalar equations

n
yi:Ztijxj for :=1,...,m.
j=1

Conversely, each m X 1 matrix t determines the lincar combination mapping
having the columns of t as its skeleton, and the mapping t — T is therefore
a bijection from the set of all m X n matrices to the set of all linear maps
from R”™ to R™.

A linear functional F on R” is a linear mapping from R” to R!, so it must
be expressed by a 1 X n matrix. That is, the n-tuple b in R™ which is the skeleton
of F is viewed as a matrix of one row and n columns.

As a final example of linear maps, we look at an important class of special
linear functionals defined on any function space, the so-called coordinate func-
tionals. If V = R? and ¢ € I, then the ith coordinate functional m; is simply
evaluation at 7, so that m;(f) = f(). These functionals are obviously linear. In
fact, the vector operations on functions were defined to make them linear; since
sf + tg is defined to be that function whose value at 7 is sf(7) 4 tg(7) for all 7,
we see that sf -ty is by definition that function such that m;(sf + tg) =
smi(f) + tmi(g) for all 7!

If V is R”, then 7; is the mapping x = <z, ..., 2,> — z; In this case
we know from the theorem that m; must be of the form =m;(x) = > 7 bx; for
some n-tuple b. What is b?
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The general form of the linearity property, T(3 x;e;) = > ;T (e;), shows
that T and T~! both carry subspaces into subspaces.

Theorem 1.4. If T:V — W is linear, then the T-image of the linear span
of any subset A C V is the linear span of the T-image of A: T[L{A)] =
L(T[A]). In particular, if A isa subspace, then sois T[{A4]. Furthermore, if ¥
is a subspace of W, then T™*[Y] is a subspace of V.

Proof. According to the formula T3 za;) = 3 z;T(a;), a vector in W is
the T-image of a linear combination on A if and only if it is a linear combination
on T[A]. That is, T[L(4)] = L(T[A]). If A is a subspace, then A = L(A) and
T[A] = L(T[A]), a subspace of W. Finally, if ¥ is a subspace of W and {a;} C
T7HY], then T(¥ zj) = X 4. T(a;) € L(Y) = Y. Thus ¥ xa; € T7YY]
and T7[Y] is its own lincar span. [

The subspace T71(0) = {a € V:T(a) = 0} is called the null space, or
kernel, of T, and is designated N(T) or 9(T). The range of T is the subspace
T[V] of W. It is designated R(T) or &(T).

Lemma 1.1. A linear mapping 7T is injective if and only if its null space
is {0}.

Proof. If T is injective, and if & £ 0, then T(a) # T(0) = 0 and the null space
accordingly contains only 0. On the other hand, if N(T) = {0}, then whenever
a# B, wehavea — B # 0, T(a) — T(B) = T(a — B) # 0,and T(a) # T(8);
this shows that T is injective. U

A lincar map T:V — W which is bijective is called an isomorphism.
Two vector spaces V and W are isomorphic if and only if there exists an iso-
morphism between them.

Yor example, the map <ecq, ..., ¢,> — 267 ¢;412° is an isomorphism of
R”™ with the vector space of all polynomials of degree < n.

Isomorphic spaces “have the same form”, and are identical as abstract
veetor spaces. That is, they cannot be distinguished from each other solely on
the basis of vector properties which they do or do not have.

When a linear transformation is from V to itself, special things can happen.
One possibility is that 7 can map a vector « essentially to itsclf, T(a) = za
for some z in R. In this case « is called an eigenvector (proper vector, character-
istic veetor), and x is the corresponding eigenvalue.

EXERCISES

1.46 In the situation of Exercise 1.45, show that T is an isomorphism if ¢ is bijective
by showing that

a) ¢ injective = T surjective,

b) ¢ surjective = T injective.
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1.47 Find the linear functional [ on R? such that I(<1,1>) = 0and I(<1,2>) = 1.
That is, find b = <b;, ba> in R? such that [ is the linear combination map

x — biz1 + bozsa.

1.48 Do the same for [(<2,1>) = —3 and I(<1,2>) = 4.

1.49 TFind the linear T: R? — R® such that T(<1,1>) = {2 and T(<1,2>) = t3.
That is, find the functions f1(¢) and f2(t) such that T is the linear combination map
x = 21f1 + z2f2.

1.50 Let T be the linear map from R2 to R3 such that T(8!) = <2, —1,1>, T(8%) =
<1,0,3>. Write down the matrix of T in standard rectangular form. Determine
whether or not 8! is in the range of 7.

1.51 Let T be the linear map from R3 to B3 whose matrix is

1 2 3
2 0 —1].
3 —1 1

Find T(x) when x = <1,1,0>; do the same for x = <3, —2,1>.

1.52 Let M be the linear span of <1, —1,0> and <0,1, 1>. Find the subspace
T[] by finding two vectors spanning it, where T is as in the above exercise.

1.53 Let T be the map <z, y> — <z -+ 2y, y> from R? to itself. Show that Tisa
linear combination mapping, and write down its matrix in standard form.

1.54 Do the same for T: <z, y,2> — <x — 2, + 2, y> from R3 to itself.

1.55 TFind a linear transformation T from R3 to itself whose range space is the span
of <1, —1,0> and < —1,0, 2>.

1.56 Find two linear functionals on R* the intersection of whose null spaces is the
linear span of <1, 1,1, 1> and <1,0, —1,0>. You now have in hand a linear
transformation whose null space is the above span. What is it?

1.57 Let V = C([a, b]) be the space of continuous real-valued functions on [a, b},
also designated @9%({a, b]), and let W = @1([a, b]) be those having continuous first
derivatives. Let D:1W — V be differentiation (Df = f’), and define T on V by
T(f) = F, where F(z) = [ff(t) dt. By stating appropriate theorems of the caleulus,
show that D and T are linear, T maps into W, and D is a left inverse of T (Do T is
the identity on V).

1.58 1In the above exercise, identify the range of T and the null space of D. We
know that D is surjective and that T is injective. Why?

1.59 Let V be the linear span of the functions sin z and cos . Then the operation
of differentiation D is a linear transformation from V to V. Prove that D is an isomor-
phism from V to V. Show that D2 = —Ion V.

1.60 a) As the reader would guess, @3(R) is the set of real-valued functions on R
having continuous derivatives up to and including the third. Show that f — " is a
surjective linear map T from C3(R) to C(R).

b) For any fixed a in R show that f — <f(a), f'(a), f’{a)> is an isomorphism
from the null space N(T) to R3. [Hint: Apply Taylor’s formula with remainder.]
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1.61 An integral analogue of the matrix equations y; = >ty 1 = 1,...,m, is
the equation

1
g(s) = /0 K(s, 0f di, selo,1).

Assuming that K(s, t) is defined on the square [0, 1] X [0, 1] and is continuous as a
function of ¢ for each s, check that f — g is a linear mapping from €([0, 1]) to R,

1.62 For a finite set A = {a;}, Theorem 1.1 is a corollary of Theorem 1.4. Why?
1.63 Show that the inverse of an isomorphism is linear (and hence is an isomorphism).

1.64 Tind the ecigenvectors and eigenvalues of 7:R%Z — R? if the matrix of T is

1 —1
—2 0]
Since every scalar multiple xa of an eigenvector « is clearly also an eigenvector, it will
suffice to find one vector in each “eigendirection”. This is a problem in elementary

algebra.
1.65 Find the eigenvectors and eigenvalues of the transformations T whose matrices

are
i 1 -1 —1 1 —1 2 1
—2 0]’ —1 —1]’ -2 2] —4 —2]

1.66 The five transformations in the above two exercises exhibit four different kinds
of behavior according to the number of distinct eigendirections they have. What are
the possibilities?

1.67 Let V be the vector space of polynomials of degree < 3 and define 7:V — V
by f — ¢f(¢). Find the eigenvectors and eigenvalues of 7.

2. YECTOR SPACES AND GEOMETRY

The familiar coordinate systems of analytic geometry allow us to consider
geometric entities such as lines and planes in vector settings, and these geometrie
notions give us valuable intuitions about vector spaces. Before looking at the
veetor forms of these geometrie ideas, we shall briefly review the construction of
the coordinate correspondence for three-dimensional Euclidean space. As usual,
the confident reader can skip it.

We start with the line. A coordinate correspondence between a line L and
the real number system R is determined by choosing arbitrarily on L a zero
point O and a unit point @ distinet from O. Then to each point X on L is assigned
the number z such that |z] is the distance from O to X, measured in terms of
the segment O@ as unit, and x is positive or negative according as X and @ are
on the same side of O or on opposite sides. The mapping X — z is the coordinate
correspondence. Now consider three-dimensional Euclidean space E2. We want
to set up a coordinate correspondence between E® and the Cartesian vector
space R3. We first choose arbitrarily a zero point O and three unit points
Q1, Q2, and Q3 in such a way that the four points do not lie in a plane. Each of
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the unit points @; determines a line I; through O and a coordinate correspon-
dence on this line, as defined above. The three lines Ly, Lo, and L3 are called
the coordinate axes. Consider now any point X in E%. The plane through X
parallel to Ly and Lg intersects L, at a point X, and therefore determines a
number z;, the coordinate of X; on L;. In a similar way, X determines points
X, on Ly and X3 on L3z which have co-
ordinates xo and x3, respectively. Alto-
gether X determines a triple X,

Ly

X = <y, Lo, T3>

in R3, and we have thus defined a mapping
9: X — x from E* to R® (sce Fig. 1.4).
We call 6 the coordinate correspondence
defined by the axis system. The conven-
tion implicit in our notation above is that
6(Y) is y, 6(A4) is a, etc. Note that the
unit point @; on L; has thec coordinate
triple 8! = <1, 0, 0>, and similarly, that

8(Qs) = 82 = <0,1,0>

and
8(Q3) = 8% = <0,0,1>. Fig. 1.4

There are certain basic facts about the coordinate correspondence that have
to be proved as theorems of geometry before the correspondence can be used to
treat geometric questions algebraically. These geometric theorems are quite
tricky, and are almost impossible to discuss adequately on the basis of the usual
scecondary school treatment of geometry. We shall therefore simply assume
them. They are:

1) 6 is a bijection from E* to R?.

2} Two line segments AB and XY are equal in length and parallel, and the
direction from A to B is the same as that from X to Y if and only if b — a =
y — x {in the vector space R®). This relationship between line segments is
important enough to formalize. A directed line segment is a geometric line seg-
ment, together with a choice of one of the two directions along it. If we interpret
AB as the directed line segment from A to B, and if we define the directed line
segments AB and XY to be equivalent (and write AB ~ XY) if they are equal
in length, parallel, and similarly directed, then (2) can be restated:

AB~XY @ b—a=y —x

3) If X = O, then Y is on the line through O and X in E3 if and only if
vy = tx for some ¢ in R. Moreover, this ¢ is the coordinate of Y with respeet to X
as unit point on the line through O and X.
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(y—x,y—2)=|XY?

(y,y) =102

So =x%+x%
|OX [2=r2=g2423

Fig. 1.5

4) If the axis system in E3 is Cartesian, that is, if the axes are mutually
perpendicular and a common unit of distance is used, then the length |0X] of
the segment OX is given by the so-called Euclidean norm on R3, [0X| =
(33 2,52, This follows directly from the Pythagorean theorem. Then this
formula and a second application of the Pythagorean theorem to the triangle
OXY imply that the segments OX and OY are perpendicular if and only if the
scalar product (x,y) = Y o=, z:y; has the value 0 (see Fig. 1.5).

In applying this result, it is useful to note that the scalar product (x, y) is
linear as a function of either vector variable when the other is held fixed. Thus

3 3 3
(ex+dy,z) = 2, (cx;+dydzi = ¢ D xizs +d 2, yizs = clx, z) + d(y, z).
1 1 1

Exactly the same theorems hold for the coordinate correspondence between
the Euclidean plane E? and the Cartesian 2-space R?, except that now, of course,
(x,5) = L3 ziys = 21y1 + 2oy

We can easily obtain the equations for lines and
planes in E® from these basic theorems. First, we see
from (2) and (3) that if fixed points A and B are given, X
with A # O, then the line through B parallel to the
segment OA contains the point X if and only if there 0
exists a scalar ¢t such that x — b = fa (see Fig. 1.6).

Therefore, the equation of this line is A

x = ta-+ b. Fig. 1.6

This vector equation is equivalent to the three numerical equations z; =
aid + b;, 7 = 1, 2, 3. These are customarily called the parametric equations of the
line, since they present the coordinate triple x of the varying point X on the line
as functions of the “parameter” ¢.
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Next, we know that the plane through B perpendicular to the direction of
the segment OA contains the point X if and only if BX 1 OA, and it therefore
follows from (2) and (4) that the plane contains X if and only if (x — b, a) = 0
(see Fig. 1.7). But (x — b, a) = (x, a) — (b, a) by the linearity of the scalar
product in its first variable, and if we set I = (b, a), we see that the equation of
the plane is

3
x,a)y =1 or Z at; = 1.
1

That is, a point X is on the plane through B perpendicular to the direction of
OA if and only if this equation holds for its coordinate triple x. Conversely,
if a # 0, then we can retrace the steps taken above to show that the set of points
X in E? whose coordinate triples x satisfy (x, a) = [ is a plane.

Fig. 1.7

The fact that R3 has the natural scalar product (x, y) is of course extremely
important, both algebraically and geometrically. However, most vector spaces
do not have natural scalar products, and we shall deliberately neglect scalar
products in our early vector theory (but shall return to them in Chapter 5).
This leads us to seek a different interpretation of the equation >3 a;z; = L
We saw in Section 1 that x — Y5 asx; is the most general linear functional f on
R3. Therefore, given any plane M in E®, there is a nonzero linear functional f
on R3 and a number I such that the equation of M is f(x) = I. And conversely,
given any nonzero linear functional f:R® — R and any I € R, the locus of
f(x) = lis a plane 3 in E3. The reader will remember that we obtain the
coefficient triple a from f by a; = f(8%), since then f(x) = f(X3? z:6") =

Pzf(8) = Tz

Finally, we seek the vector form of the notion of parallel translation. In
plane geometry when we are considering two congruent figures that are parallel
and similarly oriented, we often think of obtaining one from the other by “sliding
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the plane along itself” in such a way that all lines remain parallel to their original
positions. This description of a parallel translation of the plane can be more
elegantly stated as the condition that every directed line segment slides to an
equivalent one. If X slides to Y and O slides to B, then OX slides to BY, so
that OX ~ BY and x = y — b by (2). Therefore, the coordinate form of such
a parallel sliding is the mapping x >y = x - b.

Conversely, for any b in R? the plane mapping defined by x>y = x -+ b
is easily seen to be a parallel translation. These considerations hold equally well
for parallel translations of the Euclidean space E3.

It is geometrically clear that under a parallel translation planes map to
parallel planes and lines map to parallel lines, and now we can expect an easy
algebraic proof. Consider, for example, the plane M with equation f(x) = I;
let us ask what happens to M under the translation x — y = x 4 b. Since
x = y — b, we see that a point x is on A if and only if its translate y satisfies
the equation f(y — b) = [ or, since f is linear, the equation f(y) = I, where
" = I+ f(b). But this is the equation of a plane N. Thus the translate of 47
is the plane N.

It is natural to transfer all this geometric terminology from sets in E®
to the corresponding sets in R3 and therefore to speak of the set of ordered
triples x satisfying f(x) = [ as a set of points in R® forming a plane in R3, and
to call the mapping x + x 4 b the (parallel) translation of R3 through b, etec.
AMoreover, since R? is a vector space, we would expect these geometric ideas to
interplay with vector notions. For instance, translation through b is simply the
operation of adding the constant vector b: x — x -+ b. Thus if M is a plane, then
the plane N obtained by translating 3/ through b is just the vector set sum
M + b. If the equation of M is f(x) = [, then the plane M goes through 0 if
and only if I = 0, in which case M is a vector subspace of R® (the null space of f).
It is easy to see that any plane M is a translate of a plane through 0. Similarly,
the line {ta -+ b : { € R} is the translate through b of the line {ia : t € R}, and
this second line is a subspace, the linear span of the one vector a. Thus planes
and lines in R® are translates of subspaces.

These notions all earry over to an arbitrary real vector space in a perfectly
satisfactory way and with additional dimensional variety. A plane in R3
through 0 is a vector space which is two-dimensional in a strictly algebraic sense
which we shall discuss in the next chapter, and a line is similarly one-dimensional.
In R® there are no proper subspaces other than planes and lines through 0,
but in a vector space V with dimension n > 3 proper subspaces occur with all
dimensions from 1 to n — 1. We shall therefore use the term “plane” loosely to
refer to any translate of a subspace, whatever its dimension. More properly,
translates of vector subspaces are called affine subspaces.

We shall see that if V is a finite-dimensional space with dimension n, then
the null space of a nonzero linear functional f is always (n — 1)-dimensional, and
therefore it cannot be a Euclidean-like two-dimensional plane except when
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n = 3. We use the term hyperplane for such a null space or one of its translates.
Thus, in general, a hyperplane is a set with the equation f(x) = [, where f is
a nonzero linear functional. It is a proper affine subspace (plane) which is maxi-
mal in the sense that the only affine subspace properly including it is the whole
of V. In R? hyperplanes are ordinary geometric planes, and in R? hyperplanes
are lines!

EXERCISES

2.1 Assuming the theorem AB~ XY << b — a = y — x, show that OC is the sum
of 04 and 5?, as defined in the preliminary discussion of Section 1, if and only if
¢ = b4 a. Considering also our assumed geometric theorem (3), show that the
mapping x+— 0X from R3 to the vector space of geometric vectors is linear and
hence an isomorphism.

2.2 Let L be the line in the Cartesian plane R? with equation zo = 3z;. Express L
in parametric form as x = ta for a suitable ordered pair a.

2.3 Let V be any vector space, and let « and B be distinet vectors. Show that the
line through « and B has the parametric equation

t=t8+1—ta teR

Show also that the segment from o to 8 is the image of [0, 1] in the above mapping.

2.4 According to the Pythagorean theorem, a triangle with side lengths a, b, and ¢
has a right angle at the vertex “opposite ¢” if and only if ¢ = a? + b2

b

Prove from this that in a Cartesian coordinate system in E3 the length |OX| of a
segment OX is given by

3
x> = 3 23
1
where x = <z, x2, £3 > is the coordinate triple of the point X. Next use our geometric
theorem (2) to conclude that
3
0X 1 O0Y ifandonlyif (x,y) =0, where x,5) = Z T
1

(Use the bilinearity of (x, y) to expand |X — ¥]2.)
2.5 More generally, the law of cosine says that in any triangle labeled as indicated,

T =aqa b - 2ab [GON) 6.

b
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Apply this law to the diagram
X

(x,¥) = 2|x|[y] cos 6,

to prove that

where (x, y) is the sealar product 2.3 ziys, [x] = (x, x)1/2 = [0X], ete.

2.6 Given a nonzero linear functional f: R® — R, and given k € R, show that the
set of points X in E3 such that f(x) = k is a plane. [Hint: Find a b in R3 such that
f(b) = k, and throw the equation f(x) = k into the form (x — b, a) = 0, ete.]

2.7 Show that for any b in R3 the mapping X +— Y from E? to itself defined by
y = x-+ b is a parallel translation. That is, show that if X+ ¥ and Z+— W, then
XZ ~ YW,

2.8 Let 3 be the set in R® with equation 327 — 22+ z3 = 2. Find tripletsaand b
such that M is the plane through b perpendicular to the direction of a. What is the
equation of the plane P = M 4 <1,2,1>7

2.9 Continuing the above exercise, what is the condition on the triplet b in order for
N = M 4 b to pass through the origin? What is the equation of N?

2.10 Show that if the plane M in R3 has the equation f(x) = [, then }/ is a translate
of the null space N of the linear functional f. Show that any two translates M and P
of N are either identical or disjoint. What is the condition on the ordered triple b
in order that M +b = M?

2.11 Generalize the above exercise to hyperplanes in R™.

2.12 Let N be the subspace (plane through the origin) in R3 with equation f(x) = 0.
Let M and P be any two planes obtained from N by parallel translation. Show that
Q@ = M+ P is a third such plane. If M and P have the equations f(x) = [; and
f(x) = l2, find the equation for Q.

2.13 If M is the plane in R3 with equation f(x) = [, and if r is any nonzero number,
show that the set product 7 is a plane parallel to M.

2.14 1In view of the above two exercises, discuss how we might consider the set of all
parallel translates of the plane N with equation f(x) = 0 as forming a new vector
space.

2.15 Let L be the subspace (line through the origin) in R3 with parametric equation
x = ta. Discuss the set of all parallel translates of L in the spirit of the above three
exercises.

2.16 The best object to take as “being” the geometric vector AAB is the equivalence
class of all directed line segments XY such that XY ~ AB. Assuming whatever you
need from properties (1) through (4), show that this 7s an equivalence relation on the
set of all directed line segments (Section 0.12).

2.17 Assuming that the geometric vector AB is defined as in the above exercise, show
that, strictly speaking, it is actually the mapping of the plane (or space) into itself that
we have called the parallel translation through AB. Show also that AB + CD is the
composition of the two translations.
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3. PRODUCT SPACES AND HOM(V, W)

Product spaces. If W is a vector space and A is an arbitrary set, then the set
V = W4 of all W-valued functions on 4 is a vector space in exactly the same
way that R4 is. Addition is the natural addition of functions, (f + ¢)(a) =
f(a) + g(a), and, similarly, (zf)(a) = x(f(a)) for every function f and scalar z.
Laws Al through S4 follow just as before and for exactly the same reasons. For
variety, let us check the associative law for addition. The equationf+ (¢ h) =
(f +¢9) + h means that (f+ (g + 1))(@) = ((f+ ¢) + h)(a) for all a € 4.
But

(f+ @+ 1)) = fla) + (g + k)(a)
= f(a) + (9(a) + h(a)) = (f(a) + g(a)) + h(a)
= (f+ 9@ + kia) = ((f + 9) + k) (a),

where the middle equality in this chain of five holds by the associative law for W
and the other four are applications of the definition of addition. Thus the
associative law for addition holds in W4 because it holds in W, and the other
laws follow in exactly the same way. As before, we let m; be evaluation at 1,
so that m:(f) = f(¥). Now, however, 7; is vector valued rather than scalar valued,
because it is a mapping from V to W, and we call it the 7th coordinate projection
rather than the sth coordinate functional. Again these maps are all linear.
In fact, as before, the natural vector operations on W+ are uniquely defined by
the requirement that the projections m; all be linear. We call the value f(j) =
7;(f) the jth coordinate of the vector f. Here the analogue of Cartesian n-space
is the set W7 of all n-tuples @ = <ay, ..., a,> of vectors in W; it is also
designated W™. Clearly, «; is the jth coordinate of the n-tuple «.

There is no reason why we must use the same space W at each index, as we
did above. In fact, if Wy, ..., W, are any n vector spaces, then the set of all
n-tuples @ = <oy, ..., a,> such that ;€ W; for j = 1,...,n is a vector
space under the same definitions of the operations and for the same reasons.
That is, the Cartesian product W = W; X Ws X --- X W, is also a vector
space of vector-valued functions. Such finite products will be very important
to us. Of course, R” is the product [T W; with each W, = R; but R”™ can also
be considered R™ X R™™™, or more generally, ][ W,, where W, = R™: and
> Y m; = n. However, the most important use of finite product spaces arises
from the fact that the study of certain phenomena on a vector space V may
lead in a natural way to a collection {V;}7 of subspaces of V such that V is
isomorphie to the product JJ? V;. Then the extra structure that V acquires
when we regard it as the product space T[T V; is used to study the phenomena
in question. This is the theory of direct sums, and we shall investigate it in
Section 5.

Later in the course we shall need to consider a general Cartesian product of
vector spaces. We remind the reader that if {W, :{ € I} is any indexed collection
of vector spaces, then the Cartesian product J[.er W; of these vector spaces is
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defined as the set of all functions f with domain I such that f(z) € W; for all
7 € I (see Section 0.8).

The following is a simple conerete example to keep in mind. Let S be the
ordinary unit sphere in R3, S = {x: Y %¥2? = 1}, and for each point x on 8
let W, be the subspace of R? tangent to S at x. By this we mean the subspace
(plane through O) parallel to the tangent plane to S at x, so that the translate
W, -+ x is the tangent plane (see Fig. 1.8). A function f in the product space
W = Jl.es W, is a funetion which assigns to each point x on S a vector in W,
that is, a vector parallel to the tangent plane to S at x. Such a funection is ealled
a vector field on S. Thus the product set W is the set of all veetor fields on S,
and W itself is a vector space, as the next theorem states.

Fig. 1.8

Of course, the jth coordinate projection on W = [[;es W; is evaluation
at 7, m;(f) = f(3), and the natural vector operations on W are uniquely defined
by the requirement that the coordinate projections all be linear. Thus f-}+ ¢
must be that element of W whose value at j, 7;(f + g), is 7;(f) + 7;(g) =
f(5) + g(9) for all j € I, and similarly for multiplication by scalars.

Theorem 3.1. The Cartesian product of a collection of vector spaces can
be made into a vector space in exactly one way so that the coordinate pro-
jections are all linear.

Proof. With the vector operations determined uniquely as above, the proofs of
A1 through S4 that we sampled earlier hold verbatim. They did not require that
the functions being added have all their values in the same space, but only that
the values at a given domain element ¢ all lie in the same space. U

Hom(V, W). Linear transformations have the simple but important properties
that the sum of two linear transformations is linear and the composition of two
linear transformations is linear. These imprecise statements are in essence the
theme of this section, although they need bolstering by conditions on domains
and codomains. Their proofs are simple formal algebraic arguments, but the
objects being discussed will increase in conceptual complexity.
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If W is a vector space and A is any set, we know that the space W4 of all
mappings f: A — W is a vector space of functions (now vector valued) in the
same way that R4 is. If A is itself a vector space V, we naturally single out for
special study the subset of WY consisting of all linear mappings. We designate
this subset Hom(V, W). The following elementary theorems summarize its
basic algebraic properties.

Theorem 3.2. Hom(V, W) is a vector subspace of WV.
Proof. The theorem is an easy formality. If S and 7 are in Hom(V, W), then

(8 + T)(xa + yB) = S(za + yB) + T(ze + yB)

= 18(a) + yS(B8) + 2T () + yT(B) = (S + T){(a) + y(S + T)(8),
so 8 4 T is linear and Hom(V, W) is closed under addition. The reader should
be sure he knows the justification for each step in the above continued equality.
The closure of Hom(V, W) under multiplication by secalars follows similarly,
and since Hom(V, W) contains the zero transformation, and so is nonempty,
it is a subspace. [

Theorem 3.3. The composition of linear maps is linear: if 7 € Hom(V, W)
and S € Hom(W, X), then S o 7 € Hom(V, X). Moreover, composition
is distributive over addition, under the obvious hypotheses on domains and
codomains:

(S;+82)oT=8;T+83T and Se{(I1+Ta)=8T;+87T,.
Finally, composition commutes with scalar multiplication:
c(SoT) = (c8)oT = So{(cT).
Proof. We have
S o T(wa + yB) = S(T(xe + y8)) = S(zT(e) + yT(8))
= z8(T(x)) + yS(T(B)) = 2(S o T)(a) + y(S ° T)(8),
50 S o T is linear. The two distributive laws will be left to the reader. U

Corollary. If T & Hom(V, W) is fixed, then composition on the right by 7
is a linear transformation from the veector space Hom(W, X) to the vector
space Hom(V, X). It is an isomorphism if 7 is an isomorphism.

Proof. The algebraic properties of composition stated in the theorem can be
combined as follows:

(€381 +¢aSa) o T = ¢y (Sy o T) + ¢ca(S2° T).

So(e1T1 + c2Ts) = ¢1(So Ty) + c2(S o To).
The first equation says exactly that composition on the right by a fixed 7 is a
linear transformation. (Write S o T as 3(S) if the equations still don’t look

right.) If T is an isomorphism, then composition by 7! “undoes” composition
by T, and so is its inverse. [
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The second equation implies a similar corollary about composition on the
left by a fixed S.

Theorem 3.4. If W is a product vector space, W = [[; W, then a mapping
T from a vector space V to W is linear if and only if m; ¢ T is linear for
each coordinate projection ;.

Proof. If T is linear, then 7; o T is linear by the above theorem. Now suppose,
conversely, that all the maps m; o T are linear. Then

7:(T(wa + yB)) = mi o T(va + yB) = a(m; o T)(a) + y(m: o T)(B)
= 2w, (T(e)) + ym:(TP)) = m:(=T(e) + yT()).

But if 7;(f) = mi(g) for all 7, then f = g. Therefore, T(za + yB8) = zT(a) -+
yT(B), and T is linear. 0

If T is a linear mapping from R” to W whose skeleton is {8;}*, then w; o T
has skeleton {7 (8,)};=1. If W is R™, then ; is the ¢th coordinate functional
y — ¥, and B, is the jth column in the matrix t = {¢;;} of 7. Thus m;(8;) = t;j,
and m; o T is the linear functional whose skeleton is the 7th row of the matrix of 7.

In the discussion centering around Theorem 1.3, we replaced the vector
equation y = T'(x) by the equivalent set of m scalar equations y; = 37 ¢z,
which we obtained by reading off the ¢th coordinate in the vector equation. But
in “reading off” the 7th coordinate we were applying the coordinate mapping
7;, or in more algebraic terms, we were replacing the linear map 7 by the set of
linear maps {m; o T}, which is equivalent to it by the above theorem.

Now consider in particular the space Hom(V, V), which we may as well
designate ‘Hom(V)’. In addition to being a vector space, it is also closed under
composition, which we consider a multiplication operation. Since ecomposition
of functions is always associative (see Section 0.9), we thus have for multiplica-
tion the laws

Ao (BoC)= (AoB)oC,

Ao (B+C)= (AB)+ (4-C),

(A+B)yoeC= (4d0)+ (B-(),
k(A oB) = (kA) o B= A o (kB).

Any vector space which has in addition to the vector operations an operation
of multiplication related to the vector operations in the above ways is called
an algebra. Thus,

Theorem 3.5. Hom(V) is an algebra.

We noticed earlier that certain real-valued function spaces are also algebras.
Examples were R4 and €([0, 1]). In these cases multiplication is commutative,
but in the case of Hom(V) multiplication is not commutative unless V is a
trivial space (V = {0}) or V is isomorphic to R. We shall check this later when
we examine the finite-dimensional theory in greater detail.
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Product projections and injections. In addition to the coordinate projections,
there is a second class of simple linear mappings that is of basic importance in
the handling of a Cartesian product space W = []rex Wi. These are, for each
J, the mapping 6; taking a vector « € W; to the function in the product space
having the value « at the index j and 0 elsewhere. For example, 6, for W; X
Wy X Wy is the mapping « — <0, «, 0> from W, to W. Or if we view R? as
R X RZ then 8, is the mapping <zs, 3> + <0, <zs, 3> > = <0, 29, T3> .
We call 6; the injection of W, into [, Wr. The linearity of 9, is probably obvious.
The mappings =; and 8; are clearly conneccted, and the following projection-
injection identities state their exact relationship. If I; is the identity trans-
formation on W, then

wio by = I; and wio b, =0 if 7).
If K is finite and I is the identity on the product space W, then

Z ﬁk o Ty — I

EEK
In the case [Ii—; Wi, we have 6050 wa(<ay, as, ag>) = <0, az, 0>, and
the identity simply says that <oy, 0, 0> 4 <0, a5, 0> + <0, 0, ag> =
<ay, as, az> for all ay, as, 3. These identities will probably be clear to the
reader, and we leave the formal proofs as an exercise.

The coordinate projections 7; are useful in the study of any product space,
but because of the limitation in the above identity, the injections 6; are of
interest principally in the case of finite products. Together they enable us to
decompose and reassemble linear maps whose domains or codomains are finite
product spaces.

For a simple example, consider the 7' in Hom(R® R?) whose matrix is

2 —1 1
1 1 4"

Then 7y o T 1s the linear functional whose skeleton <2, —1, 1> is the first row
in the matrix of 7, and we know that we can visualize its expression in equation
form, y; = 2z — %2 + x3, as being obtained from the vector equation y =
T(x) by “rcading off the first row”. Thus we “decompose” T into the two linear
functionals I; = m; o T. Then, speaking loosely, we have the reassembly
T = <1, l1o>; more exactly, T(x) = <2x; — 29 -} x3, 71 -+ 29 - 423> =
<11(x), lo(x) > for all x. However, we want to present this reassembly as the
action of the lincar maps 6, and 8. We have

<L), (x)> = 0:(11(x)) + 02(lo(x)) = (610 71 + 0z 0 m) (T(x)) = T(x),

which shows that the decomposition and reassembly of 7" is an expression of the
identity 3" ;o 7; = I. In general, if T € Hom(V, W) and W = I]; W,, then
T; = m;o T is in Hom(V, W,) for each ¢, and T; can be considered “the part
of T going into W,”, since T';(«) is the 7th coordinate of T'(«) for cach «. Then we
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can reassemble the 7’s to form T again by T'= X 0,0 T;, for > 6;0 T; =
3 b;om)eT=1oT=7T. Moreover, any finite collection of T;s on a
common domain can be put together in this way to make a T. For example,
we can assemble an m-tuple {T;}T* of linear maps on a common domain V to
form a single m-tuple-valued linear map 7. Given « in V, we simply define
T(a) as that m-tuple whose 7th coordinate is 7;(a) for 7z = 1, ..., m, and then
check that 7' is linear. Thus without having to calculate, we see from this
assembly principle that 7T :x — <2z, — o -+ 23, x1 + 22 + 423> is a linear
mapping from R? to R2, since we have formed T by assembling the two linear
functionals I,(x) = 2x; — 23 + x3 and ly(x) = 2, + xo + 423 to form a
single ordered-pair-valued map. This very intuitive process has an cqually
simple formal justification. We rigorize our discussion in the following theorem.

Theorem 3.6. If 7; is in Hom(V, W;) for each 7 in a finite index set I,
and if W is the produet space [];er W, then there is a uniquely determined
T in Hom(V, W) such that T'; = m; o T for all ¢ in 1.

Proof. If T exists such that T; = m;o T for each 7, then T = Iy o T =
3 biom)e T =3 60;0(m;oT)= > 6;oT; Thus T is uniquely determined
as 3 6;o T, Moreover, this T does have the required property, since then

7I'j°T: WjO(ZOiOT,'):Z_(ﬂ'joﬁi)OT,;ZIjOTj:Tj. D

In the same way, we can decompose a linear T whose domain is a product
space V = JI7=, V; into the maps T; = T o §; with domains V;, and then
reassemble these maps to form T by the identity T' = >}, T o 7; (check it
mentally!). Moreover, a finite collection of maps into a common codomain
space can be put together to form a single map on the product of the domain
spaces. Thus an n-tuple of maps {7T';}T into W defines a single map T into W,
where the domain of T is the produet of the domains of the 7'/’s, by the equation
T(<ay,...,o0n>) = ¢ Ti(ayor T = 3.7 T;om;. Forexample,if T;: R — R?
is the map t— £<2,1> = <2t t>, and T, and T3 are similarly the maps
t—t<—1,1> and t+— t<1,4>, then T = 33 T; o 7; is the mapping from
R3 to R? whose matrix is

[2 —1 1]
1 1 41"

Again there is a simple formal argument, and we shall ask the reader to write
out the proof of the following theorem.

Theorem 3.7. If T'; is in Hom(V;, W) for each j in a finite index set J,
and if V = J];es V;, then there exists a unique 7' in Hom(V, W) such
that T o 8; = T; for each 7 in J.

Finally we should mention that Theorem 3.6 holds for all product spaces,
finite or not, and states a property that characterizes product spaces. We shall
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investigate this situation in the exercises. The proof of the general case of
Theorem 3.6 has to get along without the injections 6;; instead, it isan application
of Theorem 3.4.

The reader may feel that we are being overly formal in using the projections
m; and the injections 6; to give algebraic formulations of processes that are
casily visualized directly, such as reading off the scalar “components” of a
vector equation. However, the mappings

X X and ;= <0,...,0,2,0,...,0>

arce clearly fundamental deviees, and making their relationships explicit now
will be helpful to us later on when we have to handle their occurrences in more
complicated situations.

EXERCISES

3.1 Show that B™ X R™ is isomorphic to R**™,

3.2 Show more gencrally that if 21" n; = n, then [[%%; R™ is isomorphic to R™.
3.3 Show that if {B, C} is a partitioning of .1, then R4 and R® X RC are isomorphic.
3.4 Generalize the above to the case where {.1,}] partitions A.

3.5 Show that a mapping T from a vector space 17 to a vector space T is linear if
and only if (the graph of) T is a subspace of V' X W

3.6 Let S and T be nonzero linear maps from V to W. The definition of the map
S -+ T'is not the same as the set sum of (the graphs of) S and T as subspaces of V' X 11",
Show that the set sum of (the graphs of) S and T’ cannot be a graph unless S = 7.

3.7 Give the justification for each step of the caleulation in Theorem 3.2.
3.8 Prove the distributive laws given in Theorem 3.3.

3.9 Let D:@!([a, b)) — €({a, b)) be differentiation, and let S: @({a, b]) — R be the
definite integral map f— J2 f. Compute the composition So D).

3.10  We know that the general linear functional /7 on R? is the map x — a1z - asxs
determined by the pair a in R?, and that the general linear map 7' in Hom(R?) is

determined by a matrix
f = fir ti2 .
tor loo

Then /o T is another linear functional, and hence is of the form x+— bz + boxs for
some b in B2 Compute b from t and a. Your computation should show yvou that
a— b is linear. What is its matrix?

3.11 Given S and T in Hom(R?) whose matrices are

[1 2} and [2 1])
3 4 0 1

respectively, find the matrix of So 7 in Hom(R?2).
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3.12 Given S and 7T in Hom(R?) whose matrices are

t t
. [811 812] and 1t = [ 1 12],
S21 S22 t21 t22
find the matrix of So T.
3.13 With the above answer in mind, what would you guess the matrix of So T is

if Sand T are in Hom(R3)? Verify your guess.

3.14 We know thatif T € Hom(V, ) is an isomorphism, t+en 71 is an isomorphism
in Hom(1V, V). Prove that

So T surjective = S surjective, So T injective = T injective,
and, therefore, that if T € Hom(V, W), S & Hom(1¥, V), and

S°T=Iv, T°S=I,,

then T is an isomorphism.
3.15 Show that if §—1 and T exist, then (Seo T)~! exists and equals T—1o S—1,
Give a more careful statement of this result.
3.16 Show thatif Sand T in Hom V commute with each other, then the null space of
T,N = N(T), and itsrange R = R(T) are invariant under S (S{NJC N and S{R]C R).
3.17 Show that if « is an eigenvector of T and S commutes with 7, then S{(a) is
an eigenvector of 7 and has the same eigenvalue.
3.18 Show that if S commutes with 7 and T~ exists, then S commutes with 71,
3.19 Given that « is an eigenvector of T with eigenvalue z, show that « is also an
eigenvector of T2 = To T, of T and of T—! (if T is invertible) and that the corre-
sponding eigenvalues are z2, z*, and 1/z.

Given that p(f) is a polynomial in ¢, define the operator p(T), and under the above
hypotheses, show that « is an eigenvector of p(T) with eigenvalue p(x).
3.20 If S and T are in Hom V, we say that S doubly commutes with T (and write
Sce T) if S commutes with every .4 in Hom V which commutes with 7. Fix T, and
set {T}” = {S:8SccT}. Show that {T}” is a commutative subalgebra of Hom V.
3.21 Given T in Hom V and a in V, let N be the linear span of the “trajectory of «
under T” (the set {T"a:n& Z*)). Show that N is invariant under 7.
3.22 A transformation T in Hom V such that T™ = 0 for some n is said to be nilpotent.
Show that if T is nilpotent, then I — T is invertible. [Hint: The power series

1 N
T I

is a finite sum if z is replaced by T.]

3.23 Suppose that T is nilpotent, that S commutes with T, and that S—! exists, where
S, T & Hom V. Show that (8§ — T) 1! exists.

3.24 Let ¢ be an isomorphism from a vector space V to a vector space W. Show that

T — ¢o To o1 is an algebra isomorphism from the algebra Hom V to the algebra
Hom V.
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3.25 Show the 7;’s and ;s explicitly for R® = R X R X R using the stopped arrow
notation. Also write out the identity 2. 8;0 m; = I in explicit form.

3.26 Do the same for R? = R2 X R3,

3.27 Show that the first two projection-injection identities (r;0 8; = I;and m;0 8; = 0
if 7 # ©) are simply a restatement of the definition of #;. Show that the linearity of 8;
follows formally from these identities and Theorem 3.4.

3.28 Prove the identity Y, 6;0 w; = I by applying 7; to the equation and remembering
that f = g if w;(f) = m;{g) for all § (this being just the equation f(7) = g(j) for all 7).
3.29 Prove the general case of Theorem 3.6. We are given an indexed collection of
linear maps {7;:7 & I} with common domain V and codomains {W;:2& I}. The
first question is how to define T: V — W = []; W,. Do this by defining T(£) suitably
for each £ € V and then applying Theorem 3.4 to conclude that T is linear.

3.30 Prove Theorem 3.7.

3.31 We know without calculation that the map
T:x — <3x; — 22+ @3, x2 + 3, x1 — 5x3, 221 >

from R3 to R* is linear. Why? (Cite relevant theorems from the text.)

3.32 Write down the matrix for the transformation T in the above example, and then
write down the mappings 7'¢ 8; from R to R* (for ¢ = 1, 2, 3) in explicit ordered
quadruplet form.

3.33 Let W = [ W. be a finite product vector space and set p; = 6;0 m;, so that
p;isin Hom W for all 7. Prove from the projection-injection identities that > f p; = I
(the identity map on W), p;o p; = 0 if ¢ # j, and p;o p; = pi. Identify the range
R; = R(py).

3.34 In the context of the above exercise, define T in Hom W as

n

> MPm.

m=1

Show that « is an eigenvector of 7' if and only if @ is in one of the subspaces R; and that
then the eigenvalue of « is 7.

3.35 In the same situation show that the polynomial
H (T —3i) =(T—Do---o(T —unl)
Jj=1

is the zero transformation.

3.36 Theorems 3.6 and 3.7 can be combined if 7' € Hom(V, W), where both V and I}’
are product spaces:

v=]Iv, aad w=]Iw.
1
State and prove a theorem which says that such a 7' can be decomposed into a doubly

indexed family {T';} when T; € Hom(V;, W;) and conversely that any such doubly
indexed family can be assembled to form a single 7' form V to W.
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3.37 Apply your theorem to the special case where ¥V = R” and IV = R™ (that is,
V.= W; = Rforall?and j). Now T;;is from R to R and hence is simply multipli-
cation by a number ¢;;. Show that the indexed collection {t;;} of these numbers is the
matrix of T.

3.38 Given an m-tuple of vector spaces {11, T*, suppose that there are a vector space

X and maps p; in Hom(X, W), 7 = 1,...,m, with the following property:
P. For any m-tuple of linear maps {7} from a common domain space V to the
above spaces H; (so that T, & Hom(V, W), ¢ = 1,...,m), there is a unique T
in Hom(V, X) such that T'; = p;e T, = 1,...,m.

Prove that there is a “canonical” isomorphism from

w=]]w: to X
1
under which the given maps p; become the projections m;. {Remark: The product space
T itself has property P by Theorem 3.6, and this exercise therefore shows that P is an
abstract characterization of the product space.]

4. AFFINE SUBSPACES AND QUOTIENT SPACES

In this seetion we shall look at the “planes” in a vector space V and see what
happens to them when we translate them, intersect them with each other,
take their images under linear maps, and so on. Then we shall confine ourselves
to the set of all planes that are translates of a fixed subspace and discover that
this set itself is a vector space in the most obvious way. Some of this material
has been anticipated in Section 2.

Affine subspaces. If N is a subspace of a vector space V and « is any vector
of V, then the set N 4 a = {{+4 «: &N} is called cither the coset of N
containing a or the affine subspace of V through o and parallel to N. Theset N 4 «
is also called the translate of N through «. We saw in Section 2 that affine sub-
spaces are the general objects that we want to call planes. If N is given and fixed
in a discussion, we shall use the notation @ = N + « (see Section 0.12).

We begin with a list of some simple properties of affine subspaces. Some of
these will generalize observations already made in Section 2, and the proofs of
some will be left as exercises.

1) With a fixed subspace N assumed, if ¥ € & then ¥ = a For if v =
a+ g theny+y9=a+ (gp+9€as0¥Ca Alsoa+ =7+ (n — n0) €7,
soa C7Y. Thusa = 7.

2) With N fixed, for any « and 8, cither @ = 8 or @ and § are disjoint.
For if @ and 8 are not disjoint, then there exists a ¥ in each, and a = 7 = 8
by (1). The reader may find it illuminating to compare these calculations with
the more general ones of Section 0.12. Here o ~ 8 if and only if « — 8 € N.

3) Now let @ be the collection of all affine subspaces of V; @ is thus the set
of all cosets of all vector subspaces of V. Then the intersection of any sub-
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family of @ is either empty or itself an affine subspace. In fact, if [A4;}.er is
an indexed collection of affine subspaces and A, is a coset of the vector subspace
W for each ¢ € I, then (;er A is either empty or a coset of the vector subspace
Nicr Wy Torif B e Nier Ay, then (1) implies that 4; = 8 -+ W, for all ¢, and
then NA4; = B+ NW..

4) If A, B € @, then A4 4 B €@. That is, the sct sum of any two affine
subspaces 1s itself an affine subspace.

5 If Ae@and T € Hom(V, W), then T[A] is an athine subspace of W.
In particular, if t € R, then {4 € Q.

6) If B is an affine subspace of W and T & Hom(V, W), then T7YB] is
either empty or an affine subspace of V.

7) For a fixed o« € V the translation of V through o is the mapping
Sa: V — V defined by S,(¢) = ¢+ « for all ¢ € V. Translation is not linear;
for example, S,(0) = a. It is clear, however, that translation carries affine
subspaces into affine subspaces. Thus S,(4) = 4 +a and S,(8 -+ W) =
(a+8)+W.

8) An affine transformation from a vector space V to a veetor space Wis a
linear mapping from V to W followed by a translation in W. Thus an affine
transformation is of the form ¢ ~» T'(¢) - 8, where T’ € Hom(V, W) and 8 € W.
Note that £ — T'(¢ -+ ) is affine, since

T(¢+a)=T()+8  where = T(a).

It follows from (5) and (7) that an affine transformation carries affine
subspaces of V into affine subspaces of W.

Quotient space. Now fix a subspace N of V, and consider the set W of all
translates (cosets) of N. We are going to see that W itself is a vector space in
the most natural way possible. Addition will be set addition, and scalar multipli-
cation will be set multiplication (except in one special case). For example, if ¥
is a line through the origin in R3, then W consists of all lines in R® parallel to N.
We are saying that this set of parallel lines will automatically turn out to be a
veetor space: the set sums of any two of the lines in W turn out to be a line in W'!
And if L € W and ¢ # 0, then the set product {L is a line in W. The translates
of L fiber R3, and the set of fibers is a natural vector space.

During this discussion it will be helpful temporarily to indicate set sums by
‘4" and set products by ;. With N fixed, it follows from (2) above that two
cosets are disjoint or identical, so that the set W of all cosets is a fibering of V
in the general case, just as it was in our example of the parallel lines. From (4)
or by a direct calculation we know that @+ 8 = a« -~ 8. Thus W is closed
under set addition, and, naturally, we take this to be our operation of addition
on W. That is, we define - on W by @ -+ 8 = & -+, 8. Then the natural map
miar— & from V to W preserves addition, w(a -+ 8) = w(a) + 7(8), since
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this is just our equation « + 8 = & - § above. Similarly, if ¢ € R, then the
set product ¢ -5 @ is cither {o or {0} . Hence if we define ta as the set product when
{ # 0and as 0 = N when ¢ = 0, then 7 also preserves scalar multiplication,

T(la) = im(a).

We thus have two vectorlike operations on the set W of all cosets of N,
and we naturally expeet W to turn out to be a vector space. We could prove this
by verifying all the laws, but it is more elegant to notice the general setting for
such a verification proof.

Theorem 4.1. Let V be a veetor space, and let W be a set having two
vectorlike operations, which we designate in the usual way. Suppose that
there exists a surjective mapping 7: V- — W which preserves the operations:
T(sa + t8) = sT(a) -+ (T(B). Then W is a vector space.

Proof. We have to check laws A1 through S4. However, one example should
make it clear to the reader how to proceed. We show that 7'(0) satisfies A3 and
henee is the zero vector of . Since every 8 € W is of the form T(«), we have

TO)+8=T0)+T() = T(0+ «) = T(a) = 8,
which is A3. We shall ask the reader to check more of the laws in the exercises. [

Theorem 4.2. The set of cosets of a fixed subspace N of a vector space V
themselves form a vector space, called the quotient space V/N, under the
above natural operations, and the projection 7 is a surjective linear map
from V to V/N.

Theorem 4.3. If T is in Hom(V, W), and if the null space of T includes the
subspace A/ C V, then T has a unique factorization through V/Af. That is,
there exists a unique transformation S in Hom(V /M, W) such that 7 =
S o .

Proof. Since T is zero on M, it follows that T is constant on each coset A of A1,
so that T[A] contains only one vector. If we define S{(A) to be the unique
vector in T[A], then S(&) = T(a), so S o # = T by definition. Conversely, if
T = Rom, then R(a) = R o w(a) = T'(«),and R is our above 8. The linearity
of 8 is practically obvious. Thus

S@+B) = Sla+8) =T+ B) =T+ TE = S@ + S@),
and homogeneity follows similarly. This completes the proof. [

One more remark is of interest here. If N is invariant under a linear map
T in Hom V (that is, T[N] C N), then for each « in V, T[a] is a subset of the
coset T(a), for

T(a] = Tla + Nl = T(a) +s TIN] C T(a) +: N = T().
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There is therefore a map S:V/N — V/N defined by the requirement that
S(&) = T(a) (or Som = 7 o T), and it is easy to check that S is linear. There-
fore,

Theorem 4.4. If a subspace N of a vector space V is carried into itself by a
transformation 7 in Hom V, then there is a unique transformation S in
Hom(V/N) such that Sowr = wo T.

EXERCISES

4.1 Prove properties (4), (5), and (6) of affine subspaces.

4.2 Choose an origin O in the Euclidean plane E2 (your sheet of paper), and let
L1 and Lg be two parallel lines not containing 0. Let X and Y be distinet points on
Li and Z any point on Lz. Draw the figure giving the geometric sums

W—E—UZ and (_)?—E—Z)_Z

(parallelogram rule), and state the theorem from plane geometry that says that these
two sum points are on a third line L3 parallel to L; and Ls.

4.3 a) Prove the associative law for addition for Theorem 4.1.
b) Prove also laws A4 and S2.

4.4 Return now to Exercise 2.1 and reexamine the situation in the light of Theorem
4.1. Show, finally, how we really know that the geometric vectors form a vector space.

4.5 Prove that the mapping S of Theorem 4.3 is injective if and only if N is the
null space of T.

4.6 We know from Exercise 4.5 that if T is a surjective element of Hom(V, W) and
N is the null space of T, then the S of Theorem 4.3 is an ¢somorphism from V/N to W.
Its inverse S—! assigns a coset of N to each 7in 11". Show that the process of “indefinite
integration” is an example of such a map 8—1. This is the process of ecalculating an
integral and adding an arbitrary constant, as in

fsinxd:v = —cosz+c.

4.7 Suppose that N and M are subspaces of a vector space V and that N C M.
Show that then M /N is a subspace of V/N and that V /M is naturally isomorphie to the
quotient space (V/N)/(M/N). [Hint: Every coset of N is a subset of some coset of M.}

4.8 Suppose that N and 3/ are any subspaces of a vector space V. Prove that
(M + N)/N is naturally isomorphic to 3//(M N N). (Start with the fact that each
coset of M N N is included in a unique coset of N.)

4.9 Prove that the map S of Theorem 4.4 is linear.

4.10 Given T € Hom V, show that 72 = 0 (T2 = T o T)if and only if R(T) C N(T).
+.11 Suppose that T & Hom V and the subspace N are such that T is the identity
on N and also on V/N. The latter assumption is that the 8 of Theorem 4.4 is the
identity on V/N. Set R = T — I, and use the above exercise to show that R = 0.
show that if T = I+ R and R? = 0, then there is a subspace N such that 7T is the
identity on N and also on V/N.



(c) ketabton.com: The Digital Library

56 VECTOR SPACES 1.5

4,12 We now view the above situation a little differently. Supposing that T is the
identity on N and on V/N, and setting B = I — T, show that there exists a
K € Hom(V/N, V) such that R = K o . Show that for any coset A of N the action
of T on A can be viewed as translation through K(A). Thatis,if £ € A andn = K(.1),
then T(§) = £+ ».

4.13 Consider the map T: <z, 22> +— <z -+ 2r2, x2> in Hom R?, and let N be
the null space of B = T — I. Identify N and show that T is the identity on N and
on R?/N. Find the map K of the above exercise. Such a mapping T is called a shear
transformation of 17 parallel to N. Draw the unit square and its image under T'.

4.14 If we remember that the linear span L(.1) of a subset .1 of a vector space V can
be defined as the intersection of all the subspaces of V that include .1, then the fact
that the intersection of any collection of affine subspaces of a vector space 1V is either
an affine subspace or empty suggests that we define the affine span 3/ (A) of a nonempty
subset A C V as the intersection of all affine subspaces including 4. Then we know
from (3) in our list of affine properties that 3/(.1) is an affine subspace, and by its
definition above that it is the smallest affine subspace including A. We now naturally
wonder whether M(A) can be directly deseribed in terms of linear combinations.
Show first that if @ € A, then M(A) = L(A — a) + «; then prove that M (A) is the
set of all linear combinations > z:; on .1 such that > x; = 1.

4.15 Show that the linear span of a set B is the affine span of BU {0].

4.16 Show that M(A 4+ 7v) = M (1) 7 for any ¥ in V and that M{zA) = 23(4)
for any r in R.

5. DIRECT SUMS

We come now to the heart of the chapter. It frequently happens that the study
of some phenomenon on a veetor space V leads to a finite collection of subspaces
{V;} such that V is naturally isomorphic to the product space I]; V,;. Under
this isomorphism the maps 6; o 7; on the product space become certain maps
P;in Hom V, and the projection-injection identities are reflected in the identities
S>P;=1, P;joP;= P;forall jand P;o P; = 0if ¢ # 7. Also, V,; = range
P;. The product structure that V thus acquires is then used to study the phe-
nomenon that gave rise to it. For example, this is the way that we unravel the
structure of a linear transformation in Hom V|, the study of which is one of the
central problems in linear algebra.

Direct sums. If V, ..., V, are subspaces of the vector spacc V, then the
mapping 7: <aq, ..., e, > > 27 a; is a linear transformation from JI% V;
to V, since it is the sum m = .7 m; of the coordinate projections.

Definition. We shall say that the Vs are independent if w is injective and
that V is the direct sum of the Vs if 7 is an isomorphism. We express the
latter relationship by writing V=V, & --- & V, = @} V.

Thus V = @2, V; if and only if 7 is injective and surjective, i.e., if and
only if the subspaces {V;}7 are both independent and span V. A useful restate-
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ment of the direct sum condition is that each o € V is uniquely expressible as
a sum 3 7 a;, with a; € V; for all 7; « has some such expression because the Vs
span V, and the expression is unigue by their independence.

For example, let V = €(R) be the space of real-valued continuous functions
on R, let V, be the subset of even functions (functions f such that f(—z) = f(z)
for all z), and let V, be the subset of odd functions (functions such that f(—z) =
—f(z) for all x). It is clear that V., and V, are subspaces of V, and we claim that
V="V,® V, To see this, note that for any fin V, g(z) = (f(z) + f(—=x))/2
iseven, h(z) = (f(x) — f(—=x))/2isodd,and f = g+ h. ThusV =V, -+ V,.
Moreover, this decomposition of f is unique, for if f = ¢; + h; also, where g
is even and h; is odd, then ¢ — ¢y = hy — h, and therefore ¢ — ¢; = 0 =
Ity — h, since the only funetion that is both even and odd is zero. The even-odd
components of ¢* are the hyperbolic cosine and sine functions:

(& — )
2

z_ (€ +e™)

5 = cosh x - sinh z.

+

(4

Since 7 is injective if and only if its null space is {0} (Lemma 1.1), we have:

Lemma 5.1. The independence of the subspaces [V} 7 is equivalent to the
property that if a; € V; for all ¢ and >.7 a; = 0, then o; = 0 for all <.

Corollary. If the subspaces {V;}7 are independent, «; € V; for all ¢, and
3.1 a; is an clement of V;, then a; = 0 for ¢  j.

We leave the proof to the reader.
The case of two subspaces is particularly simple.

Lemma 5.2. The subspaces 37 and N of V are independent if and only if
MnN= {0}.

Proof. fae M, N,anda+8=0,thena= —B8e M NN. fMNN =
{0}, this will further imply that « = 8= 0, so M and N are independent.
On the other hand, if 0 % g€ M NN, and if we set a = —8, then o« € 3,
Be N,and e + 8 = 0, so M and N are not independent.

Note that the first argument above is simply the general form of the unique-
ness argument we gave earlier for the even-odd decomposition of a function
on R.

Corollary. V=M & N if and only if V=M 4+ N and M NN = {0}.

Definition. If V = M & N, then M and N are called complementary sub-
spaces, and each is a complement of the other.

Warning: A subspace M of V does not have a unique complementary subspace
unless M is trivial (that is, M = {0} or M = V). If we view R? as coordinatized
lduclidean 3-space, then M is a proper subspace if and only if M is a plane con-
taining the origin or M is a line through the origin (see Fig. 1.9). If M and N are
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Fig. 1.9

proper subspaces one of which is a plane and the other a line not lying in that
plane, then 2 and N are complementary subspaces. Moreover, these are the
only nontrivial complementary pairs in R3. The reader will be asked to prove
some of these facts in the exercises and they all will be clear by the middle of
the next chapter.

The following lemma, is technically useful.

Lemma 5.3. If V; and V are independent subspaces of V and {V,}7 are
independent subspaces of Vy, then {V;}7 are independent subspaces of V.

Proof. If a; € V; for all 7 and 3} a; = 0, then, setting ag = Y.} o;, we have
ay + ap = 0, with ag € V. Therefore, a; = a9 = 0 by the independence of
Vi and Vy. But then ay = a3 = -+ = a, = 0 by the independence of
{V}%, and we are done (Lemma 5.1). [

Corollary. V=V, & Vy and Vo= @L, V. together imply that
V = @?:1 Vi'

Projections. If V =@}, V,, if 7 is the isomorphism <aj,...,a,> —
a= Y 1a; and if m; is the jth projection map <e;,...,a,> = a; from
Iy Vi to V;, then (mj o 7~ 1) (a) = a.

Definition. We call a; the jth component of @, and we call the linear map
P; = ;o w~! the projection of V onto V; (with respect to the given direct
sum decomposition of V). Since each « in V is uniquely expressible as a sum
a = X 7a; with a; in V; for all ¢, we can view P;(a) = «; as “the part of
ain V;”.

This use of the word “projection” is different from its use in the Cartesian
product situation, and each is different from its use in the quotient space con-
text (Section 0.12). It is apparent that these three uses are related, and the
ambiguity causes little confusion since the proper meaning is always clear from
the context.

Theorem 5.1. If the maps P; are the above projections, then range P, = V,,

P,oP;=0forz # j,and 27 P; = I.

Proof. Since m is an isomorphism and P; = m; o 7!, we have range P; =
range m; = V;. Next, it follows directly from the corollary to Lemma 5.1 that
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if « € V;, then Py(a) = 0 for 7 £ j, and so P;o P; = 0 for 7 # j. Finally,
SiP=Ytmoeon = (Ztm)on ! = won! = I, and we are done. [J

The above projection properties are clearly the reflection in V of the pro-
jection-injection identities for the isomorphic space []} V.
A converse theorem is also true.

Theorem 5.2. If {P;}7C Hom V satisfy > 1 P;= I and P;o P; = 0 for
17 7, and if we set V; = range P;, then V= @, V; and P; is the
corresponding projection on V.

Proof. The equation @ = I(a) = 3.7 Pi{a) shows that the subspaces {V;}}
span V. Next, if & V;, then Pi{8) = 0 for ¢ # j, since § € range P; and
PioP; =0 if ¢35 Then also Pi8) = (I — 2ix; P8 = I(8) = 8.
Now consider e = Y7 «a; for any choice of a; € V;. Using the above two facts,
we have Pj(e) = P;(3_7-q ) = 21—y Pj{es) = «aj. Therefore, « = 0 implies
that a; = P;(0) = 0 for all j, and the subspaces V,; are independent.
Consequently, V = @} V.. Finally, the fact that o = 3 Pi(e) and P(a) € V;
for all ¢ shows that P;(«) is the jth component of « for every « and therefore that
P; is the projection of V onto V;.

There is an intrinsic characterization of the kind of map that is a projection.

Lemma 5.4. The projections P;are idempotent (P? = P;), or, equivalently,
each is the identity on its range. The null space of P; is the sum of the spaces
V;fory # i

Proof. P? = Pjo (I — ¥ ;.;P;) = P;o I = P;. Since this can be rewritten
as P;(P;(c)) = Pj(a) for every a in V, it says exactly that P; is the identity
on its range.

Now set W; = 3_;.: V;, and note that if 3 € W, then P;(8) = 0 since
PV =0f{orj = 7 Thus W, C N(P;). Conversely, if P;(a) = 0, then a =
I{a) = 21 Pila) = 2.4 Pj(e) € W;. Thus N(P;) C W;, and the two spaces
are equal. [J

Conversely:

Lemma 5.5. If P € Hom(V) is idempotent, then V is the direct sum of i@s
range and null space, and P is the corresponding projection on its range.

Proof. Setting Q = I — P, we have PQ = P — P? = 0. Therefore, V is the
direet sum of the ranges of P and @, and P is the corresponding projection on its
range, by the above theorem. Moreover, the range of @ is the null space of P,
by the corollary. 0

If V=M & N and P is the corresponding projection on M, we call P the
projection on M along N. The projection P is not determined by M alone, since
M does not determine N. A pair P and Q in Hom V such that P + @ = [ and
PQ = QP = 0 is called a pair of complementary projections.
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In the above discussion we have neglected another fine point. Strictly
speaking, when we form the sum 7 = 3.7 7;, we are treating each 7; as though
it were from [} V; to V, whereas actually the codomain of ; is V;. And we
want P; to be from V to V, whereas m; o 7" has codomain V;, so the equation
P; = m;jow~! can’t quite be true either. To repair these flaws we have to
introduce the injection ¢;: V; — V, which is the identity map on V;, but which
views V; as a subspace of V and so takes V as its codomain. If our concept of a
mapping includes a codomain possibly larger than the range, then we have to
admit such identity injections. Then, setting #; = t; o 7;, we have the correct
equations 7 = Y17, and P = #;0 L

EXERCISES

5.1 Prove the corollary to Lemma 5.1.

5.2 Let o be the vector <1,1, 1> in R3, and let M = R« be its one-dimensional
span. Show that each of the three coordinate planes is a complement of M.

5.3 Show that a finite product space V' = T V; has subspaces {W,)} such that
W; is isomorphic to V; and V = P} W.. Show how the corresponding projections
{P;} are related to the w;’s and 8,s.

5.4 If T € Hom(V, W), show that (the graph of) T is a complement of W =
{0) X Win VX W.

5.5 If lis a linear functional on V (I € Hom(V, R) = V*) and if « is a vector in ¥
such that l{a) # 0, show that V' = N @ 1/, where N is the null space of [ and M = Ra
is the linear span of @. What does this result say about complements in R3?

5.6 Show that any complement M of a subspace N of a vector space V is isomorphie
to the quotient space V/N.

5.7 We suppose again that every subspace has a complement. Show that if
T € Hom V is not injective, then there is a nonzero S in Hom V such that 7o S = 0.

Show that if 7 € Hom V is not surjective, then there is a nonzero S in Hom V such
that So T = 0.

5.8 Using the above exercise for half the arguments, show that 7€ Hom V is
injective if and only if To .S = 0= S = 0and that T is surjective if and only if Se T =
0= 8 = 0. We thus have characterizations of injectivity and surjectivity that are
formal, in the sense that they do not refer to the fact that S and T are transformations,
but refer only to the algebraic properties of S and 7 as elements of an algebra.

5.9 Let M and N be complementary subspaces of a vector space V, and let X be a
subspace such that X N N = {0}. Show that there is a linear injection from X to M.
[I[Tint: Consider the projection P of V onto M along N.] Show that any two comple-
ments of a subspace N are isomorphic by showing that the above injection is surjective
if and only if X is a complement of N.

5.10 Going back to the first point of the preceding exercise, let ¥ be a complement of
P[X]in M. Show that X N ¥ = {0} and that X ® Y is a complement of N.

5.11 Let M be a proper subspace of V, and let {a;:7 € I} be a finite set in V. Set
L = L({a;}), and suppose that M -+ L = V. Show that there is a subset J C I such
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that {a;:7 € J} spans a complement of 3. [Iint: Consider a largest possible subset J
such that M N L ({asy ) = {0}.]
5.12 Given T € Hom(V, ") and S € Hom (", X), show that

a) So T is surjective & S is surjective and R(T) + N(S) = W;

b) Seo T isinjective <= T is injective and R(T) N N(S) = {0};

¢) So Tisanisomorphism <= Sissurjective, T is injective,and 1" = R(T) ® N(S).
5.13  Assuming that every subspace of 17 has a complement, show that T € Hom V
satisfies 72 = 01if and only if V" has a direet sum decomposition V = M @ N such that
T =0on N and T[] CN.
5.114  Suppose next that 7% = 0 but T? £ 0. Show that V can be written as 17 =
Vi@ Va® Ty, where T(VH[C Vo, TV C Vg, and T = 0 on V3. (Asswme again
that any subspace of a veetor space has a complement.)
5.13 We now suppose that T = 0 but 7771 £ 0. Set N; = null space (T for
t=1,...,n— 1,and let V"1 be a complement of N,_3 in 7. Show first that

TIVilN Na—e = {0}

and that T[V1] C N,.—1. Extend T[V}] to a complement V2 of N, in N,_1, and
show that in this way we can construet subspaces Vi, ..., V, such that

V=@V, TIVICVi1 for i<n,

and
TV, = {0}.

On solving a linear equation. N any important problems in mathematics are
in the following general form. A linear operator T: V — W is given, and for a
given 7 € W the equation T'(£) = 7 is to be solved for ¢ € V. In our terms, the
condition that there exist a solution is exactly the condition that 5 be in the
range space of 7. In special circumstances this condition ecan be given more or
less useful equivalent alternative formulations. Let us suppose that we know
how to recognize R(T), in which case we may as well make it the new codomain,
and so assume that T is surjective. There still remains the problem of determin-
ing what we mean by solving the equation. The universal principle running
through all the important instances of the problem is that a solution process
calculates a right inverse to T, that is, a linear operator S: W -—» V such that
T oS = Iy, the identity on W. Thus a sclution process picks one solution
vector £ € V for each n € W in such a way that the solving £ varies linearly with
7. Taking this as our meaning of solving, we have the following fundamental
reformulation.

Theorem 5.3. Let T be a surjective linear map from the vector space V
to the vector space W, and let N be its null space. Then a subspace M is a
complement of N if and only if the restrietion of T to M is an isomorphism
from M to W. The mapping M +— (T [ M)~ is a bijection from the set
of all such complementary subspaces M to the set of all linear right inverses
of T.
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Proof. It should be clear that a subspace M is the range of a linear right inverse
of T (a map Ssuch that T o S = I'y) ifand only if T’ [ M isan isomorphism to W,
in which case S = (T [ M)™!. Strictly speaking, the right inverse must be from
W to V and therefore must be B = tyr o S, where t37 is the identity injection
from M toV. Then (RoT)2=Ro(ToR)oT=RolIyoT = RoT,and
R - T is a projection whose range is M and whose null space is N (since R is
injective). Thus V=M @& N. Conversely, if V=M @& N, then T [ M is
injective because M NN = {0} and surjective because M + N = V implies
that W = T[V] = T[M + N] = T[M] + T[{N] = T[M]+ {0} = T[M]. U

Polynomials in T. The material in this subsection will be used in our study of
differential equations with constant coefficients and in the proof of the diagonal-
izability of a symmetric matrix. In linear algebra it is basic in almost any
approach to the canonical forms of matrices.

If p1(t) = X7 ait’ and py(t) = 3¢ bt are any two polynomials, then their
product is the polynomial

m+4n

p(t) = p1()p2(t) = 20: ext”,

where ¢y = X ipj—rab; = Zf:o aby_;. Now let T be any fixed element of
Hom(V), and for any polynomial ¢(t) let ¢(T) be the transformation obtained
by replacing ¢ by T. That is, if ¢({) = X} cit*, then ¢(T) = T} ¢, T*, where, of
course, T' is the composition product 7o T o - - - o T with [ factors. Then the
bilinearity of composition (Theorem 3.3) shows that if p() = p1(O)p:(8),
then p(T) = p(T) o po(T). In particular, any two polynomials in 7' commute
with each other under composition. More simply, the commutative law for
addition implies that

if p@) = p:1(O) + p2(¥), then p(T) = pi(T) + po(D).

The mapping p(f) — p(T) from the algebra of polynomials to the algebra
Hom(V) thus preserves addition, multiplication, and (obviously) scalar multipli-
cation. That is, it preserves all the operations of an algebra and is therefore
what is called an (algebra) homomorphism.

The word “homomorphism” is a general term describing a mapping 4
between two algebraic systems of the same kind such that 6 preserves the
operations of the system. Thus a homomorphism between vector spaces is
simply a linear transformation, and a homomorphism between groups is a
mapping preserving the one group operation. An accessible, but not really
typical, example of the latter is the logarithm function, which is a homomorphism
from the multiplicative group of positive real numbers to the additive group of R.
The logarithm funetion is actually a bijective homomorphism and is therefore
a group tsomorphism.

If this were a course in algebra, we would show that the division algorithm
and the properties of the degree of a polynomial imply the following theorem.
(However, see Exercises 5.16 through 5.20.)
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Theorem 5.4. If p;(f) and po(t) are relatively prime polynomials, then there
exist polynomials a;(¢) and as(f) such that

a1(®p1(®) + ax(O)p2(f) = L.

By relatively prime we mean having no common factors except constants.
We shall assume this theorem and the results of the discussion preceding it in
proving our next theorem.

We say that a subspace M C V is tnvariant under T € Hom(V) if T[M] C M
[that is, T | M € Hom(M)].

Theorem 5.5. Let T be any transformation in Hom V, and let ¢ be any
polynomial. Then the null space N of ¢(T) is invariant under T, and if
¢ = ¢i1¢2 is any factorization of ¢ into relatively prime factors and N, and
N are the null space of ¢,(T) and ¢(T), respectively, then N = N; @ N,.

Proof. Since T o ¢(T) = ¢q(T) o T, we see that if ¢(T)(e) = 0, then ¢(T)(Ta) =
T(¢(T)(@)) = 0, so TIN]CN. Note also that since ¢(T) = ¢;(T) o ¢o(T),
it follows that any ¢ in Ny isalsoin N, so No C N. Similarly, N; C N. We can
therefore replace V by N and T by T [ N; hence we can assume that 7 € Hom N
and ¢(T) = q1(T) © go(T) = 0.

Now choose polynomials a; and a3 so that a1q; + asq3 = 1. Since p — p(T)
is an algebraic homomorphism, we then have

ay(T) o qi(T) + ag(T) 0 qo(T) = 1.

Set A; = a1(T), ete., sothat A; 0@, + Az 0Qs = I,Q1 o Qs = 0, and all the
operators 4, Q; commute with each other. Finally, set P; = A;0Q; = Q;0 A;
fori = 1,2. Then P, + P, = I and PPy, = PyP; = 0. Thus P and P, are
projections, and N is the direet sum of their ranges: N = V{ & V,. Since each
range is the null space of the other projection, we can rewrite this as N =
N, @& N, where N; = N(P;). It remains for us to show that N(P;) = N(Q.).
Note first that since Q@ 0 Py = Q1 0Q20 A3 = 0, we have @, = @, [ =
Q1o (Py+ Py) =Q; o P;. Then the two identities P; = A;0Q; and @; =
Q; o P; show that the null space of each of P; and @, is included in the other, and
so they are equal. This completes the proof of the theorem. [

Corollary. Let p(t) = [Iix, p:(f) be a factorization of the polynomial
p(t) into relatively prime factors, let 7 be an element of Hom(V}, and set
N;= N(pi(T)) fori=1,...,mand N = N(p(T)). Then N and all the
N; are invariant under 7, and N = @~ N..

Proof. The proof is by induction on m. The theorem is the case m = 2, and if
we set ¢ = [I2pit) and M = N(q(T)), then the theorem implies that
N = N, & M and that N, and M are invariant under 7. Restricting T to M,
we see that the inductive hypothesis implies that M = @, N; and that N; is
invariant under T for 1 = 2,...,m. The corollary to Lemma 5.3 then yields
our result. [
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EXERCISES

5.16 Presumably the reader knows (or can see) that the degree d(P) of a polynomial
P satisfies the laws
d(P 4+ Q) < max {d(P), d@)],
d(P - Q) = d(P)+ d(Q) if both P and @ are nonzero.
The degree of the zero polynomial is undefined. (It would have to be —=!) By indue-
tion on the degree of P, prove that for any two polynomials P and D, with D # 0,
there are polynomials Q and R such that P = DQ -+ R and d(R) < d(D) or R = 0.

[{lint: 1 d(P) < d(D), we can take @ and R as what? If d(P) 2> d(D), and if the lead-
ing terms of I” and D are ax™ and bz™, respectively, with n 2> m, then the polynomial

P'=P— <§> Z7"D

has degree less than d(P), so P’ = D@’ + R’ by the inductive hypothesis. Now finish
the proof.]

5.17 Assuming the above result, prove that R and @ are uniquely determined by
P and D. (Assume also that P = D'+ R’, and prove from the properties of degree
that B = Rand @ = Q.) These two results together constitute the division algorithm
for polynomials.

5.18 If P is any polynomial
P) = D aa",
0

and if ¢ is any number, then of course P(¢) is the number
> aud™.
¢

Prove from the division algorithm that for any polynomial P and any number ¢ there
is a polynomial @ such that

Plz) = (z — HQ) + P©),
and therefore that P(z) is divisible by (x — ¢) if and only if P{t) = 0.

5.19 Let P and @ be nonzero polynomials, and choose polynomials ¢ and Bg such
that among all the polynomials of the form AP -+ BQ the polynomial

D = AP+ BoQ

is nonzero and has minimum degree. Prove that D is a factor of both P and . (Sup-
pose that D does not divide P and apply the division algorithm to get a contradiction
with the choice of .1¢ and Bg.)

5.20 Let P and @ be nonzero relatively prime polynomials. This means that if K is a
common factor of P and Q (P = EP’,Q = EQ'), then E is a constant. Prove that
there are polynomials 4 and B such that A(z)P(x) + B@)Q(x) = 1. (Apply the
above exercise.)
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5.21 In the context of Theorem 5.5, show that the restriction of ¢o(T) = Q2 to N
is an isomorphism (from N to Nj).
5.22 An involution on V is a mapping 7'€ Hom V such that 72 = I. Show that if
T is an involution, then Vis a direct sum V = V; @ Vg, where T(§) = £ for every
EeVi(T'=1IonVy) and T(§) = —Eforevery £€ Vo (T = —Ton Va). (Apply
Theorem 5.5.)
5.23 We noticed earlier (in an excreise) that if ¢ is any mapping from a set .1 to a
set B, then f= fo ¢ is a linear map T, from RZ to R4. Show now that if : B — (,
then

Tyoo = Tpo Ty.

(This should turn out to be a direct consequence of the associativity of composition.)
5.24 Let .1 be any set, and let ¢: .1 — A be such that ¢o ¢(a) = a for every a.
Then T,: fr= fo ¢ is an involution on V = R4 (since Tyoy = Tyo T,). Show that
the decomposition of R® as the direct sum of the subspace of even functions and the
subspace of odd functions arises from an involution on R® defined by such a map
e:R— R.

5.25 Let V be a subspace of R® consisting of differentiable functions, and suppose
that V is invariant under differentiation (f€ V= Df € V). Supposc also that on V
the linear operator D € Hom V satisfics D2 — 2D — 31 = 0. Prove that V is the
direct sum of two subspaces M and N such that D = 37 on M and D = —I on N.
Actually, it follows that I/ is the linear span of a single vector, and similarly for V.
Find these two functions, if you can. (f/ = 3f=f = ?)

*Block decompositions of linear maps. Given 7' in Hom V and a direct sum
decomposition V = @7 V;, with corresponding projections {P;}7, we can
consider the maps T';; = P; o T o P;. Although 7;;is from V to V, we may also
want to consider it as being from V; to V; (in which case, strictly speaking, what
is it?). We picture the T;’s arranged schematically in a rectangular array
Similar to a matrix, as indicated below for n = 2.

Tll T12

T21 T22

TFFurthermore, simee T' = >, ; T';;, we call the doubly indexed family the block
decomposition of T associated with the given direct sum decomposition of V.

More generally, if 7€ Hom(V, W) and W also has a direet sum decomposi-
tion W = @7, W, with corresponding projections {Q;} 7, then the family
{T;;} defined by T;; = Q; o T' o P; and pictured as an m X n rectangular array
1s the block decomposition of T with respect to the two direct sum decompositions.

Whenever T in Hom V has a special relationship to a particular direet sum
decomposition of V, the corresponding block diagram may have features that
display these special properties in a vivid way ; this then helps us to understand
the nature of T better and to calculate with it more easily.
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For example, if V =V @& V,, then V' isinvariant under T (i.e., T[V] C V)
if and only if the block diagram is upper triangular, as shown in the following
diagram.

Tll T12

T22

0

Suppose, next, that 72 = 0. Letting V' be the range of 7, and supposing that
V1 has a complement Vo, the reader should clearly see that the corresponding
block diagram is

~
~

0\ T12

~

0 | o

This form is called strictly upper triangular; it is upper triangular and also zero
on the main diagonal. Conversely, if 7 has some strictly upper-triangular

2 X 2 block diagram, then 72 = 0.
If R is a composition product, B = ST, then its block components can be
computed in terms of those of S and T. Thus
n

Ry = P;RP;, = P,STP;, = P;S <Z Pj> TP =

7=1

8T .
1

n
1=

We have used the identities I = 37, P; and P; = P?. The 2 X 2 case is
pictured below.

S11T11 4 812791 ‘ S11T12 + S12T22
So1T11 4 82272y } Se1T 12 + S20T22

FFrom this we can read off a fact that will be useful to us later: If T is 2 X 2
upper triangular (T's; = 0), and if T is invertible as a map from V; to
V; (z = 1, 2), then T is invertible and its inverse is

Ty 7' | =T 1TeTee ™t

0 Tyy !

We {ind this solution by simply setting the product diagram equal to
I, 10

I,

0

and solving; but of course with the diagram in hand it can simply be checked to
be correct.

EXERCISES

5.26 Show that if T &€ Hom V, if ¥ = @&f V4, and if {P;}} are the corresponding
projections, then the sum of the transformation Ty; = Pyo To Pyis T.
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5.27 If S and T are in Hom V and {S;;}, {T:;} are their block components with
respect to some direct sum decomposition of V, show that S0 Ty = 0if j = L.

5.28 Verify that if T has an upper-triangular block diagram with respect to the
direct sum decomposition ¥V = Vi @ Vg, then V; is invariant under T.

5.29 Verify that if the diagram is strictly upper triangular, then 72 = 0.

5.30 Showthatif V=V ® Vo ® V3 and T € Hom V, then the subspaces V; are
all invariant under 7 if and only if the block diagram for T is

T11 0 0
0 Tao 0
0 0 Tsg

Show that T is invertible if and only if T is invertible (as an eclement of Hom V)
for each <.

5.31 Supposing that T has an upper-triangular 2 X 2 block diagram and that T;
is invertible as an element of Hom V; for ¢ = 1, 2, verify that 7 is invertible by form-
ing the 2 X 2 block diagram that is the product of the diagram for T and the diagram
given in the text as the inverse of T.

5.32 Supposing that T is as in the preceding exercise, show that S = T~ just have
the given block diagram by considering the two equations To S = I and Se T = [
in their block form.

5.33 What would strictly upper triangular mean for a 3 X 3 block diagram? What
is the corresponding property of 7? Show that T has this property if and only if it has
a strictly upper-triangular block diagram. (See Kxercise 5.14.)

5.34 Suppose that 7 in Hom V satisfies T* = 0 (but T"~!  0). Show that T has
a strictly upper-triangular n X n block decomposition. (Apply Exercise 5.15.)

6. BILINEARITY

Bilinear mappings. The notion of a bilinear mapping is important to the un-
derstanding of linear algebra because it is the vector setting for the duality
principle (Section 0.10).

Definition. If U, V, and W are vector spaces, then a mapping
w: <& > = o 1)

from U X V to W is bilinear if it is linear in each variable when the other
variable is held fized.

That is, if we hold ¢ fixed, then 5 — w(§, 1) is linear [and so belongs to
Hom(V, W)]; if we hold 5 fixed, then similarly w(#, %) is in Hom(U, W) as a
function of £ This is not the same notion as linearity on the product vector
space U X V. For example, <z, y> — z + y is a linear mapping from R2
to R, but it is not bilinear. If y is held fixed, then the mapping z — = - y is
affine (translation through y), but it is not linear unless y is 0. On the other
hand, <z, y> +— zy is a bilincar mapping from R2 to R, but it is not linear. Ify
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is held fixed, then the mapping x +— yzx is linear. But the sum of two ordered
couples does not map to the sum of their images:

<z, y> + <u,v> = <z +u,y+ov> - @+ wy+o),

which is not the sum of the images, xy + ww. Similarly, the scalar product
(x, y) = 21 xy; is bilinear from R™ X R™ to R, as we observed in Section 2.

The linear meaning of bilinearity is partially explained in the following
theorem.

Theorem 6.1. If w: U X V — W is bilinear, then, by duality, o is equiv-
alent to a linear mapping from U to Hom(V, W) and also to a linear mapping
from V to Hom(U, W).

Proof. For each fixed 7 € V let w, be the mapping £+— w( 5). That Iis,
w,(£) = w(§, 7). Then w, € Hom(U, W) by the bilinear hypothesis. The
mapping 1 +— w, is thus from V to Hom(U, W), and us linearity is due to the
linearity of w in 4 when £ is held fixed:

wcn-*—d{(f) = w(f; (/] + d{) = cw(é, "7) + dw(é} §) = cwn(g) + dwﬁ'(g)l

so that oy = ey + desy.

Similarly, if we define w? by of() = w(§, ), then & — «f is a linear mapping
from U to Hom(V, W). Conversely, if ¢: U — Hom(V, W) is linear, then the
function w defined by w(£, 1) = ¢(£)(n) is bilinear. Moreover, wf = ¢(£), so
that ¢ is the mapping & — wf. 0

We shall see that bilinearity occurs frequently. Sometimes the reinterpreta-
tion provided by the above theorem provides new insights; at other times it
seems less helpful.

For example, the composition map <S8, T> +— 8o T is bilinear, and the
corollary of Theorem 3.3, which in effect states that composition on the right by
a fixed T'is a lincar map, is simply part of an explieit statement of the bilinearity.
But the linear map T — composition by T is a complicated object that we have
no need for except in the case W = R.

On the other hand, the linear combination formula >_7 x;a; and Theorem 1.2
do receive new illumination.

Theorem 6.2. The mapping w(x, @) = 3.7 x;a; 1s bilinear from R™ X V"
to V. The mapping « +— wa is therefore a linear mapping from V* to
Hom(R™, V), and, in fact, is an isomorphism.

Proof. The linearity of w in x for a fixed e was proved in Theorem 1.2, and its
linearity in e« for a fixed x is seen in the same way. Then o« +— wa is linear by
Theorem 6.1. Its bijectivity was implieit in Theorem 1.2. [

It should be remarked that we can use any finite index set I just as well as
the special set 7 and conclude that w(x, &) = Y;er T, is bilinear from Rf x V7
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to V and that @+ wa is an isomorphism from V7 to Hom(R’, V). Also note
that wa = La in the terminology of Section 1.

Corollary. The scalar product (x, a) = X ] z;a; is bilinear from R” X R™
to R; therefore, a — w, = L, is an isomorphism from R” to Hom(R", R).

Natural isomorphisms. We often find two vector spaces related to each other
in such a way that a particular isomorphism between them is singled out. This
phenomenon is hard to pin down in general terms but easy to describe by
examples.

Duality is one source of such “natural” isomorphisms. Ior example, an
m X n matrix {{;;} is a real-valued function of the two variables <z, 7>, and
as such it is an element of the Cartesian space R™<®. We can also view {t;;} as
a sequence of n column vectors in R™. This is the dual point of view where we
hold j fixed and obtain a function of ¢ for each j. IFrom this point of view {¢;}
is an element of (R™)®. This correspondence between R™¥7 and (R™)” is clearly
an isomorphism, and is an example of a natural isomorphism.

We review next the various ways of looking at Cartesian n-space itself.
One standard way of defining an ordered n-tuplet is by induction. The ordered
triplet <z, y, 2> is defined as the ordered pair < <z, y>, 2>, and the ordered

n-tuplet <zq,...,x,> is defined as < <zy,...,Tn_1>,2,>. Thus we
define R™ inductively by setting R! = R and R* = R*! X R.
The ordered n-tuplet can also be defined as the functionon 7 = {1,...,n}

which assigns z; to 7. Then
LTy oo, Zy> = {<L o>, ..., <n,2,>},

and Cartesian n-space is R* = Rl
Finally, we often wish to view Cartesian (n -+ m)-space as the Cartesian
product of Cartesian n-space with Cartesian m-space, so we now take

<ZTi, oo oy Tngm > as L LLyy oo 3 T >, KTpgly oy Tngm > >

and R"T™ as R™ X R™.

Here again if we pair two different models for the same n-tuplet, we have an
obvious natural isomorphism between the corresponding models for Cartesian
n-space.

Finally, the characteristic properties of Cartesian product spaces given in
Theorems 3.6 and 3.7 yield natural isomorphisms. Theorem 3.6 says that an
n-tuple of linear maps {7} on a common domain V is equivalent to a single
n-tuple-valued map 7T, where T(¢) = <T(§),...,T,(&)> for all t€ V.
(This is duality again! T;(£) is a function of the two variables 7 and £.) And it is
not hard to see that this identification of 7' with {7;}7 is an isomorphism from
II: Hom(V, W;) to Hom(V, IL; W,).

Similarly, Theorem 3.7 identifies an n-tuple of linear maps {7’;}’ into a com-
mon codomain ¥V with a single linear map 7 of an n-tuple variable, and this iden-
tification is a natural isomorphism from ]} Hom(W,, V) to Hom([I} W, V).
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An arbitrary isomorphism between two vector spaces identifies them in a
transient way. For the moment we think of the vector spaces as representing the
same abstract space, but only so long as the isomorphism is before us. If we
shift to a different isomorphism between them, we obtain a new temporary
identification. Natural isomorphisms, on the other hand, effect permanent
identifications, and we think of paired objects as being two aspects of the same
object in a deeper sense. Thus we think of a matrix as “being” either a sequence
of row vectors, a sequence of column vectors, or a single function of two integer
indices. We shall take a final look at this question at the end of Section 3 in the
next chapter.

*We can now make the ultimate dissection of the theorems centering
around the linear combination formula. Laws S1 through S3 state exvactly that
the scalar product za is bilinear. NMore precisely, they state that the mapping
S: <z, a> — za from R X W to W is bilinear. In the language of Theorem 6.1,
Ta = wu(z), and from that theorem we conclude that the mapping a — w, is
an isomorphism from W to Hom(R, W).

This isomorphism between W and Hom(R, W) extends to an isomor-
phism from W™ to (Hom(R, W))", which in turn is naturally isomorphic to
Hom(R",W) by the second Cartesian product isomorphism. Thus W™ is natu-
rally isomorphic to Hom(R”, W); the mapping is a +— La, where La(x) =
Z’ll Ty04.

In particular, R™ is naturally isomorphic to the space Hom(R", R) of all
linear functionals on R”, the n-tuple a corresponding to the functional w,
defined by w,(x) = >} a;x;.

Also, (R™™ is naturally isomorphic to Hom(R", R™). And since R™ % is
naturally isomorphic to (R™)", it follows that the spaces R™<% and Hom(R?”, R™)
are naturally isomorphic. This is simply our natural association of a transfor-
mation 7" in Hom(R™ R™) to an m X n matrix {¢;}.
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CHAPTER 2

FINITE-DIMENSIONAL VECTOR SPACES

We have defined a vector space to be finite-dimensional if it has a finite spanning
set. In this chapter we shall focus our attention on such spaces, although this
restriction is unnecessary for some of our discussion. We shall see that we can
assign to each finite-dimensional space V a unique integer, called the dimension
of V, which satisfies our intuitive requirements about dimensionality and which
becomes a principal tool in the deeper explorations into the nature of such
spaces. A number of “dimensional identities” are crucial in these further
investigations. We shall find that the dual space of all linear functionals on V,
V* = Hom(V, R), plays a more satisfactory role in finite-dimensional theory
than in the context of general vector spaces. (However, we shall see later in
the book that when we add limit theory to our algebra, there are certain special
infinite-dimensional vector spaces for which the dual space plays an equally
important role.) A finite-dimensional space can be characterized as a vector
space isomorphic to some Cartesian space R", and such an isomorphism allows a
transformation 7' in Hom V to be “transferred” to R™, whereupon it acquires a
matrix. The theory of linear transformations on such spaces is therefore mirrored
completely by the theory of matrices. In this chapter we shall push much
deeper into the nature of this relationship than we did in Chapter 1. We also
include a section on matrix computations, a brief section describing the trace
and determinant functions, and a short discussion of the diagonalization of a
quadratic form.

1. BASES

Consider again a fixed finite indexed set of vectors @ = {a;: 2 € I} in V and the
corresponding linear combination map La:x — X x;e; from RY to V having «
as skeleton.

Definition. The finite indexed set {a;:7 & I} is independent if the above
mapping La is injective, and {e;} is a basis for V if La is an isomorphism
(onto V). In this situation we call {a;: 7 € I} an ordered basis or frame if
I=mr= {1,...,n} for some positive integer 7.

Thus {«; : 7 € I} is a basis if and only if for each £ € V there exists a unique
indexed “coefficient” set x = {x;: 7€ I} € R! such that £ = ¥ 20, The
71
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numbers z; always exist because {a;:¢ € I} spans V, and x is unique because
Lo is injective.

Tor example, we can check directly that b = <2, 1> and b?> = <1, —3>
form a basis for R% The problem is to show that for each y € R? there is a
unique x such that

2
Yy = inbl = .’L‘1<2, 1> +IL’2<1, —3> = <2x1 +$2, Xy — 3132>.
1

Since this vector cquation is equivalent to the two scalar equations y, =
2x1 -+ xe and y2 = z1 — 3x2, we can find the unique solution z; = 3y + y2)/7,
29 = (y1 — 2y2)/7 by the usual elimination method of secondary school
algebra.

The form of these definitions is dictated by our interpretation of the linear
combination formula as a linear mapping. The more usual definition of indepen-
dence is a corollary.

Lemma 1.1. The independence of the finite indexed set {a;:7€ I} is
equivalent to the property that > ; x;a; = 0 only if all the coeflicients x;
are 0.

Proof. This is the property that the null space of La consist only of 0, and is
thus equivalent to the injectivity of La, that is, to the independence of {a;}, by
Lemma 1.1 of Chapter 1. I

If {@;}7 is an ordered basis (frame) for V, the unique n-tuple x such that
£ = 2.1 x; is called the coordinate n-tuple of £ (with respect to the basis {a;}),
and z; is the 7th coordinate of £. We call z;a; (and sometimes ;) the sth component
of ¢&. The mapping La will be called a basis isomorphism, and its inverse Lg ¥,
which assigns to each vector £ € V its unique coordinate n-tuple x, is a coordinate
isomorphism. The linear functional §— z; is the jth coordinale functional;
it is the composition of the coordinate isomorphism §+— x with the jth coordi-
nate projection x — x; on R”. We shall see in Section 3 that the n coordinate
functionals form a basis for V* = Hom(V, R).

In the above paragraph we took the index set T toben = {1,...,n} and
used the language of n-tuples. The only difference for an arbitrary finite index
set is that we speak of a coordinate function x = {x; : ¢ € I} instead of a coordi-
nate n-tuple. ’

Our first concern will be to show that every finite-dimensional (finitely
spanned) vector space has a basis. We start with some remarks about indices.

We note first that a finite indexed set {«; : 7 € I} can be independent only
if the indexing is injective as a mapping into V, for if o = «y, then 3 z;0; = 0,
where z; = 1, z; = —1, and x; = 0 for the remaining indices. Also, if {a;: ¢ € I}
is independent and J C I, then {«;: 7 € J} is independent, since if 3 j x;0; = 0,
and if we set z; = 0 for i €1 — J, then > ;z2; = 0, and so each z; is 0.
A finite unindezed set is said to be independent if it is independent in some
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(necessarily bijective) indexing. It will of course then be independent with
respeet to any bijective indexing. An arbitrary sct is independent if every finite
subset 1s independent. It follows that a set 4 is dependent (not independent) if
and only if there exist disiinct clements ay, ..., @, in A and scalars zy, ..., 2,
not all zero such that 37 z;¢; = 0. An unindexed basis would be defined in the
obvious way. However, a sct can always be regarded as being indexed, by itself
if necessary!

Lemma 1.2. If B is an independent subset of a vector space ¥V and 8 1s any
veetor not in the linear span L(B), then B U {8} is independent.

Proof. Otherwise there is a zero linear combination, @8 - 27 28, = 0, where
B1, - .., By are distinet elements of B and the coefficients are not all 0. But then

z caunot be zero: if it were, the equation would contradict the independence of
B. We can therefore divide by x and solve for 8, so that 8 € L(B), a contra-
diction. [ .

The reader will remember that we call a veetor space V finite-dimensional
if it has a finite spanning set {a;} 7. We can use the above lemma to construct a
basis for such a V by choosing some of the o’s. We simply run through the

sequence {a;} 7 and choose those members that increase the linear span of the

preceding choices. We end up with a spanning set since {a;}] spans, and our
subsequence i1s independent at cach step, by the lemma. In the same way we
can extend an independent set {8,}7 to a basis by choosing some members of a
spanning set {a;} 7. This procedure is intuitive, but it is messy to set up rigor-
ously. We shall therefore proeced differently.

Theorem 1.1. Any minimal finite spanning set is a basis, and therefore any
finite-dimensional veetor space V has a basis. More generally, if {38;:7 € J}
is a finite independent set and {e; : 7 € I} is a finite spanning set, and if K
is a smallest subset of I such that {8;} s U {a;} x spaus, then this collection is
independent and 2 basis. Therefore, any finite independent subset of a
finite-dimensional space can be extended to a basis.

Proof. Tt is sufficient to prove the sceond assertion, since it includes the first
as a special case. If {8} s U {a;} x is not independent, then there is a nontrivial
zero linear ecombination Xy 4;8; + 2k iz = 0. If every x; were zero, this
equation would contradict the independence of {8;} 7. Therefore, some zp is
not zero, and we can solve the equation for o. That is, if we set L = K — {k},
then the lincar span of {8;} y U {a;} 1 contains ay. It therefore includes the whole
original spanning set and hence is V. But this contradicts the minimal nature of
K, since L is a proper subset of K. Consequently, {8;} s U {e;} x is independent.

We next note that R™ itself has a very special basis. In the indexing map
i — a; the veetor «; corresponds to the index 7, but under the lincar combi-
nation map x — Y 2a; the vector a; corresponds to the function 8’ which has
the value 1 at j and the value 0 clsewhere, so that 3_; 8la; = a;. This function
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& is called a Kronecker delta function. It is clearly the characteristic function X5
of the one-point set B = {j}, and the symbol ‘8" is ambiguous, just as ‘Xp’
is ambiguous; in each case the meaning depends on what domain is implicit from
the context. We have already used the delta functions on R™ in proving Theorem
1.2 of Chapter 1.

n

Theorem 1.2. The Kronecker functions {&7}7_, form a basis for R”.

Proof. Since 37 x;86%(j) = x; by the definition of 8¢, we see that Z’{Axlﬁi is
the n-tuple x itself, so the linear combination mapping Lg: x — 2} x;8" is the
identity mapping x +> x, a trivial isomorphism. [

Among all possible indexed bases for R”, the IXronecker basis is thus singled
out by the fact that its basis isomorphism is the identity; for this reason it is
called the standard basis or the natural basis for R®. The same holds for R for
any finite set 1.

Finally, we shall draw some elementary conclusions from the existence of
a basis.

Theorem 1.3. If '€ Hom(V, W) is an isomorphism and « = {a;: ¢ € I}
is a basis for V, then {T(«;) : 7 € I} is a basis for W.

Proof. By hypothesis La is an isomorphism in Hom(R", V), and so T o La is
an isomorphism in Hom(R", W). Itsskeleton {T'(«;)} is therefore a basis for W.

We can view any basis {o;} as the image of the standard basis {6’} under
the basis isomorphism. Conversely, any isomorphism 6: R! — B becomes a basis
isomorphism for the basis a; = 6(87).

Theorem 1.4. If X and Y are complementary subspaces of a vector space V,
then the union of a basis for X and a basis for Y is a basis for V. Conversely,
if a basis for V is partitioned into two sets, with linear spans X and Y,
respectively, then X and Y are complementary subspaces of V.’

Proof. We prove only the first statement. If {a;:7 € J} is a basis for X and
{a;: 1 € K} is a basis for Y, then it is clear that {e; :7 € J U K} spans V, since
its span includes both X and Y, and so X + Y = V. Suppose then that
S Jur Tia; = 0. Setting £ = 3 s z;a; and 9 = 3 g x4, we see that £ € X,
ne Y,and § + n = 0. But then £ = n = 0, since X and Y are complementary.
And then z; = 0 for 7 € J because {«;}s is independent, and z; = 0 fori € K
because {a;} x is independent. Therefore, {«;} sk is a basis for V. We leave the
converse argument as an exercise. [

Corollary. If V = @} V,; and B; is a basis for V;, then B = |J7 B; is a
basis for V.

Proof. We see from the theorem that By U Bsisa basis for V{ & V,. Proceed-
ing inductively we see that J!—; B; is a basis for @i, V; for j = 2,...,n,
and the corollary is the case j = n. [
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If we follow a coordinate isomorphism by a linear combination map, we get
the mapping of the following existence theorem, which we state only in n-tuple
form.

Theorem 1.5. If 8 = {B;}7 is an ordered basis for the vector space V, and
if {a;}7 is any n-tuple of vectors in a vector space W, then there exists a
unique S € Hom(V, W) such that S(8,) = a;fori=1,...,n.

Proof. By hypothesis Lg is an isomorphism in Hom(R", V), and so
S = Lao (L)™' is an element of Hom(V, W) such that S(8;) = La(8") = a..
Conversely, if S € Hom(V, W) is such that S(8;) = a; forall 4, then S o Lg(8%) =
a; forall 7, so that S o Lg = La. Thus S is uniquely determined as La o (Lg)™'. U

It is natural to ask how the unique S above varies with the n-tuple {a;}.

The answer is: linearly and “isomorphically’’.

Theorem 1.6. Let {3;}7 be a fixed ordered basis for the vector space
V, and for each n-tuple @ = {a;}7 chosen from the vector space W let
Se € Hom(V, W) be the unique transformation defined above. Then the
map « +— Sa is an isomorphism from W" to Hom(V, W).

Proof. As above, Sa = La o 67!, where 6 is the basis isomorphism Lg. Now we
know from Theorem 6.2 of Chapter 1 that e + La is an isomorphism from W"
to Hom(R™, W), and composition on the right by the fixed coordinate isomor-
phism 7! is an isomorphism from Hom(R™, W) to Hom(V, W) by the corollary
to Theorem 3.3 of Chapter 1. Composing these two isomorphisms gives us the
theorem. [

*Infinite bases. Nost vector spaces do not have finite bases, and it isnatural to
try to extend the above discussion to index sets I that may be infinite. The
Kronecker functions {6°: ¢ € I} have the same definitions, but they no longer
span R, By definition f is a linear combination of the functions &° if and only
if f is of the form Y .er, ¢;6%, where I; is a finite subset of 7. But then f = 0
outside of I,. Conversely, if f € R is 0 except on a finite set I, then f =
> ic1, f(2)8". The linear span of {8°:7 € I} is thus exactly the set of all func-
tions of R that are zero except on a finite set. We shall designate this sub-
space Rj.

If {a;:7 € I} is an indexed set of vectors in V and f € Ry, then the sum
> ie1 J(©)a; becomes meaningful if we adopt the reasonable convention that the
sum of an arbitrary number of 0’s is 0. Then 3 ;7 = 2 ier,, where I, is any
finite subset of I outside of which f is zero.

With this convention, La: f+— 3 ; f({)e; is a linear map from Ry to V, as in
Theorem 1.2 of Chapter 1. And with the same convention, Y_.er f(?)a; is an
clegant expression for the general linear combination of the vectors a;. Instead
of choosing a finite subset 7; and numbers ¢; for just those indices 7 in I, we
define ¢; for all 7 € I, but with the stipulation that ¢; = 0 for all but a finite
number of indices. That is, we take ¢ = {c¢;: 7 € I} as a function in Ry.
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We make the same definitions of independence and basis as before. Then
{a; 7 € I} is a basis for V if and only if La: Ry — V is an isomorphism, i.e., if
and only if for each £ € V there exists a unique x € Ry such that ¢ = > ; z;a;.

By using an axiom of set theory called the axiom of choice, it can be shown
that every vector space has a basis in this sense and that any independent set
can be extended to a basis. Then Theorems 1.4 and 1.5 hold with only minor
changes in notation. In particular, if a basis for a subspace M of V is extended
to a basis for V, then the linear span of the added part is a subspace N comple-
mentary to 3. Thus, in a purely algebraic sense, every subspace has com-
plementary subspaces. We assume this fact in some of our exercises.

The above sums are always finite (despite appearances), and the above
notion of basis is purely algebraic. However, infinite bases in this sense are not
very useful in analysis, and we shall therefore concentrate for the present on
spaces that have finite bases (i.e., are finite-dimensional). Then in one impor-
tant context later on we shall discuss infinite bases where the sums are genuinely
infinite by virtue of limit theory.

EXERCISES

1.1 Show by a direct computation that {<1, —1>, <0, 1>} is a basis for R?

1.2 The student must realize that the 7th coordinate of a vector depends on the whole
basis and not just on the 7th basis vector. Prove this for the second coordinate of
vectors in R? using the standard basis and the basis of the above exercise.

1.3 Show that {<1,1>, <1,2>} is a basis for V = R2. The basis isomorphism
from R2 to V is now from R? to R2. Find its matrix. Find the matrix of the coordinate
isomorphism. Compute the coordinates, with respect to this basts, of < —1,1>, <0,1>,
<2,3>.

1.4 Show that {b93 where b! = <1,0,0>, b?2 = <1,1,0>, and b3 =
<1,1,1>,is a basis for R3,

1.5 In the above exercise find the three linear functionals I; that are the coordinate
functionals with respect to the given basis. Since

3
x = 2 Li(x)b,
1

finding the 1; is equivalent to solving x = ?yibi for the y/s in terms of
x = <21,x2, T3>

1.6 Show that any set of polynomials no two of which have the same degree is
independent.

1.7 Show that if {es}7 is an independent subset of ¥ and T in Hom(V, W) is injec-
tive, then {T'(e;)}7 is an independent subset of W.

1.8 Show that if T is any element of Hom(¥V, W) and {T(e;)} ] is independent in W,
then {7 is independent in V.
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1.9 Later on we are going to call a vector space V n-dimensional if every basis for
17 contains exactly n elements. If 17is the span of a xingle vector «, so that 17 = Rae,
then V is clearly one-dimensional.

Let {V.}T be a collection of one-dimensional subspaces of a vector space V, and

choose a nonzero vector «; in 17 for each . Prove that {a;}7 is independent if and

only if the subspaces {V,}] are independent and that {«;)] is a basis if and only if

=@} V.

1.10 Finish the prootf of Theorem 1.4.

1.11  Give a proof of Theorem 1.4 based on the existence of tsomorphisms.

1.12 The reader would guess, and we shall prove in the next seetion, that every
subspace of a finite-dimensional space is finite-dimensional.  Prove now that a sub-
space N of a finite-dimensional vector space 17 is finite-dimensional if and only if it has
a complement /. (Work from a combination of Theorems 1.1 and 1.4 and direct sum
projections.)

1.13 Since {b}? = {<1,0,0>, <1,1,0>, <1, 1, 1>} ix a basis for R3, there is a
unique 7 in Hom(R3 R%) such that T(b!) = <1,0>, T(b% = <0,1>, and
T(b3?) = <1,1>. Find the matrix of 7. (Find T(8%) fori = 1, 2, 3.)

1.14 Find, similarly, the S in Hom R? such that S(b?) = §'fori = 1, 2, 3.

1.15 Show that the infinite sequence {¢") 3 is a basis for the vector space of all poly-
nomials.

2. DIMENSION

The concept of dimension rests on the fact that two different bases for the same
space always contain the same number of elements. This number, which is
then the number of clements in every basis for V, is called the dimension of V.
It tells all there is to know about V to within isomorphism: There exists an
isomorphism between two spaces if and only if they have the same dimension.
We shall consider only finite dimensions. If V' is not finite-dimensional, its
dimension is an infinite cardinal number, a concept with which the reader is
probably unfamiliar.

Lemma 2.1. If V is finite-dimensional and 7" in Hom V is surjective, then T

is an isomorphism.
Proof. Let n be the smallest number of elements that can span V. That is, there
is some spanning set {e;}7 and none with fewer than n elements. Then {a;} 7 is a
basis, by Theorem 1.1, and the linear combination map 8:x — > 7 x;a; is
accordingly a basis isomorphism. But {8;}7 = {T(a;)}7 also spans, since T is
surjective, and so T o 6 is also a basis isomorphism, for the same reason. Then
T = (T o 6) 67" is an isomorphism. [J

Theorem 2.1. If V is finite-dimensional, then all bases for V7 contain the
same number of elements.

Proof. Two bases with n and m eclements determine basis isomorphisms
0: R™ — Vand ¢: R™ — V. Suppose that m < nand, viewing R" as R™ X R* ™",
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let w be the projection of R™ onto R™,
T(<LL, e ey Ty ee e, Tn > ) = <Tpyenn, Ty,

Since T = 67! o ¢ is an isomorphism from R™ to R® and T o 7: R” — R™ is
therefore surjective, it follows from the lemma that T o 7 is an isomorphism.
Then m = T~ o (T o w) is an isomorphism. But it isn’t, because w(8") = 0,
and we have a contradiction. Therefore no basis can be smaller than any other
basis. [

The integer that is the number of elements in every basis for V is of course
called the dimension of V, and we designate it d(V). Since the standard basis
{6}1 for R™ has n elements, we see that R” is n-dimensional in this precise sense.

Corollary. Two finite-dimensional vector spaces are isomorphic if and only
if they have the same dimension.

Progf. If T is an isomorphism from V to W and B is a basis for V, then T[B]is a
basis for W by Theorem 1.3. Therecfore d(V) = #B = #T[B] = d(W), where
#A is the number of elements in A. Conversely, if d(V) = d(W) = n, then V
and W arec each isomorphic to R™ and so to each other. [

Theorem 2.2. Kvery subspace M of a finite-dimensional vector space V is
finite-dimensional.

Proof. Let @ be the family of finite independent subsets of M. By Theorem 1.1,
if A € @, then A can be extended to a basis for V, and so #4 < d(V). Thus
{#4 : A € @} is a finite set of integers, and we can choose B € @ such that
n = #B is the maximum of this finite set. But then L(B) = M, because other-
wise for any @ € M — L(B) we have B U {a} € @, by Lemma 1.2, and

#BU {a}) =n+1,
contradicting the maximal nature of #n. Thus M is finitely spanned.

Corollary. Every subspace 31 of a finite-dimensional space V has a comple-
ment.

Proof. Use Theorem 1.1 to extend a basis for M to a basis for V, and let N be
the linear span of the added vectors. Then apply Theorem 1.4.

Dimensional identities. We now prove two basic dimensional identities.
We will always assume V finite-dimensional.

Lemma 2.2. If V, and V3 are complementary subspaces of V| then d(V) =
d(Vy) 4 d(Vs3). More generally, if V= @} V; then d(V) = 2T d(V5).

Proof. This follows at once from Theorem 1.4 and its corollary. U

Theorem 2.3. If U and W are subspaces of a finite-dimensional vector space,
then d(U + W) 4+ d(U N W) = d(U) + d(W).
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Proof. Let V bea complement of U N Win U. We start by showing that then V
isalso a complement of Win U 4+ W. Tirst

VAEW=V+({UnW)+W)=V+-UnW)+W=U-+W.

We have used the obvious fact that the sum of a vector space and a subspace
is the vector space. Next,

VW= nU)nW=¥VnUnW)= {0},

because V is a complement of U N W in U. We thus have both VW =
U+ Wand VAW = {0}, and so V is a complement of W in U + W by
the corollary of Lemma 5.2 of Chapter 1.

The theorem is now a corollary of the above lemma. We have

dU) + dW) = (AU n W) + d(V)) + dW) = d(U n W) +(dV) + d(W))
=dUNW)+dU +W). O

Theorem 2.4. Let V be finite-dimensional, and let W be any vector space.
Let T € Hom(V, W) have null space N (in V) and range R (in W). Then R
is finite-dimensional and d(V) = d(N) + d(R).

Proof. Let U be a complement of N in V. Then we know that 7 [ U is an
isomorphism onto E. (See Theorem 5.3 of Chapter 1.) Therefore, R is finite-
dimensional and d(R) + d(N) = d(U) + d(N) = d(V) by our first identity. 0

Corollary. If W is finite-dimensional and d(W) = d(V), then T is injective
if and only if it is surjective, so that in this case injectivity, surjectivity, and
bijectivity are all equivalent.

Proof. T is surjective if and only if B = W. But this is equivalent to d(R) =
d(W), and if d(W) = d(V), then. the theorem shows this is turn to be equivalent
to d(N) = 0, that is, to N = {0}. [
Theorem 2.5. If d(V) = n and d(W) = m, then Hom(V, W) is finite-
dimensional and its dimension is mn.
Proof. By Theorem 1.6, Hom(V, W) is isomorphic to W™ which is the direct

sum of the n subspaces isomorphic to W under the injections 6, fort =1, ..., n.
The dimension of W7 is therefore 3.7 m = mn by Lemma 2.2, [

Another proof of Theorem 2.5 will be available in Section 4.

EXERCISES

2.1 Prove that if d(V) = n, then any spanning subset of n elements is a basis.
2.2 Prove that if - d(V) = n, then any independent subset of n elements is a basis.
2.3 Show thatif d(V) = nand W is a subspace of the same dimension, then W = V.
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2.4 Prove by using dimensional identities that if f is a nonzero linear functional on
an n-dimensional space V, then its null space has dimension n — 1.

2.5 Prove by using dimensional identities that if f is a linear functional on a finite-
dimensional space V, and if « is a vector not in its null space N, then V = N ® Ra.

2.6 Given that N is an (n — 1)-dimensional subspace of an n-dimensional vector
space V), show that N is the null space of a linear functional.

2.7 Let X and Y be subspaces of a finite-dimensional vector space V', and suppose
that T in Hom(V, W) has null space N = XY N Y. Show that T[X + Y] = T[X] ®
T(Y), and then deduce Theorem 2.3 from Lemma 2.2 and Theorem 2.4. This proof
still depends on the existence of a T having N = X N Y asits null space. Do we know
of any such T'?

2.8 Show that if V7 is finite-dimensional and S, 7€ Hom 17, then

SoT = I = Tis invertible.

Show also that T'e .S = I = T isinvertible.

2.9 A subspace N of a vector space V has finite codimension n if the quotient space
V/N is finite-dimensional, with dimension n. Show that a subspace N has finite
codimension n if and only if N has a complementary subspace 3 of dimension n.
(Move a basis for V/N back into V.) Do not assume V to be finite-dimensional.

2.10 Show that if N; and N2 are subspaces of a vector space V with finite codimen-
sions, then N = N; N N2 has finite codimension and

cod(N) < cod(N1) + cod(Na).

(Consider the mapping £+— <, £2> when &; is the coset of N; containing £.)

2.11 In the above exercise, suppose that cod(N;) = cod(N2), that is, d(V/N,) =
d(V/N2). Prove that d(N1/N) = d(N2/N).

2.12 Given nonzero vectors 8 in V and f in V* such that f(8) = 0, show that some
scalar multiple of the mapping £+ f(£)B is a projection. Prove that any projection
having a one-dimensional range arises in this way.

2.13 We know that the choice of an origin O in Euclidegg_ﬁ-space E3 induces a
vector space structure in E3 (under the correspondence X +— 0X) and that this vector
space is three-dimensional. Show that a geometric plane through O becomes a two-
dimensional subspace.

2.14 An m-dimensional plane 3/ is a translate N 4 ap of an m-dimensional subspace .
Let {8} T be any basis of N, and set a; = 8; + ao. Show that A is exactly the set of
linear combinations

Z Ticts such that >oxi= 1.
1=0 0
2.15 Show that Exercise 2.14 is a corollary of Exercise 4.14 of Chapter 1.

2.16 Show, conversely, that if a plane M is the affine span of m 4 1 elements, then
its dimension is < m.

2.17 From the above two exercises concoct a direct definition of the dimension of an
affine subspace.
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2.18 Write a small essay suggested by the following definition. An (m -+ 1)-tuple
{a;} o is affinely independent if the conditions

Zx,a,-=0 and in=0
0

together imply that
z; =0 for all <.

2.19 A polynomial on a vector space V is a real-valued function on V which can be
represented as a finite sum of finite products of linear functionals. Define the degree
of a polynomial; define a homogeneous polynomial of degree k. Show that the set of
homogeneous polynomials of degree k is a vector space X.

2,20 Continuing the above exercise, show that if k1 < ke < --- < ky, then the
vector spaces {X4,} Y are independent subspaces of the vector space of all polynomials.
[Assume that a polynomlial p(t) of a real variable can be the zero function only if all
its coefficients are 0. For any polynomial P on V consider the polynomials p.(t) =
P(ta).]

2.21 Let <a, 3> be a basis for the two-dimensional space V, and let <X, u > be the
corresponding coordinate projections (dual basis in ¥*). Show that every polynomial
on V “is a polynomial in the two variables X\ and p”.

2.22 Let <a, 8> be a basis for a two-dimensional vector space V, and let <X, u>
be the corresponding coordinate projections (dual basis for V*). Show that

<%, A, p? >

is a basis for the vector space of homogeneous polynomials on V of degree 2. Similarly,
compute the dimension of the space of homogeneous polynomials of degree 3 on a
two-dimensional vector space.

2,23 Let V and W be two-dimensional vector spaces, and let F be a mapping from
V to W. Using coordinate systems, define the notion of F being quadratic and then
show that it is independent of coordinate systems. Generalize the above exercise to
higher dimensions and also to higher degrees.

2.24 Now let F: V — W be a mapping between two-dimensional spaces such that
forany u,vE€ V and any Il € W* I(F(tu -+ v)) is a quadratic function of ¢, that is, of
the form at? + bt + ¢. Show that F is quadratic according to your definition in the
above exercises.

3. THE DUAL SPACE

Although throughout this section all spaces will be assumed finite-dimensional,
many of the definitions and properties are valid for infinite-dimensional spaces
as well. But for such spaces there is a difference between purely algebraic
situations and situations in which algebra is mixed with hypotheses of continuity.
One of the blessings of finite dimensionality is the absence of this complication.
As the reader has probably surmised from the number of special linear functionals
we have met, particularly the coordinate functionals, the space Hom(V, R)
of all linear functionals on V plays a special role.
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Definition. The dual space (or conjugate space) V* of the vector space V is
the vector space Hom(V, R) of all linear mappings from V to R. Its elements
are called linear functionals.

We arc going to sce that in a certain sense V is in turn the dual space of
V* (V and (V*)* are naturally isomorphic), so that the two spaces are sym-
metrically related. We shall briefly study the notion of annihilation (orthogonal-
ity) which has its origins in this setting, and then see that there is a natural
isomorphism between Hom(V, W) and Hom(W*, V*). This gives the mathema-
ticlan a new tool to use in studying a linear transformation 7' in Hom(V, W);
the relationship between T and its image T* exposes new properties of T itself.

Dual bases. At the outset one naturally wonders how big a space V* is, and we
settle the question immediately.

Theorem 3.1. Let {8;}7 be an ordered basis for V, and let §; be the corre-
sponding jth coordinate functional on V: §;(§) = z;, where & = 3 7 z:8..
Then {g;}7] is an ordered basis for V*.

Progf. Let us first make the proof by a direct elementary calculation.

a) Independence. Suppose that 32 7 ¢;6; = 0, that is, 2.7 ¢;&;(() = 0 for
all £€ V. Taking {= g8; and remembering that the coordinate n-tuple of 3;
is &8°, we see that the above equation reduces to ¢; = 0, and this for all 2. There-
fore, {&;}7 is independent.

b) Spanning. First note that the basis expansion £ = > z;8; can be re-
written &= Y. &;(£)B;. Then for any A € V* we have A& = 27 L:8:(9),
where we have set I; = A(B;). Thatis, A = > [;8,. This shows that {§;}] spans
V*, and, together with (a), that it is a basis. []

Definition. The basis {§;} for V* is called the dual of the basis {8} for V.

As usual, one of our fundamental isomorphisms is lurking behind all this,
but we shall leave its exposure to an exercise.

Corollary. d(V*) = d(V).

The three equations
E=26(H8;, AN=2ANB)E&, N = 2 NB) - &i(H)

are worth looking at. The first two are symmetrically related, each presenting
the basis expansion of a vector with its coefficients computed by applying the
corresponding element of the dual basis to the vector. The third is symmetric
itself between £ and A.

Since a finite-dimensional space V and its dual space V* have the same
dimension, they are of course isomorphic. In fact, each basis for V defines an
isomorphism, for we have the associated coordinate isomorphism from V to R”,
the dual basis isomorphism from R”™ to V*, and therefore the composite isomor-
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phism from V to V*. This isomorphism varies with the basis, however, and there
is in general no natural isomorphism between V and V*.

It is another matter with Cartesian space R™ because it has a standard
basis, and therefore a standard isomorphism with its dual space (R™)*. It is
not hard to see that this is the isomorphism a +— L,, where L,(x) = > 7 a:z;,
that we discussed in Section 1.6. We can therefore feel free to identify R”™ with
(R™* only keeping in mind that when we think of an n-tuple a as a linear
functional, we mean the functional L,(x) = > 7 ax;.

The second conjugate space. Despite the fact that V and V* are not naturally
isomorphic in general, we shall now see that V 7s naturally isomorphic to V** =
(V*)*

Theorem 3.2. The function w: V X V* — R defined by w({, f) = f(§) is
bilinear, and the mapping £ > ' from V to V** is a natural isomorphism.

Proof. In this context we generally set £** = wf, so that £** is defined by
£¥*%(f) = f(¢) for all f € V*. The bilinearity of w should be clear, and Theorem
6.1 of Chapter 1 therefore applies. The reader might like to run through a
direct check of the linearity of £ +— £** starting with (c1 £, + c2£2)**(f).

There still is the question of the injectivity of this mapping. If a # 0, we
can find f € V* so that f(a) ¢ 0. One way is to make « the first vector of an
ordered basis and to take f as the first functional in the dual basis; then f(a) = 1.
Since a**(f) = f(a) = 0, we see in particular that a** 5% 0. The mapping
£ — £** is thus injective, and it is then bijective by the corollary of Theorem
24. 0

If we think of V** as being naturally identified with V in this way, the two
spaces V and V* are symmetrically related to each other. Each is the dual of
the other. In the expression ‘f(£)’ we think of both symbols as variables and
then hold one or the other fixed for the two interpretations. In such a situation
we often use a more symmetric symbolism, such as (£, f), to indicate our inten-
tion to treat both symbols as variables.

Lemma 3.1. If {\;} is the basis in V* dual to the basis {a;} in V, then
{oF*} is the basis in V** dual to the basis {\;} in V*.

Proof. We have a}*(\;) = M\j(a)) = &, which shows that o}* is the ith coordi-
nate projection. In case the reader has forgotten, the basis expansion f = 3 ¢;);
implies that «}*(f) = fla;) = (X ¢Aj))(a;) = ¢;, s0 that of* is the mapping
f = C;. D

Annihilator subspaces. It is in this dual situation that orthogonality first
naturally appears. However, we shall save the term ‘orthogonal’ for the latter
context in which V and V* have been identified through a scalar product, and
shall speak here of the annihilator of a set rather than its orthogonal com-
plement.
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Definition. If A C V, the annzhilator of A, A°, is the set of all fin V* such
that f(a) = 0 for all & in A. Similarly, if A C V*, then

A°= {ae€V:f(a) = 0forall fe A)}.
If we view V as (V*)* the second definition is included in the first.

The following properties are easily established and will be left as excreises:

1) A°is always a subspace.

2) ACB= B°C A°.

3) (L(A))° = A°.

4) (AUB)’= A°n B°.

5) A C A®.

We now add one more crucial dimensional identity to those of the last
section.

Theorem 3.3. If W is a subspace of V, then d(V) = d(W) + d(W°).

Proof. Let {B8;}7T be a basis for W, and extend it to a basis {8;} for V. Let
{\:}7 be the dual basis in V*. We claim that then {\;},1; is a basis for W°.
First, if 7 > m, then A\ ;(8;)) = 0 for ¢ = 1,...,m, and so \; is in W° by (3)
above. Thus {\,41,..., N} CW° Now suppose that f € W°, and let f =
2.j=1 ¢jA; be its (dual) basis expansion. Then for each ¢ < m we have ¢; =
J(B:) = 0, since 8; € W and f € W°; therefore, f = 3 ..+, ¢;\;. Thus every fin
We is in the span of {A\;}+;. Altogether, we have shown that W° is the span of
Nifmt1, as claimed. Then d(W°) +d(W) = (n — m) +m = n = d(V), and
we are done.

Corollary. A°° = L(A) for every subset A C V.

Proof. Since (L(A))° = A°, we have d(L(4)) + d(4°) = d(V), by the
theorem. Also d(A°) + d(A4°°) = d(V*) = d(V). Thus d(A°°) = d(L(4)),
and since L(A) C A°° by (5) above, we have L(4) = A°°. [

The adjoint of T. We shall now see that with every T in Hom(V, W) there is
naturally associated an element of Hom(W*, V*) which we call the adjoint of
T and designate T* One consequence of the intimate relationship between T
and T* is that the range of T* is exactly the annihilator of the null space of
T. Combined with our dimensional identities, this implies that the ranges of T
and T* have the same dimension. And later on, after we have established the
connection between matrix representations of T and T*, this turns into the very
mysterious fact that the dimension of the linear span of the row vectors of an m-
by-n matrix is the same as the dimension of the linear span of its column vectors,
which gives us our notion of the rank of a matrix. In Chapter 5 we shall study a
situation (Hilbert space) in which we are given a fixed fundamental isomorphism
between V and V*. If T is in Hom V, then of course T* is in Hom V*, and we
can use this isomorphism to “transfer” 7* into Hom V. But now T can be com-
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pared with its (transferred) adjoint 7'*, and they may be equal. That is, T may
be self-adjoint. It turns out that the self-adjoint transformations are “nice” ones,
as we shall see for ourselves in simple cases, and also, fortunately, that many
important linear maps arising from theoretical physics are self-adjoint.

If T €e Hom(V, W) and I € W*, then of course [ e T € V*, Moreover, the
mapping [ — Lo T (T fixed) is a linear mapping from W* to V* by the corollary
to Theorem 3.3 of Chapter 1. This mapping is called the adjoint of T and is
designated T*. Thus 7* € Hom(W*, V*) and T*({) =l T for all I € W*.

Theorem 3.4. The mapping T — T* is an isomorphism from the vector
space Hom(V, W) to the vector space Hom(W*, V*). Also (T o S)* =
S* o T* under the relevant hypotheses on domains and eodomains.

Proof. Everything we have said above through the linearity of T +— T* is a
consequence of the bilinearity of w(l, T) = lo T. The map we have called T*
is simply wr, and the linearity of 7'+ T* thus follows from Theorem 6.1 of
Chapter 1. Again the reader might benefit from a direct linearity check, begin-
ning with (¢, T + ¢2T2)*().

To see that T +— T'* is injective, we take any T > 0 and choose a € V s0
that T'(a) ¢ 0. We then choose I € W* so that I(T(a)) 5 0. Since I(T(a)) =
(T*@)) (), we have verified that T* > 0.

Next, if d(V) = m and d(W) = n, then also d(V*) = m and d(W*) = n ~
by the corollary of Theorem 3.1, and d(Hom(V, W)) = mn = d(Hom(W*, V*))
by Theorem 2.5. The injective map T — T* is thus an isomorphism (by the
corollary of Theorem 2.4).

Tinally, (ToS)* = lo (T o8) = (loT)o S = 8*1oT) = S*(T*1)) =
(S* o T*), so that (T o 8)* = §* o T*. [J

The reader would probably guess that T** becomes identified with T under
the identification of V with V** This is so, and it is actually the reason for
calling the isomorphism £+ £** natural. We shall return to this question at the
end of the section. Meanwhile, we record an important elementary identity.

Theorem 3.5. (R(T*))° = N(T) and N(T*) = (R(T))".

Proof. The following statements are definitionally equivalent in pairs as they
oceur:l € N(T*), T*(l) = 0,10 T = 0,1(T(¢)) = Oforall t € V,l & (R(T))".
Therefore, N(T*) = (R(T))°. The other proof is similar and will be left to the
reader. [Start with « € N(T) and end with « € (R(T*))°.] O

The rank of a linear transformation is the dimension of its range space.
Corollary. The rank of T* is equal to the rank of T.

Proof. The dimensions of R(T) and (N(T))° are each d(V) — d(N(T)) by
Theorems 2.4 and 3.3, and the second is d(R(T*)) by the above theorem.
Therefore, d(R(T)) = d(R(T%)). O
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Dyads. Consider any T in Hom(V, W) whose range M is one-dimensional. If 8
is a nonzero vector in M, then x — 8 is a basis isomorphism 8: R — M and
671 T:V — R is a linear functional A& V*. Then T = 6o X\ and T(¢) =
A(E)B for all & We write this as T = X(-)8, and call any such T a dyad.

Lemma 3.2, If T is the dyad X(-)8, then T* is the dyad 8**(-)A.

Proof. (T*D)(&) = (I o T) (& = UT(¥) = IN&B) = UBN(¥), so that
T*1) = UGN = B**(DA, and T* = **()A. 0

*Natural isomorphisms again. We are now in a position to illustrate more
precisely the notion of a natural isomorphism. We saw above that among all the
1isomorphisms from a finite-dimensional vector space V to its second dual, we
could single one out naturally, namely, the map & — £**, where £**(f) = f(§)
for all fin V*. Let us call this isomorphism ¢y. The technical meaning of the
word ‘natural’ pertains to the collection {ey} of all these isomorphisms; we
found a way to choose one isomorphism ¢y for each space V, and the proof that
this is a “natural” choice lies in the smooth way the various ¢y’s relate to each
other. To see what we mean by this, consider two finite-dimensional spaces V
and W and a map T in Hom(V, W). Then T¥ is in Hom(W*, V*) and T** =
(T*)* is in Hom(V** W**). The setting for the four maps T, T**, ¢y, and ow
can be displayed in a diagram as follows:

4 r w
(2% Py
U
| i i

The diagram indicates two maps, o o T and T** o ¢y, from V to W** and we
define the collection of isomorphisms {¢v} to be natural if these two maps are
always equal for any V, W and T. This is the condition that the two ways of
going around the diagram give the same result, i.e., that the diagram be com-
mutative.

Put another way, it is the condition that 7' “become” T** when V is identi-
fied with V** (by ¢y) and W is identified with W** (by ¢w). We leave its proof
as an exercise. .

EXERCISES

3.1 Let § be an isomorphism from a vector space V to R". Show that the functionals
{wi© 6} form a basis for V¥,

3.2 Show that the standard isomorphism from R" to (R™)* that we get by composing
the coordinate isomorphism for the standard basis for R® (the identity) with the dual
basis isomorphism for (R™* is just our friend a +> I, where lo(x) = > 7 a;z;. (Show
that the dual basis isomorphism is a— 3 7 a;r;.)
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3.3 We know from Theorem 1.6 that a choice of a basis {8;} for V defines an isomor-
phism from W to Hom(V, W) for any vector space W. Apply this fact and Theorem
1.3 to obtain a basis in V*, and show that this basis is the dual basis of {3;}.

3.4 Prove the properties of A° that are listed in the text.

3.5 Find (a basis for) the annihilator of <1,1,1> in R3, (Use the isomorphism
of (R3)* with R3 to express the basis vectors as triples.)

3.6 Find (a basis for) the annihilator of {<1,1,1>, <1,2,3>} in R3.
3.7 Find (a basis for) the annihilator of {<1,1,1,1>, <1,2,3,4>} in R%,
3.8 Show thatif V = M @ N, then V* = M° @ N°,

3.9 Show that if M is any subspace of an n-dimensional vector space V and d(31) =
m, then M can be viewed as being the linear span of an independent subset of m
elements of V or as being the annihilator of (the intersection of the null spaces of) an
independent subset of n — m elements of V*.

3.10 If B = {fi7 is a finite collection of linear functionals on V (B C V*), then its
annihilator B° is simply the intersection N = [1] N of the null spaces N; = N(f,)
of the functionals f;. State the dual of Theorem 3.3 in this context. That is, take W
as the linear span of the functionals f;, so that W C V* and W° C V. State the dual
of the corollary.

3.11 Show that the following theorem is a consequence of the corollary of Theorem 3.3.

Theorem. Let N be the intersection [} N; of the null spaces of a set {f:}] of
linear functionals on ¥, and suppose that ¢ in V* is zero on N. Then g is a linear
combination of the set {f;}7.

3.12 A corollary of Theorem 3.3 is that if W is a proper subspace of V, then there is
at least one nonzero linear functional f in V* such that f = 0 on W. Prove this fact
directly by elementary means. (You are allowed to construct a suitable basis.)

3.13 An m-tuple of linear functionals {f;}]" on a vector space V defines a linear
mapping at—> < fi(a),...,fnla)> from V to R™. What theorem is being applied
here? Prove that the range of this linear mapping is the whole of R™ if and only if
{f:3T is an independent set of functionals. [Hint: If the range is a proper subspace 1,
there is a nonzero m-tuple a such that >} a;z; = O for all x € W]

3.14 Continuing the above exercise, what is the null space N of the linear mapping
ar— <fila), ..., fm(a)>? If g is a linear functional which is zero on N, show that g
is a linear combination of the f;, now as a corollary of the above exercise and Theorem
4.3 of Chapter 1. (Assume the set {f;}T independent.)

3.15 Write out from scratch the proof that T* is linear [for a given T in Hom(V, W)].
Also prove directly that T+ T* is linear.

3.16 Prove the other half of Theorem 3.5.

3.17 Let 0; be the isomorphism a+ o** from V; to V;** for¢ = 1, 2, and suppose
given T in Hom(V1, V2). The loose statement T = T** means exactly that

T** = g0 To 07! or T**o0 gy = 20 T.

Prove this identity. As usual, do this by proving that it holds for each o in V3.
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3.18 Let 6: R® -V be a basis isomorphism. Prove that the adjoint #* is the coordi-
nate isomorphism for the dual basis if (R™)* is identified with R” in the natural way.
3.19 Let w be any bilinear functional on ¥V X 11". Then the two associated linear
transformations are T:V — W¥* defined by (T(E))(-n) = w(§n) and S: T — V*
defined by (Sm))(&) = w(g, n). Prove that 8 = T* if W is identified with W**
3.20 Suppose that fin (R™)* has coordinate m-tuple a [f(y) = 2.7 ay:l and that T
in Hom(R"®, R™) has matrix t = {{;;}. Write out the explicit expression of the number
f(T(x)) in terms of all these coordinates. Rearrange the sum so that it appears in
the form

g(x) = D by,
1

and then read off the formula for b in terms of a.

4. MATRICES

Matrices and linear transformations. The reader has already learned something
about matrices and their relationship to linear transformations from Chapter 1;
we shall begin our more systematic discussion by reviewing this earlicr material.
By popular conception a matrix is a rectangular array of numbers such as

tir tig tin
te1  ta22 ton
tn1 tm2 --. lmn

Note that the first index numbers the rows and the second index numbers the
columns. If there are m rows and n columns in the array, it is called an m-by-n
(m X n) matrix. This notion is inexact. A rectangular array is a way of picturing
a matrix, but a matrix is really a function, just as a sequence is a function. With
the notation m = {1, ..., m}, the above matrix is a function assigning a num-
ber to every pair of integers <<7,j7> in 7 X T. It is thus an element of the set
R™ %, The addition of two m X n matrices is performed in the obvious place-
by-place way, and is merely the addition of two functions in R™>%; the same is
true for scalar multiplication. The set of all m X n matrices is thus the vector
space R™™” a Cartesian space with a rather fancy finite index set. We shall use
the customary index notation ¢;; for the value t(z, j) of the function t at <7, >,
and we shall also write {{;;} for t, just as we do for sequences and other indexed
colleetions.

The additional properties of matrices stem from the correspondence between
m X n matrices {{;} and transformations 7' € Hom(R", R™).

The following theorem restates results from the first chapter. See Theorems
1.2, 1.3, and 6.2 of Chapter 1 and the discussion of the linear combination map
at the end of Section 1.6.
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Theorem 4.1. Let {t;;} be an m-by-n matrix, and let t’ be the m-tuple that
is its jth column forj = 1, ..., n. Then thereis a unique 7 in Hom(R"*, R™)
such that skeleton T = {t’}, i.e., such that 7'(8’) = t’ forall j. T is defined
as the linear combination mapping x — y = 3.7~ z;t/, and an equivalent
presentation of T is the collection of scalar equations

yi = D tiz; for ¢t=1,...,m.
i=1
Each T'in Hom(R", R™) arises this way, and the bijection {¢;;} — T from
R™<® to Hom(R™, R™) is a natural isomorphism.

The only additional remark called for here is that in identifying an m X n
matrix with an n-tuple of m-tuples, we are making use of one of the standard
identifications of duality (Section 0.10). We are treating the natural isomorphism
between the really distinct spaces R™<” and (R™)" as though it were the identity.

We can also relate T to {t;;} by way of the rows of {¢;;}. As above, taking
ith coordinates in the m-tuple equation y = 3.7, x;t/, we get the equivalent
and familiar system of numerical (scalar) equations y; = > 7, t;x; for
i=1,...,m. Now the mapping x — > 7_; ¢;z; from R” to R is the most gen-
cral linear functional on R™. In the above numerical equations, therefore, we
have simply used the m rows of the matrix {{;;} to present the m-tuple of linear
functionals on R™ which is equivalent to the single m-tuple-valued linear
mapping 7 in Hom(R"™, R™) by Theorem 3.6 of Chapter 1.

The choice of ordered bases for arbitrary finite-dimensional spaces V and W
allows us to transfer the above theorem to Hom(V, W). Since we are now going
{0 correlate a matrix t in R™<* with a transformation 7 in Hom(V, W), we shall
designate the transformation in Hom(R”, R™) discussed above by T.

Theorem 4.2. Let {«;}7 and {8;} T be ordered bases for the vector spaces V
and W, respectively. I'or each matrix {t;} in R™ 7% let T be the unique
element of Hom(V, W) such that T(a;) = 2%, €8; for j=1,...,n
Then the mapping {t;;} — T is an isomorphism from R™*" to Hom(V, W).

Proof. We simply combine the isomorphism {t;;} — T of the above theorem
with the isomorphism T +— T = ¢ o T o ¢! from Hom(R", R™) to Hom(V, W),
where ¢ and ¢ are the two given basis isomorphisms. Then 7 is the transforma-
tion described in the theorem, for T(a;) = ¥(T(¢ ™ (a;))) = ¢(T(8")) =
v(t) = X7, t;;8:. The map {t;} — T is the composition of two isomorphisms
and s0 is an isomorphism. [

It is instructive to look at what we have just done in a slightly different way.
Giiven the matrix {;;}, let 7; be the vector in W whose coordinate m-tuple is the
Jjth column t’ of the matrix, so that 7; = .7, t;;8;. Then let T be the unique
clement of Hom(V, W) such that T'(a;) = 7;forj = 1,...,n. Now we have
obtained T from {{;;} in the following two steps: T corresponds to the n-tuple
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{r;}7 under the isomorphism from Hom(V, W) to W™ given by Theorem 1.6,
and {r;}? corresponds to the matrix {{;;} by extension of the coordinate isomor-
phism between W and R™ to its product isomorphism from W* to (R™)™

Corollary. If y is the coordinate m-tuple of the vector » in W and x is the
coordinate n-tuple of £ in V (with respect to the given bases), then 4 = T'(§)
ifand only if y; = 27 tyxjfori=1,...,m.

Proof. We know that the scalar equations are equivalent to y = T(x), which is
the equation y = ¢ 7' o T o ¢(x). The isomorphism ¢ converts this to the
equation y = T'(¢). U

Our problem now is to discover the matrix analogues of relationship between
linear transformations. Ior transformations between the Cartesian spaces R™
this is a fairly direct, uncomplicated business, because, as we know, the matrix
here is a natural alter ego for the transformation. But when we leave the Car-
tesian spaces, a transformation 7 no longer has a matrix in any natural way, and
only acquires one when bases are chosen and a corresponding T on Cartesian
spaces is thereby obtained. All matrices now are determined with respect to
chosen bases, and all calculations are complicated by the necessary presence of
the basis and coordinate isomorphisms. There are two ways of handling this
situation. The first, which we shall follow in general, is to describe things
directly for the general space V and simply to accept the necessarily more compli-
cated statements involving bases and dual bases and the corresponding loss in
transparency. The other possibility is first to read off the answers for the
Cartesian spaces and then to transcribe them via coordinate isomorphisms.

Lemma 4.1. The matrix element {;; can be obtained from 7 by the formula

te; = we(T(ey)),
where uy is the kth element of the dual basis in W*,
Proof. ue(T(a;)) = (i tiiBs) = T tijun(Bs) = Liti; 6F = tyj. U

In terms of Cartesian spaces, T(8’).is the jth column m-tuple t/ in the
matrix {t;;} of T, and #; is the kth coordinate of t. Trom the point of view of
linear maps, the kth coordinate is obtained by applying the kth coordinate
projection mry, so that &; = mx(T(8)). Under the basis isomorphisms, m;
becomes ux, T becomes T, & becomes «;, and the Cartesian identity becomes
the identity of the lemma.

The transpose. The franspose of the m X n matrix {t;;} is the n X m matrix
{t¥} defined by t} = t;; forall 7, j. The rows of t* are of course the columns of t,
and conversely.

Theorem 4.3. The matrix of 7* with respect to the dual bases in W* and
V* is the transpose of the matrix of T.
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Proof. If sis the matrix of T*, then Lemmas 3.1 and 4.1 imply that

sjs = ap (T*(u)) = of*(uio T)
= (u; o T)(ey) = ps(T(e;)) = t;5. O

Definition. The row space of the matrix {¢;;} € R™<™ is the subspace of R
spanned by the m row vectors. The column space is similarly the span of
the 7 column vectors in R™.

Corollary. The row and column spaces of a matrix have the same dimension.

Proof. If T is the element of Hom(R", R™) defined by T(8’) = t/, then the
set {t'}7 of column vectors in the matrix {¢;;} is the image under T of the stan-
dard basis of R”, and so its span, which we have called the column space of the
matrix, is exactly the range of 7. In particular, the dimension of the column
space is d(R(T)) = rank T.

Since the matrix of T'* is the transpose t* of the matrix t, we have, similarly,
that rank T* is the dimension of the column space of t*. But the column space
of t* is the row space of t, and the assertion of the corollary is thus reduced to
the identity rank 7* = rank T, which is the corollary of Theorem 3.5. [J

This common dimension is called the rank of the matrix.

Matrix products. If T € Hom(R", R™) and S € Hom(R™, R!), then of course
R = 8o T € Hom(R", RY), and it certainly should be possible to calculate the
matrix r of B from the matrices s and t of S and T, respectively. To make this
computation, we set y = 7'(x) and z = S(y), so that z = (S o T)(x) = R(x).
The equivalent scalar equations in terms of the matrices t and s are

n m
yi= 2 tuts and 2= 2. Skli,
A1

i=1

so that
2= 2 Sk D tawn = 2 (E Skiiih> Zp.
i=1 k=1 h=1 \i=1
But zx = Y%= reaxs fork = 1, ..., Taking x as &', we have

Thj = Z Skitij for all % andj.
i=1

We thus have found the formula for the matrix rof themap R = So T:x — z.
Of course, r is defined to be the product of the matrices s and t, and we write
r=s-torr = st.

Note that in order for the product st to be defined, the number of columns
in the left factor must equal the number of rows in the right factor. We get the
clement rx; by going across the kth row of s and simultaneously down the jth
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column of t, multiplying corresponding elements as we go, and adding the
resulting products. This process is illustrated in Fig. 2.1. In terms of the scalar
product (x,y) = 2.7 x;y; on R® we see that the element ry; in r = st is the
scalar product of the kth row of s and the jth column of t.

(I by m) X (m by n) = ({ by n)
o
®
|
m m : n |
I
l . : _ 1 :,- )
kth rowf-o —————-— - lil’l P I;ﬁL,_.
1 !
jth column
s . t = r

Fig. 2.1

Since we have defined the product of two matrices as the matrix of the
product of the corresponding transformations, i.e., so that the mapping T'+— {t;;}
preserves products (S o 7'+ st), it follows from the general principle of
Theorem 4.1 of Chapter 1 that the algebraic laws satisfied by composition of
transformations will automatically hold for the product of matrices. For
example, we know without making an explicit computation that matrix multipli-
cation is associative. Then for square matrices we have the following theorem.

Theorem 4.4. The set M, of square n X n matrices is an algebra naturally
isomorphic to the algebra Hom(R™).

Proof. We already know that T'— {#;;} is a natural linear isomorphism from
Hom(R™) to M, (Theorem 4.1), and we have defined the product of matrices
so that the mapping also preserves multiplication. The laws of algebra (for an
algebra) therefore follow for M, from our observation in Theorem 3.5 of Chapter
1 that they hold for Hom(R"). O

The identity I in Hom(R™) takes the basis vector & into itself, and therefore
its matrix e has &’ for its jth column: ¢’ = &. Thus e;; = 8! = 1 if ¢ =j
and e;; = 8! = 0if 7  j. That is, the matrix e is 1 along the main diagonal
(from upper left to lower right) and 0 elsewhere. Since 7 — e under the algebra
isomorphism T — t, we know that e is the identity for matrix multiplication.
Of course, we can check this directly: 2.7, ¢;e;5 = ti, and similarly for mul-
tiplying by e on the left. The symbol ‘e’ is ambiguous in that we have used it
to denote the identity in the space R™7® of square n X n matrices for any n.

Corollary. A square n X n matrix t has a multiplicative inverse if and only
if its rank is n.
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Proof. By the theorem there exists an s € M, such that st = ts = e if and
only if there exists an S € Hom(R™) such that S¢ T = T o S = I. But such
an S exists if and only if T is an isomorphism, and by the corollary to Theorem 2.4
this is equivalent to the dimension of the range of T being n. But this dimension
is the rank of t, and the argument is complete. [

A square matrix (or a transformation in Hom V) is said to be nonsingular
if it 1s invertible.

Theorem 4.5. If {a;}%, {8;}7, and {7:}} are ordered bases for the vec-
tor spaces U, V, and W, respectively, and if 7 € Hom(U, V) and
S € Hom(V, W), then the matrix of S o T is the product of the matrices
of S and T (with respect to the given bases).

Proof. By definition the matrix of S o T is the matrix of Se T =X"1o (So T) 0 o
in Hom(R™, RY), where ¢ and X are the given basis isomorphisms for U and W.
But if ¢ is the basis isomorphism for V, we have

BeT=(x"oSoy)o@  oTog) =80T,

and therefore its matrix is the product of the matrices of S and T by the defini-
tion of matrix multiplication. The latter are the matrices of S and T with respect
to the given bases. Putting these observations together, we have the theorem. U

There is a simple relationship between matrix products and transposition.

Theorem 4.6. If the matrix product st is defined, then so is t*s* and
t*s* = (st)*.

Proof. A direct calculation is easy. We have

m m
(O = (Drj = 2 skatej = 2 Gaswe = ") jne
=1 1=1

Thus (st)* = t*s* as asserted. [

This identity is clearly the matrix form of the transformation identity
(SeT)* = T* o S* and it can be deduced from the latter identity if desired.

Cartesian vectors as matrices. We can view an n-tuple x = <xy, ..., &, >
as being alternatively either an n X 1 matrix, in which case we call it a column
vector, or a 1 X mmatrix, in which case we call it a row vector. Of course, these
identifications are natural isomorphisms. The point of doing this is, in part, that
then the equations y; = 2>_7-; t;;x; say exactly that the column vector y is the
matrix product of t and the column vector x, that is, y = t - x. The linear map
T:R™ — R™ becomes left multiplication by the fixzed malriz t when R™ is viewed as
the space of n X 1 column vectors. For this reason we shall take the column
veetor as the standard matrix interpretation of an n-tuple x; then x* is the
corresponding row vector.
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In particular, a linear functional F & (R™)* becomes left multiplication by
7t matrix, which is of course 1 X n (F being from R™ to R!), and therefore is
simply the row matrix interpretation of an n-tuple in R™. That is, in the natural
isomorphism a +— L, from R” to (R™)* where L,(x) = >_7 a;z;, the functional
L, can now be interpreted as left matrix multiplication by the n-tuple a viewed
as the row vector a*. The matrix product of the row vector (1 X n matrix) a*
and the column vector (n X 1 matrix) x is a 1 X 1 matrix a*- x, that is, a
number.

Let us now see what these obscrvations say about 7*. The number L, (7(x))
is the 1 X 1 matrix a*tx. Since L,(T(x)) = (T*(L,))(x) by the definition of
T*, we sce that the functional T*(L,) is left multiplication by the row vector
a*t. Since the row veector form of L, is a* and the row vector form of T*(L,) is
a*t, this shows that when the functionals on R™ are interpreted as row vectors,
T* becomes right multiplication by t. This only repeats something we already
know. If we take transposes to throw the row vectors into the standard column
vector form for n-tuples, it shows that T* is left multiplication by t*, and so
gives another proof that the matrix of 7'* is ¢t*.

Change of basis. If p:x— £ = 2> Tz;8;and 0:y+— £ = > T y,B; are two basis
isomorphisms for V, then 4 = 67! o ¢ is the isomorphism in Hom(R") which
takes the coordinate n-tuple x of a vector £ with respect to the basis {3;} into the
coordinate n-tuple y of the same vector with respect to the basis {8/}. The
isomorphism A is called the “change of coordinates” isomorphism. In terms
of the matrix a of 4, we have y = ax, as above.

The change of coordinate map A = 6! o ¢ should not be confused with the
similar looking T = 6 o ¢~ !. The latter is a mapping on V, and is the element
of Hom(V) which takes each 3; to 8.

T/

@1 12
T

A >~ »d B

14 i
/% Tor ¥

We now want to see what happens to the matrix of a transformation

T € Hom(V, W) when we change bases in its domain and codomain spaces.
Suppose then that ¢; and ¢ are basis isomorphisms from R™ to V, that ¢; and ¢,
are basis isomorphisms from R™ to W, and that t” and t’/ are the matrices of T
with respect to the first and second bases, respectively. That is, t’ is the matrix
of T = (¥1)" ' o T o ¢y € Hom(R", R™), and similarly for t”. The mapping
= ¢y ' o ¢; € Hom(R") is the change of coordinates transformation for
V: if x is the coordinate n-tuple of a vector ¢ with respect to the first basis
[that is, § = ¢1(x)], then A (x) is its coordinate n-tuple with respect to the second
basis. Similarly, let B be the change of coordinates map ¥ ! o ¥4 for W. The
diagram in Fig. 2.2 will help keep the various relationships of these spaces and

R% R™

R" R™  Fig. 2.2
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mappings straight. We say that the diagram is commutative, which means that
any two paths between two points represent the same map. By selecting various
pairs of paths, we can read off all the identities which hold for the nine maps
T, T',T”, o1, ¢2, A, ¥1, ¥2, B. For example, T can be obtained by going back-
ward along A, forward along 7", and then forward along B. That is, 7" =
Bo T o A™!. Since these “outside maps” are all maps of Cartesian spaces, we
can then read off the corresponding matrix identity

t = btla—l,

showing how the matrix of T with respect to the second pair of bases is obtained
from its matrix with respect to the first pair.

What we have actually done in reading off the above identity from the
diagram is to eliminate certain retraced steps in the longer path which the
definitions would give us. Thus from the definitions we get

BoT o A7V = (Y3 o) o (Y1 0T opr) o (o1 o ps) = ¢5 0T 0 op = T".

In the above situation the domain and codomain spaces were different, and
the two basis changes were independent of each other. If W = V, so that
T € Hom(V), then of course we consider only one basis change and the formula
becomes

t'=a-t'-a"L

Now consider a linear functional F € V*. If £ and f’ are its coordinate
n-tuples considered as column vectors (n X 1 matrices), then the matrices of F
with respect to the two bases are the row vectors (f)* and (f/)*, as we saw
earlier. Also, there is no change of basis in the range space since here W = R,
with its permanent natural basis vector 1. Therefore, b = e in the formula
t” = bt’a™!, and we have (f)* = (f)*a~ ! or

f” — (a—l) *f’,

We want to compare this with the change of coordinates of a vector ¢ € V,
which, as we saw earlier, is given by

x"" = ax’.
These changes go in the oppositive directions (with a transposition thrown in).
For reasons largely historical, functionals F in V* are called covariant vectors,
and since the matrix for a change of coordinates in V is the transpose of the
inverse of the matrix for the corresponding change of coordinates in V* the
vectors ¢ in V are called contravariant vectors. These terms are used in classical
tensor analysis and differential geometry.

The isomorphism {t;;} = T, being from a Cartesian space R™<%  is auto-
matically a basis isomorphism. Its basis in Hom(V, W) is the image under the
isomorphism of the standard basis in R™ % where the latter is the set of
Kronecker functions ¥ defined by &%(;,7) = 0 if <k, 1> % <i,7> and
8k, 1) = 1. (Remember that in R4, §% is that function such that 8%(b) = 0
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if b # aand §*(a) = 1. Here A = m X 7 and the elements a of A are ordered
pairs @ = <k, 1>.) The function §* is that matrix whose columns are all 0
except for the (th, and the Ith column is the m-tuple 6. The corresponding
transformation Dyg; thus takes every basis veetor a; to 0 except o and takes o
to Br. That is, Dyi(e;) = 0if 7 # [, and Dyi(ep) = Bi. Again, Dy, takes the Ith
basis vector in V to the kth basis vector in W and takes the other basis veetors
mV to0.

If £ = X 204 it follows that Dg(&) = x:6;.

Since {Dy} is the basis defined by the isomorphism {¢;} +— T, it follows
that {¢;;} is the coordinate set of 7" with respect to this basis; it is the image of T
under the coordinate isomorphism. It is interesting to see how this basis expan-
sion of T automatically appcars. We have

T =1 (Z il‘jaj> = > 2l () = Z tijviB; = Z ti;D;;(8),
] .7

J=1 J=1

so that

Our original discussion of the dual basis in 7* was a special case of the
present situation. There we had Hom(V, R) = V*, with the permanent stan-
dard basis 1 for R. The basis for V* correspouding to the basis {a;} for V
therefore consists of those maps D; taking ey to 1 and «; to 0 for j 2 [. Then
Dy(£) = D3 xjaj) = a1, and Dy is the lth coordinate functional &;.

I'inally, we note that the matrix expression of T € Hom(R"™, R™) is very
suggestive of the block decompositions of 7' that we discussed carlier in Section
1.5. In the exercises we shall ask the reader to show that in fact Ty = Dy,

EXERCISES

4.1 DProve that if @:177 X 17— R is a bilincar functional on 7" and T: 7 — 7%
is the corresponding lincar transformation defined by (T(n))(€) = w(§, 7), then for
any basis {a;} for 17 the matrix t;; = w(a;, ;) is the matrix of 7.

4.2 Verify that the row and column rank of the following matrix are both 1:

—5 2 3
~10 4 6]
4.3 Show by a direct calculation that if the row rank of a 2 X 3 matrix is 1, then so
is its column rank.
4.4 Let { L}'f be a linearly dependent set of C2-functions (twice continuously differ-
entiable real-valued functions) on R. Show that the three triples <f;(x), f7 (x), fi (z) >

are dependent for any x. Prove thercfore that sin ¢, cos ¢, and ¢’ are linearly indepen-
dent. (Compute the derivative triples for a well-chosen 2.)
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4.5 Compute

5 —2 3 1 ; _f
-4 1 2 =3|X|_3
1 6 —1 4 PR

4.6 Compute
a b d —b
I
From your answer give a necessary and sufficient condition for
<
c d

4.7 A matrix a is idempotent if a2 = a. Find a basis for the vector space R2X2 of
all 2 X 2 matrices consisting entirely of idempotents.

to exist.

4.8 DBy a direct calculation show that

is invertible and find its inverse.

4.9 Show by explicitly solving the equation

R R

that the matrix on the left is invertible if and only if (the determinant) ed — be is not

Zero.
4.10 Find a nonzero 2 X 2 matrix
a b
¢ d
whose square is zero.
4.11 Find all 2 X 2 matrices whose squares are zero.
4.12 Prove by computing matrix products that matrix multiplication is associative.

4.13 Similarly, prove directly the distributive law, @+ s) t =r-t+s-t.

4.14 Show that left matrix multiplication by a fixed r in R™x7 i5 a linear transforma-
tion from R™? to R™><?. What theorem in Chapter 1 does this mirror?

4.15 Show that the rank of a product of two matrices is at most the minimum of their
ranks. (Remember that the rank of a matrix is the dimension of the range space of its
associated 7'.)

4.16 Let abeanm X n matrix, and let bbe n X m. If m > n, show that a - b cannot
be the identity e (m X m).
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4.17 Let Z be the subset of 2 X 2 matrices of the form

Y

Prove that Z is a subalgebra of RZ<2 (that is, Z is closed under addition, scalar multipli-
cation, and matrix multiplication). Show that in fact Z is isomorphic to the complex
number system.

4.18 A matrix (necessarily square) which is equal to its transpose is said to be sym-
metric. As a square array it is symmetric about the main diagonal. Show that for any
m X n matrix t the product t - t* is meaningful and symmetriec.

4,19 Show that if s and t are symmetric n X n matrices, and if they commute, then
s - t is symmetric. (Do not try to answer this by writing out matrix products.) Show
conversely that if s, t, and s - t are all symmetric, then s and t commute.

4.20 Suppose that 7 in Hom R2 has a symmetric matrix and that 7T is not of the
form ¢I. Show that T has exactly two eigenvectors (up to scalar multiples). What
does the matrix of T become with respect to the “eigenbasis” for R? consisting of these
two eigenvectors?

4.21 Show that the symmetric 2 X 2 matrix t has a symmetric square root s (s? = t)
if and only if its eigenvalues are nonnegative. (Assume the above exercise.)

4.22 Suppose that t is a 2 X 2 matrix such that t* = t~1. Show that t has one of
the forms
a b a b
—b o] b —d]
where a2 -+ b2 = 1.

4.23 Prove that multiplication by the above t is a Fuclidean isometry. That is,
show that if y = t- x, where xand y € R2, then |[z]| = [ly[}, where ||lz|| = (23 -+ 25)1/2.

4.24 Let {Dy;;} be the basis for Hom(V, W) defined in the text. Taking 11" = V|,
show that these operators satisfy the very important multiplication rules

Dije D=0 if j#k§
Dixo Dy = Da.

4.25 Xeeping the above identities in mind, show that if [ 5 m, then there are trans-
formations S and 7 in Hom V such that

SoT —To8 = Dpy.
Also find S and T such that
SoT —To8 = Dy — Dy

4.26 Given T in Hom R", we know from Chapter 1 that T = . ; T.;, where T;; =
P;TP;and P; = 0r;. Now we also have

T = Z tx1Dyy.
kil

Show from the definition of D;;in the text that P;D;;P; = D;; and that P;DuP; = 0
if either ¢ # k or j ¢ I. Conclude that T;; = t;;D;;.
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5. TRACE AND DETERMINANT

Our aim in this short section is to acquaint the reader with two very special
real-valued functions on Hom V and to describe some of their properties.

Theorem 5.1. If V is an n-dimensional vector space, there is exactly one
linear functional A on the vector space Hom(V) with the property that
MS o T) = AT o 8) forall S, T in Hom(V) and normalized so that A(]) = n.
If a basis is chosen for V and the corresponding matrix of T is {t;;}, then
MT) = Y-, ty, the sum of the elements on the main diagonal.

Proof. If we choose a basis and define M(T') as 27 {;;, then it is clear that A is a
linear functional on Hom(V) and that A\(I) = n. Moreover,

=1

n n n
ASeT) = Z <21 Sijtji) = .Zl Sijtic = Z tiisi; = MT o 8).
J= = ]

That is, each basis for V gives us a functional A in (Hom V)* such that A(So T) =
MT o 8),MI) = n,and M(T") = X t;; for the matrix representation of that basis.

Now suppose that u is any element of (Hom(V))* such that u(S o T) =
u(T o 8S) and u(I) = n. If we choose a basis for V and use the isomorphism
9: {t;;} — T from R™ ™ to Hom V, we have a functional ¥ = o § on R™*7"
(v = 6*u) such that v(st) = v(ts) and v(e) = n. By Theorem 4.1 (or 3.1) v is
given by a matrix ¢, »(t) = 2.7;- ¢;jtij, and the equation »(st — ts) = 0
becomes 3 7 r=1 Cii(Site; — Sirtes) = 0.

We are going to leave it as an exercise for the reader to show that if I # m,
then very simple special matrices s and t can be chosen so that this sum reduces
to ¢in, = 0, and, by a different choice, to ¢;; — ¢pm = 0.

Together with the requirement that v(e) = =, this implies that ¢;,, = 0 for
I mand ¢pp = 1 form =1,...,n. That is, »(t) = 27 tmum, and v is the
A of the basis being used. Altogether this shows that there is a unique A in
(Hom V)* such that A(S ¢ T) = A(T = S) forall Sand 7 and A(I) = n, and that
AMT) has the diagonal evaluation as Y {;; in every basis. 0

This unique X is called the trace functional, and A(T') is the trace of T. It is
usually designated tr(7).

The determinant function A(7") on Hom V is much more complicated, and
we shall not prove that it exists until Chapter 7. Its geometric meaning is as
follows. First, |A(T)| is the factor by which 7 multiplies volumes. More pre-
cisely, if we define a “volume” v for subsets of V by choosing a basis and using
the coordinate correspondence to transfer to ¥V the “natural” volume on R”,
then, for any figure A C V, v(T[A]) = |A(T)| - v(A). This will be spelled out in
Chapter 8. Second, A(T) is positive or negative according as T preserves or
reverses ortentation, which again is a sophisticated notion to be explained later.
FFor the moment we shall list properties of A(T') that are related to this geometrie
interpretation, and we give a sufficient number to show the uniqueness of A.
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Fig. 2.3

We assume that for each finite-dimensional vector space V there is a func-
tion A (or Ay when there is any question about domain) from Hom(V) to R such
that the following are true:

a) A(Se T) = A(S) A(T) for any S, T in Hom(V).

b) If a subspace N of V is invariant under 7 and T is the identity on N and

on V/N (that is, T[a] = & for each coset @ = a+ N of N), then
A(T) = 1. Such a 7T is a shearing of V along the planes parallel to N.
In two dimensions it can be pictured as in Fig. 2.3.

¢) If Visadirect sum V = 3M + N of T-invariant subspaces M and N, and
fR=T[ Mand S= T [ N, then A(T) = A(R) A(S). More exactly,
Ay(T) = Au(R) An(S).

d) If V is one-dimensional, so that any 7 in Hom (V) is simply multiplication
by a constant cr, then A(T) is that constant cr.

e) If V is two-dimensional and 7 interchanges a pair of independeﬁt vectors,
then A(T) = —1. This is clearly a pure orientation-changing property.

The fact that A is uniquely determined by these properties will follow from
our discussion in the next section, which will also give us a process for calculating
A. This process is efficient for dimensions greater than two, but for T in Hom(R?)
there is a simple formula for A(T) which every student should know by heart.

Theorem 5.2. If 7 is in Hom(R?) and {f;} is its 2 X 2 matrix, then
A(T) = ti1tee — tistor.

This is a special case of a general formula, which we shall derive in Chapter 7,
that expresses A(T) as a sum of n! terms, each term being a product of n numbers
from the matrix of T. This formula is too complicated to be useful in computa-
tions for large n, but for n = 3 it is about as easy to use as our row-reduction
calculation in the next section, and for n = 2 it becomes the above simple
expression. There are a few more properties of A with which every student
should be familiar. They will all be proved in Chapter 7.

Theorem 5.3. If Tisin Hom V, then A(T*) = A(T). If 6is an isomorphism
from V to Wand S = 8o T o 871, then A(S) = A(T).
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Theorem 5.4. The transformation T is nonsingular (invertible) if and only
if A(T) = 0. ‘

In the next theorem we consider 7 in Hom R”, and we want to think of A(T)
as a function of the matrix t of 7. To emphasize this we shall use the notation
D(t) = A(T).

Theorem 5.5 (Cramer's rule). Given an n X n matrix t and an n-tuple y,
let t |; y be the matrix obtained by replacing the jth column of t by y. Then

y=t-x = D(t)y; = D(t|;y)
for all j.
If t is nonsingular [D(t) = 0], this becomes an explicit form.ula for the

solution x of the equation y = t - x; it is theoretically important even in those
cases when it is not useful in practice (large n).

EXERCISES

5.1 Finish Theorem 5.1 by applying Exercise 4.25.

5.2 Tt follows from our discussion of trace that tr(T) = . t.; is independent of the
basis. Show that this fact follows directly from

tr(t - s) = tr(s- t)

and the change of basis formula in the preceding section.

5.3 Show by direct computation that the function d(t) = ti1tee — ti12f21 satisfies
d(s-t) = d(s) d(t) (where s and t are 2 X 2 matrices). Conclude that if V is two-
dimensional and d(T) is defined for T in Hom V by choosing a basis and setting
d(T) = d(t), then d(T) is actually independent of the basis.

5.4 Continuing the above exercise, show that d(T) = A(T) in any of the following
cases:

1) T interchanges two independent vectors.

!

sShow next that if 7 has none of the above forms, then T = R o 8, where S is of type
(1) and R is of type (2) or (3). [Hint: Suppose T(a) = B3, with & and 8 independent.
Let S interchange o and 8, and consider R = T o 8.] Show finally that d(T) = A(T)
for all T in Hom V. (V is two-dimensional.)

5.5 If t is symmetric and 2 X 2, show that there is a 2 X 2 matrix s such that
w* = 571 A(s) = 1, and sts~! is diagonal.

2) T has two eigenvectors.
3) T has a matrix of the form

5.6 Assuming Theorem 5.2, verify Theorem 5.4 for the 2 X 2 case.
5.7 Assuming Theorem 5.2, verify Theorem 5.5 for the 2 X 2 case.
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5.8 In this exercise we suppose that the reader remembers what a continuous func-
tion of a real variable is. Suppose that the 2 X 2 matrix function

alt) = [au(t) alz(t)]
asy(t) az22(t)

has continuous components a;;(¢) for t € (0, 1), and suppose that a(f) is nonsingular
for every ¢. Show that the solution y(f) to the linear equation a(f) - y(¢) = x(f) has
continuous components y1(f) and ya(f) if the functions z; () and z2(t) are continuous.

5.9 A homogeneous second-order linear differential equation is an equation of the

form
Y+ ary’ + aoy = 0,
where a1 = a1(t) and ap = ao(f) are continuous functions. A solution is a @2-function

f (.e., a twice continuously differentiable function) such that f”(t) + a1 (&)f(t) +
ao®) f(t) = 0. Suppose that f and g are @2-functions [on (0, 1), say] such that the

2 X 2 matrix
[ f® g(®) ]
I’ 40)

is always nonsingular. Show that there is a homogeneous second-order differential
equation of which they are both solutions.

5.10 In the above exercise show that the space of all solutions is a two-dimensional
vector space. That is, show that if A(¢) is any third solution, then 4 is a linear combi-
nation of f and g.

5.11 DBy a “linear motion” of the Cartesian plane R? into itself we shall mean a con-
tinuous map z +— t(x) from [0, 1] to the set of 2 X 2 nonsingular matrices such that
t(0) = e. Show that A(t(1)) > 0.

5.12 Show that if A(s) = 1, then there is a linear motion whose final matrix t(1) is s.

6. MATRIX COMPUTATIONS

The computational process by which the reader learned to solve systems of
linear equations in secondary school algebra was undoubtedly “elimination by
successive substitutions”. The first equation is solved for the first unknown, and
the solution expression is substituted for the first unknown in the remaining
equations, thereby eliminating the first unknown from the remaining equations.
Next, the second equation is solved for the second unknown, and this unknown is
then eliminated from the remaining equations. In this way the unknowns are
eliminated one at a time, and a solution is obtained.
This same procedure also solves the following additional problems:

1) to obtain an explicit basis for the linear span of a set of m vectors in R";
therefore, in particular,

2) to find the dimension of such a subspace;
3) to compute the determinant of an m X m matrix;
4) to compute the inverse of an invertible m X m matrix.
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In this section we shall briefly study this process and the solutions to these
problems.

We start by noting that the kinds of changes we are going to make on a
finite sequence of vectors do not alter its span.

Lemma 6.1. Let {a;}T be any m-tuple of vectors in a vector space, and let
{8:}T be obtained from {a;}T by any one of the following elementary
operations:

1) interchanging two vectors;
2) multiplying some «; by a nonzero scalar;
3) replacing a; by a; — za; for some j # ¢ and some z € R.
Then
L({837) = L({e}T1)-

Proof. If of = a; — za;, then a; = «; + za;. Thus if {8;}T is obtained from
{a;}T by one operation of type (3), then {@;}T can be obtained from {8,}7 by
one operation of type (3). In particular, each sequence is in the linear span of
the other, and the two linear spans are therefore the same.

Similarly, each of the other operations can be undone by one of the same
type, and the linear spans are unchanged. [

When we perform these operations on the sequence of row vectors in a
matrix, we call them elementary row operations.

We define the order of an n-tuple x = <zy,...,z,> as the index of the
first nonzero entry. Thus if z; = 0 for 7 < 7 and z; # 0, then the order of x
is j. The order of <0,0,0,2, —1,0> is 4.

Let {a;;} be an m X n matrix, let V be its row space, and let n; < npy <
-+« < ng be the integers that occur as orders of nonzero vectors in V. We are
going to construct a basis for V consisting of % elements having exactly the
above set of orders.

If every nonzero row in {a;;} has order >p, then every nonzero vector x in
V has order > p, since x is a linear combination of these row vectors. Since some
veetor in V has the minimal order ny, it follows that some row in {a;;} has order
n1. Wemove such a row to the top by interchanging two rows. We then multiply
this row x by a constant, so that its first nonzero entry z,, is 1. Let a',..., a”
be the row vectors that we now have, so that a' has order n; and a;, = 1. We
next subtract multiples of a! from each of the other rows in such a way that the
new ith row has 0 as its n,-coordinate. Specifically, we replace a’by a® — af, - a’
for 7 > 1. The matrix that we thus obtain has the property that its jth column
is the zero m-tuple for each j < n; and its n,th column is §! in R™. Its first row
has order 7, and every other row has order >n,. Its row spaceisstill V. We
again call it a.

Now let x = > 7 c;a® be a vector in V with order n,. Then ¢; = 0, for if
¢; # 0, then the order of x is n;. Thus x is a linear combination of the second



(c) ketabton.com: The Digital Library

104 FINITE-DIMENSIONAL VECTOR SPACES 2.6

to the mth rows, and, just as in the first case, one of these rows must therefore
have order ns.

We now repeat the above process all over again, keying now on this vector.,
We bring it to the second row, make its np-coordinate 1, and subtract multiples
of it from all the other rows (including the first), so that the resulting matrix
has 62 for its noth column. Next we find a row with order ng, bring it to the
third row, and make the nsth column 83, etc.

We exhibit this process below for one 3 X 4 matrix. This example is dis-
honest in that it has been chosen so that fractions will not occur through the
application of (2). The reader will not be that lucky when he tries his hand.
Our defense is that by keeping the matrices simple we make the process itself
more apparent.

0o -1 2 3 _ 2 2 4 -2 _ 1 1 2 -1
2 2 4 -2 @) {0 -1 2 3| (@@ [0 -1 2 3
2 4 0 3 2 4 0 3] 2 4 0 3
L, 2 —1) [t 1 2 —1]
3) |0 —1 2 31 (@ |0 1 —2 -3
0 2 —4 5] o —4 5]
_,fr 0o 4« 2 oo 4 2
@ |0 1 —2 =3/ @y [0 1 —2 =3
0 0 0 11} 0 0 0 1

[t o 4 0

3) |0 1 -2 0

0 o0 0 1

Note that from the final matrix we can tell that the orders in the row space
are 1, 2, and 4, whereas the original matrix only displays the orders 1 and 2.

We end up with an m X n matrix having the same row space V and the
following special structure:

1) For 1 < j £ k the jth row has order n;.

2) If £ < m, the remaining m — k rows are zero (since a nonzero row would
have order >y, a contradiction).

3) The njth column is &’.

It follows that any linear combination of the first k rows with coefficients
1, . .-, ¢ has ¢; in the n;th place, and hence cannot be zero unless all the
¢;’s are zero. These k rows thus form a basis for V, solving problems (1) and (2).
Our final matrix is said to be in row-reduced echelon form. It can be shown to
be uniquely determined by the space V and the above requirements relating its
rows to the orders of the elements of V. Its rows form the canonical basis of V.
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A typical row-reduced echelon matrix is shown in Fig. 2.4. This matrix is 8 X 11,
its orders are 1, 4, 5, 7, 10, and its row space has dimension 5. It is entirely 0
below the broken line. The dashes in the first five lines represent arbitrary num-
bers, but any change in these remaining entries changes the spanned space V.

We shall now look for the significance of the row-reduction operations from
the point of view of general linear theory. In this discussion it will be convenient
to use the fact from Section 4 that if an n-tuplet in R™ is viewed as an n X 1
matrix (i.e., as a column vector), then the system of linear equations y; =
Sr  azy,t = 1,. .., m, expresses exactly the single matrix equationy = a - x.
Thus the associated linear transformation 4 € Hom(R?”, R™) is now viewed as
being simply multiplication by the matrix a; y = A(x) ifand only if y = a - x.

_
1 --00-0--0 -
110-0--0 -
Lo
(1 -0--0 -
I___j
(1 --0 -
L_w_j
-
-0
-0
L % Fig. 2.4

We first note that each of our elementary row operations on an m X n
matrix a is equivalent to premultiplication by a corresponding m X m elementary
matrix w. Supposing for the moment that this is so, we can find out what u
is by using the m X m identity matrix e. Since u-a = (u- e) - a, we see that
the result of performing the operation on the matrix a can also be obtained by
premultiplying a by the matrix u - e. That is, if the elementary operation can
be obtained as matrix multiplication by u, then the multiplier is u- e. This
argument suggests that we should perform the operation on e and then see if
premultiplying a by the resulting matrix performs the operation on a.

If the elementary operation is interchanging the 7gth and jyth rows, then
performing it on e gives the matrix a with uz, = 1 for k = 75 and k # j,,
Uigjo = Ujgi, = 1 and uy; = O for all other indices. Moreover, examination of
the sums defining the elements of the product matrix u - a will show that pre-
multiplying by this u does just interchange the Z3th and joth rows of any
m X n matrix a.

In the same way, multiplying the Z5th row of a by ¢ is equivalent to pre-
multiplying by the matrix u which is the same as e except that wu;y, = c.
Finally, multiplying the jsth row by z and adding it to the Zoth row is equivalent
to premultiplying by the matrix u which is the identity e except that u;y;, is =
instead of 0.
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These three elementary matrices are indicated schematically in Fig. 2.5.
Each has the value 1 on the main diagonal and 0 off the main diagonal except as
indicated.

— ) Jo - — 7y — K Jo —

N N\
N

These elementary matrices u are all nonsingular (invertible). The row inter-
change matrix is its own inverse. The inverse of multiplying the jth row by ¢
is multiplying the same row by 1/c. And the inverse of adding ¢ times the jth
row to the 7th row is adding —c times the jth row to the 7th row.

If u', u?, ..., u” is a sequence of elementary matrices, and if

Fig. 2.5

b=u?-uv'..,. -u}

then b - a is the matrix obtained from a by performing the corresponding
sequence of elementary row operations on a. If ul, ..., u? is a sequence which
row reduces a, then r = b . a is the resulting row-reduced echelon matrix.

Now suppose that a is a square m X m matrix and is nonsingular (invertible).
Thus the dimension of the row space is m, and hence there are m different orders
fy,...,Ng That is, k = m, and since 1 < ny < ng < -+ < n, = m, we
must also haven, = 4,7 = 1, ..., m. Remembering that the n,th column in r is
8%, we see that now the 7th column in r is &° and therefore that r is simply the
identity matrix e. Thusb:-a = e and b is the inverse of a.

Let us find the inverse of

i
3 4

by this procedure. The row-reducing sequence is
1 21 —— |1 21 —— |1 2 —— |1 0
[3 4] ®) [0 —2] @ [0 1] @) [0 1]'
The corresponding elementary matrices are

R A { I
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The inverse is therefore the product

o Tl s -l -l -0 )

Check it if you are in doubt.

Finally, since b - € = b, we see that we get b from e by applying the same
row operations (gathered together as premultiplication by b) that we used to
reduce a to echelon form. This is probably the best way of computing the inverse
of a matrix. To keep track of the operations, we can place e to the right of a to
form a single m X 2m matrix a | e, and then row reduce it. In echelon form it
will then be the m X 2m matrix e | b, and we can read off the inverse b of the
original matrix a.

Let us recompute the inverse of

F

by this method. We row reduce

getting

R R oA

® [ 175 )

2 2

oy =
= O
| —

from which we read off the inverse to be

[__2 1]
3 1)
2 2

Finally we consider the problem of computing the deferminant of a square
m X m matrix. We use {wo elementary operations (one modified) as follows:

1"} interchanging two rows and simultaneously changing the sign of one of
them;

2) as before, replacing some row a; by o; — ze; for some j # 1.

When applied o the rows of a square matriz, these operations leave the determi-
nant unchanged. This follows from the properties of determinants listed in
Section 5, and its proof will be left as an exercise. Moreover, these properties
will be trivial consequences of our definition of a determinant in Chapter 7.

Consider, then, a square m X m matrix {a;;}. We interchange the first
and pth rows to bring a row of minimal order n; to the top, and change the sign
of the row being moved down (the first row here). We do not make the leading
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coefficient of the new first row 1; this elementary operation is not being used
now. We do subtract multiples of the first row from the remaining rows, in order
to make all the remaining entries in the n,th column 0. The n;th column is now
18, where ¢; is the leading coefficient in the first row. And the new matrix has
the same determinant as the original matrix.

We continue as before, subject to the above modifications. We change the
signh of a row moved downward in an interchange, we do not make leading
coefficients 1, and we do clear out the n;th column so that it becomes ¢;6%,
where ¢; is the leading coeflicient of the jth row (1 < j < k). As before, the
remaining m — k rows are 0 (if k¥ << m). Let us call this resulting matrix
semireduced. Note that we can find the corresponding reduced echelon matrix
from it by k applications of (2); we simply multiply the jth row by 1/¢; for
7=1,...,k TIfsis the semireduced matrix which we obtained from a using
(1”) and (3), then we shall show below that its determinant, and therefore the
determinant of a also, is the product of the entries on the main diagonal: JIi%, si.
Recapitulating, we can compute the determinant of a square matrix a by using
the operations (1”) and (3) to change a to a semireduced matrix s, and then
taking the product of the numbers on the main diagonal of s.

If we apply this process to
1 2
3 4]

R B R B P |

and the determinant is 1 - (—2) = —2. Our 2 X 2 determinant formula, applied

to
F
3 4
gives1-4 —2:-3 =4 — 6= —2.

If the original matrix {a;;} is nonsingular, so that k = m and n; = ¢ for
i=1,...,m, then the jth column in the semireduced matrix is ¢;8’, so that
s;; = ¢;, and we are claiming that the determinant is the produet [T, ¢; of the
leading coefficients.

To see this, note that if T is the transformation in Hom(R™) corresponding
to our semireduced matrix, then 7'(8") = c;é, so that R™ is the direct sum of n
T-invariant, one-dimensional subspaces, on the jth of which T is multiplication
by ¢;. It follows from (c¢) and (d) of our list of determinant properties that
A(T) = JI% ¢; = II% sj;. This is nonzero.

On the other hand, if {a;;} is singular, so that k = d(V) < m, then the mth
row in the semireduced matrix is 0 and, in particular, s,, = 0. The product
I1: s;: is thus zero. Now, without altering the main diagonal, we can subtract
multiples of the columns containing the leading row entries (the columns with

we got

O -
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indices 7;) to make the mth column a zero column. This process is equivalent
to postmultiplying by elementary matrices of type (2) and, therefore, again
leaves the determinant unchanged. But now the transformation S of this matrix
leaves R™™! invariant (as the span of 8!,..., 8! in R™) and takes 8™ to 0,
so that A(S) = 0 by (c¢) in the list of determinant properties. So again the
determinant is the product of the entries on the main diagonal of the semi-
reduced matrix, zero in this case.

We have also found that a matriz ¢s nonsingular (invertible) if and only if its
determinant ts nonzero.

EXERCISES

6.1 Compute the canonical basis of the row space of

1 2 1 2]

3 2 3 2
-1 —3 0 4
4 —1 —3

6.2 Do the same for

6.3 Do the same for the above matrix but with a different first choice.
6.4 Calculate the inverse of

1 2 3
2 3 4
3 4 7

by row reduction. Check your answer by multiplication.
6.5 Row reduce

1 2 3
2 3 4
3 4 7

computed in the above exercise? Explain.

6.6 Check whether or not <1,1,1,1>, <1,23,4>, <0,1,0,1>, and
<4, 3, 2, 1> are linearly independent by row reducing. Part of one of the row-reduc-
ing operations is unnecessary for this check. What is it?
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6.7 Let us call a k-tuple of vectors {a;}% in R” canonical if the k X n matrix a with
a; as its 7th row for all ¢ is in row-reduced echelon form. Supposing that an n-tuple ¢
is in the row space of a, we can read off what its coordinates are with respect to the
above canonical basis. What are they? How then can we check whether or not an
arbitrary n-tuple £ is in the row space?

6.8 TUse the device of row reducing, as suggested in the above exercise, to determine
whether or not 6! = <1,0,0,0> is in the span of <1,1,1,1>, <1,2,3,4>, and
<2,0,1, —1>. Do the same for <1, 2, 1, 2>, and also for <1,1,0,4>.

6.9 Supposing that a > 0, show that

o

is invertible if and only if ad — bc # 0 by reducing the matrix to echelon form.

6.10 Let a be an m X n matrix, and let u be the nonsingular matrix that row reduces
a, so that r = u - a is the row-reduced echelon matrix obtained from a. Suppose that r
has m — k > 0 zero rows at the bottom (the kth row being nonzero). Show that the
bottom m — k rows of u span the annihilator (range A)° of the range of A. That is,
y = ax for some x if and only if "
Z ciy; =0
1

for each m-tuple ¢ in the bottom m — k rows of w. [Hint: The bottom row of r is
obtained by applying the bottom row of u to the columns of a.]

6.11 Remember that we find the row-reducing matrix u by applying to the m X m
identity matrix e the row operations that reduce a to r. That is, we row reduce the
m X (n-F m) juxtaposition matrix a|e to r|u. Assuming the result stated in the
above exercise, find the range of 4 € Hom(R3) as the null space of a functional if the
matrix of 4 is

1 2 3]

2 3 41.

|13 5 7]

6.12 Similarly, find the range of A4 if the matrix of A4 is

[1 1 1]

2 0 1

0 2 1

4 2 3]

6.13 Let a be an m X n matrix, and let a be row reduced to r. Let A and R be the
corresponding operators in Hom(R", R™) [so that A(x) = a-x]. Show that A and R
have the same null space and that A* and R* have the same range space.
6.14 Show that solving a system of m linear equations in n unknowns is equivalent
to solving a matrix equation

k = tx
for the n-tuple x, given the m X n matrix t and the m-tuple k. Let T € Hom(R", R™)
be multiplication by t. Review the possibilities for a solution from our general linear
theory for T (range, null space, affine subspace).
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6.15 Let b = c|d be the m X (n+ p) matrix obtained by juxtaposing the m X n
matrix ¢ and the m X p matrix d. If a is an I X m matrix, show that

a-b = ac|ad.

State the similar result concerning the expression of b as the juxtaposition of n column
m-tuples. State the corresponding theorem for the “distributivity” of right multipli-
cation over juxtaposition.

6.16 Let a be an m X n matrix and k a column m-tuple. Let b |1be the m X (n -+ 1)
matrix obtained from the m X (n-- 1) juxtaposition matrix a | k by row reduction.
Show that a- x = kif and only if b+ x = L. Show that there is a solution x if and only
if every row that is zero in b is zero in 1. Restate this eondition in terms of the notion
of row rank.

6.17 Let b be the row-reduced echelon matrix obtained from an m X n matrix a.
Thus b = u - a, where u is nonsingular, and B and A have the same null space (where
B € Hom(R", R™) is multiplication by b). We can read off from b a basis for a sub-
space W C R" such that B | W is an isomorphism onto range B. What is this basis?
We then know that the null space N of B is a complement of W. One complement of W,
call it M, can be read off from W. What is M?

6.18 Continuing the above exercise, show that for each standard basis vector §;in M
we can read off from the matrix b a vector «; in W such that 8 — «; € N. Show that
these vectors {§* — a;} form a basis for N.

6.19 We still have to show that the modified elementary row operations leave the
determinant of a square matrix unchanged, assuming the properties (a) through (e)
from Section 5. First, show from (a), (¢), (d), and (e) that if 7 in Hom R? is defined
by T(8') = &% and T(8%) = —4!, then A(T) = 1. Do this by a very simple factor-
ization, T = R o S, where (e) can be applied to S. Conclude that a type (1) elementary
matrix has determinant 1.

6.20 Show from the determinant property (b) that an elementary matrix of type (2)
has determinant 1. Show, therefore, that the modified elementary row operations on a
square matrix leave its determinant unchanged.

*7. THE DIAGONALIZATION OF A QUADRATIC FORM

As we mentioned earlier, one of the crucial problems of linear algebra is the
analysis of the “structure” of a linear transformation 7' in Hom V. From the
point of view of bases, every theorem in this area asserts that with the choice
of a special basis for V the matrix of T can be given the such-and-such simple
form. This is a very difficult part of the subject, and we are only making con-
tact with it in this book, although Theorem 5.5 of Chapter 1 and its corollary
form a cornerstone of the structural results.

In this section we are going to solve a simpler problem. In the above lan-
guage it is the problem of choosing a basis for ¥V making simple the matrix of a
transformation 7' in Hom(V, V*). Such a transformation is equivalent to a
bilinear functional on V (by Theorem 6.1 of Chapter 1 and Theorem 3.2 of this
chapter); we shall tackle the problem in this setting.



(c) ketabton.com: The Digital Library

112 FINITE-DIMENSIONAL VECTOR SPACES 2.7

Let V be a finite-dimensional real vector space, and let w: VX ¥V — R be
a bilinear functional. If {a,;}7 is a basis for ¥, then w determines a matrix
ti; = w(ag, a;). We know that if w,(£) = w(§, 1), thenw, € V*and 3> w,isa
linear mapping 7T from V to V* We leave it as an exercise for the reader to
show that {;;} is the matrix of 7" with respect to the basis {@;} for V and its
dual basis for V* (Exercise 4.1).

If ¢ = 371 2w and 1 = 3.7 yjay, then

w(t, n) = D zywlas, o) = D tizy;.
ij i,

In particular, if we set ¢(£) = w(¥, £), then ¢(§) = 3_;,; Lz, is a homogeneous
quadratic polynomial in the coordinates z;.

For the rest of this section we assume that o is symmetric: w(§, ) =
w(y, £). Then we can recover w from the quadratic form ¢ by

_ g+ ) —qgE—1n)
O)(E, 77) - 4 ’

as the reader can easily check. In particular, if the bilinear form w is not iden-
tically zero, then there are vectors £ such that ¢(£) = w(§, £) = 0.

What we want to do is to show that we can find a basis {«;}} for V such that
wlas, a;) = 01if 7 # 7 and w(e;, «;) has one of the three values 0, &= 1. Borrow-
ing from the standard usage of scalar product theory (see Chapter 5), we say
that such a basis is orthonormal. Our proof that an orthonormal basis exists will
be an induction on n = dim V. If n = 1, then any nonzero vector 3 is a basis,
and if w(8, 8) # 0, then we can choose o = z8 so that z°w(8, 8) = w(a, @) =
=41, the required value of z obviously being z = |w(8, 8)] 2. In the general
case, if w is the zero functional, then any basis will trivially be orthonormal, and
we can therefore suppose that w is not identically 0. Then there exists a 8 such
that w(B, 8) # 0, as we noted earlier. We set a, = x8, where z is chosen to
make q(a,) = w(ay, a,) = =£=1. The nonzero linear functional f(£) = w({, a,)
has an (n — 1)-dimensional null space &, and if we let w’ be the restriction of
w to N X N, then o’ has an orthonormal basis {a;}} * by the inductive hypoth-
esis. Also w(ay, an) = wlan, o) = 01f 7 < n, because «; is in the null space of f.
Therefore, {e;}7] is an orthonormal basis for w, and we have reached our goal:

Theorem 7.1. If w is a symmetric bilinear functional on a finite-dimensional
real vector space V, then V has an w-orthonormal basis.

TFor an w-orthonormal basis the expansion w(£, 1) = 2 z:y;w(«;, o;) reduces to

n

w(g m) = Z:l zyig(aq),
1=
where g(a;) = =1 or 0. If we let V' be the span of those basis vectors «; for
which g(«;) = 1, and similarly for V_; and V, then we see that ¢(¢) > 0 for
every nonzero { in Vy, g(¢) < 0 for every nonzero vector ¢ in V_j,and ¢ =0
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on Vi TFurthermore, V=V, & V_; & V,, and the three subspaces are
w-orthonormal to each other (which means that w(§, 4) =0 if £V, and
n€ V_y, ete.). Finally, g(§) < Oforevery tinV_, & V,.

If we choose another orthonormal basis {8;} and let Wi, W_;, and W, be
its corresponding subspaces, then W; may be different from V', but their dimen-
sions must be the same. TFor Wy n (V_; & Vo) = {0}, since any nonzero £
in this intersection would yield the contradictory inequalities ¢(¥) > 0 and
g(£) < 0. Thus W, can be extended to a complement of V_; @ V,, and since
V1 7s a complement, we have d(W;) < d(Vy). Similarly, d(V,) < d(W,),
and the dimensions therefore are equal. Incidentally, this shows that W, is a
complement of V_; @& V. In exactly the same way, we find that d(W_,) =
d(V_y) and finally, by subtraction, that d(Wy) = d(V,). It is conventional to
reorder an w-orthonormal basis {a;} 7 so that all the ;’s with ¢(a;) = 1 come first,
then those with ¢(a;) = —1, and finally those with ¢{a;) = 0. Our results
above can then be stated as follows:

Theorem 7.2. If wis a symmetric bilinear functional on & finite-dimensional
space V, then there are integers n» and p such that if {@;} T is any w-ortho-
normal basis in conventional order, and if § = X T z;;, then

g =i+ 25— Tper— 0 — Tpga
bd 2 p+n 2
:in—in.
1 p+1

The integer p — n is called the signature of the form ¢ (or its associated
symmetric bilinear functional w), and p + n is its rank. Note that p -+ n is the
dimension of the column space of the above matrix of ¢, and hence equals the
dimension of the range of the related linear map 7. Therefore, p -+ n is the
rank of every matrix of q.

An inductive proof that an orthonormal basis exists doesn’t show us how to
find one in practice. Let us suppose that we have the matrix {;;} of w with
respect to some basis {a;}7 before us, so that w( 1) = 2 xy,t;, where
£ = 21 m;, 1 = 27 Yiou, and {;; = w(ay, a;), and we want to know how to go
about actually finding an orthonormal basis {8;}7. The main problem is to find
an orthogonal basis; normalization is then trivial. The first objective is to find
a vector 8 such that w(B, 8) #= 0. If some t;; = w(ay, a;) is not zero, we can take
B8 = ;. Ifall t;; = 0 and the form w is not the zero form, there must be some
ti; # 0,say t1o # 0. If weset v; = a1 + asand ¥; = o; for ¢ > 1, then {v;}]
is a basis, and the matrix s = {s;;} of w with respect to the basis {¥;} has

s11 = (¥, V1) = wlag + as, oy +ag) = 11+ 2154 te2 = 2t # 0.

Similarly, s;; = t;; if either ¢ or j is greater than 1.
For example, if w is the bilinear form on R2 defined by w(x,y) = z1ys +
x9y1, then its matrix ¢;; = w(§, 6’) is
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and we must change the basis to get £;; # 0. According to the above scheme,
we set v; = 8' + 8% and v, = 6% and get the new matrix s;; = w(7,, 7)),
which works out to
.
1 o]

The next step 1s to find a basis for the null space of the functional w(§, v{) =
> x:81;. We do this by modifying 7q, ..., Yn; we replace v; by 7v; + ¢¥; and
caleulate ¢ so that this vector is in the null space. Therefore, we want 0 =
w(¥; + ¢¥1, Y1) = 81; + ¢s11, and so ¢ = —sy;/s1;. Note that we cannot take
this orthogonalizing step until we have made s;; # 0. The new set still spans
and thus is a basis, and the new matrix {r;;} hasr;; # 0 and r;; = r;; = 0 for
j > 1. We now simply repeat the whole procedure for the restriction of w to this
(n — 1)-dimensional null space, with matrix {r;; :2 < ¢,j7 < n}, and so on.
This is a long process, but until we normalize, it consists only of rational oper-
ations on the original matrix. We add, subtract, multiply, and divide, but we
do not have to find roots of polynomial equations.

Continuing our above example, we set 3; = 7, but we have to replace v,
by B8s = Y2 — (S12/811)Y1 = Y2 — %71. The final matrix r; = w(8;, B;)
has

711 = $11 = 2, riz = w(B1, B2) = w(¥y, Y2 — Y1) = S12 — 3811 =0,

and o9 — w(72 -— %71, Yo — %’Yl) = 899 — 812 + 811/4 = —%, so that

-l 3

The final basisis 8; = ¥, = 8' 4 6%and B = 7o — 37, = 8% — 4(81 4 6%) =
(82 — 8b)/2.

The steps we had to take above are reminiscent of row reduction, but since
we are changing bases simultaneously in the domain and range spaces of the
transformation T': V — V* associated with w, each step involves simultaneously
premultiplying and postmultiplying by an elementary matrix. That is, we are
simultaneously row and column reducing. It should be intuitively clear that this
has to be the case if we are to operate on a symmetric matrix in such a way as
to keep it symmetric. '

For additional information about quadratic forms, we go back to the change
of basis formula for the matrix of a transformation: t”” = b - t’- a~!. Here the
transformation T associated with the form w is from V to V*, and so b = (a*)7},
according to our caleulations in Section 4. Now one of the properties of the
determinant function is that A(T*) = A(T), and so A(a*) = A(a). Therefore,
if t and s are the matrices of a quadratic form with respect to a first and second
basis in V, and if a is the change of basis matrix, then s = (a*)™!-t-a™!and
A(s) = (A(a™1))2 A(t). Therefore, a quadratic form has parity. If it is non-
singular, then its determinant is either always positive or always negative, and
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we can call it even or odd. In our continuing example, the beginning and final

matrices
0 1 and 2 0
1 0 0 —%

both have determinant —1.

In the two-dimensional case, the determinant of a form with respect to an
orthonormalized basis is +1 if the diagonal elements are both -+1 or both —1,
and —1 if they are of opposite sign. We can therefore read off the signature of a
nonsingular form over a two-dimensional space without orthonormalizing. If the
determinant t;1f25 — (£12)2 is positive, the signature is +2, and we can deter-
mine which by looking at ¢, (since {1; is then unchanged by our orthogonalizing
procedure). Thus the signature is +2 or —2 depending on whether ¢;; > 0 or
ti11 < 0. If the determinant is negative, then the signature is 0. Thus the
signature of the form w(x, y) = z1ys + xoy1, with matrix

!

is known to be 0, without any caleulation.

Theorems 7.1 and 7.2 are important for the classification of critical points
of real-valued functions on vector spaces. We shall see in Section 3.16 that the
second differential of such a function F is a symmetric bilinear functional, and
that the signature of its form has the same significance in determining the be-
havior of F near a point at which its first differential is zero that the sign of
the second derivative has in the elementary calculus.

A quadratic form ¢ is said to be definite if g(£) is never zero except for £ = 0.
Then ¢(£) must always have the same sign, and ¢ is accordingly called positive
definite or negative definite. Looking back to Theorem 7.2, it should be obvious
that ¢ is positive definite only if p = d(V) and n = 0, and negative definite
only if n = d(V) and p = 0. A symmetric bilinear functional whose associated
quadratic form is positive definite is called a scalar product. This is a very
important notion on general vector spaces, and the whole of Chapter 5 is de-
voted to developing some of its implications.
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CHAPTER 3

THE DIFFERENTIAL CALCULUS

QOur algebraic background is now adequate for the differential calculus, but we
still need some multidimensional limit theory. Roughly speaking, the differ-
ential calculus is the theory of linear approximations to nonlinear mappings,
and we have to know what we mean by approximation in general vector settings.
We shall therefore start this chapter by studying the notion of a measure of
length, called a norm, for the vectors in a vector space V. We can then study
the phenomenon suggested by the way in which a tangent plane to a surface
approximates the surface near the point of tangency. This is the general theory
of unique local linear approximations of mappings, called differentials. The
collection of rules for computing differentials includes all the familiar laws of
the differential calculus, and achieves the same goal of allowing complicated
calculations to be performed in a routine way. However, the theory is richer
in the multidimensional setting, and one new aspect which we must master is
the interplay between the linear transformations which are differentials and their
evaluations at given vectors, which are directional derivatives in general and
partial derivatives when the vectors belong to a basis. In particular, when the
spaces in question are finite-dimensional and are replaced by Cartesian spaces
through a choice of bases, then the differential is entirely equivalent to its matrix,
which is a certain matrix of partial derivatives called the Jacobian matrix of the
mapping. Then the rules of the differential calculus are expressed in terms of
matrix operations.

Maximum and minimum points of real-valued functions are found exactly
as before, by computing the differential and setting it equal to zero. However,
we shall neglect this subject, except in starred sections. It also is much richer
than its one-variable counterpart, and in certain infinite-dimensional situations
it becomes the subject called the calculus of variations.

Finally, we shall begin our study of the inverse-mapping theorem and the
implicit-function theorem. The inverse-mapping theorem states that if a mapping
between vector spaces is continuously differentiable, and if its differential at a
point « is invertible (as a linear transformation), then the mapping itself is
invertible in the neighborhood of @. The implicit-function theorem states that if
a continuously differentiable vector-valued function G of two vector variables
is set equal to zero, and if the second partial differential of @ is invertible (as a
linear mapping) at a point <a, 3> where G(a, 8) = 0, then the equation

116
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G(&n) = 0 can be solved for 5 in terms of £ near this point. That is, there is a
uniquely determined mapping 7 = F(£) defined near « such that 8 = F(a) and
such that G(& F(£)) = 0 in the neighborhood of . These two theorems are
fundamental to the further development of analysis. They are deeper results
than our work up to this point in that they depend on a special property of
vector spaces called completeness; we shall have to put off part of their proofs to
the next chapter, where we shall study completeness in a fairly systematic way.

In a number of starred sections at the end of the chapter we present some
harder material that we do not expect the reader to master. However, he should
try to get a rough idea of what is going on.

1. REVIEW IN R

Kvery student of the calculus is presumed to be familiar with the properties of
the real number system and the theory of limits. But we shall need more than
familiarity at this point. It will be absolutely essential that the student under-
stand the e-definitions and be able to work with them.

To be on the safe side, we shall review some of this material in the setting of
limits of funections; the confident reader can skip it. We suppose that all the
functions we consider are defined at least on an open interval containing a,
except possibly at a itself. The need for this exception is shown by the difference
quotients of the calculus, which are not defined at the point near which their
hehavior is crucial.

Definition. f(z) approaches [ as x approaches @ (in symbols, f(z) — [ as
x — a) if for every positive € there exists a positive & such that

O<lz—al<é=|flx) - <e

We also say that ! is the limit of f(x) as x approaches a and write
lim,_,q f(x) = l. The displayed statement in the definition is understood to be
universally quantified in z, so that the definition really begins with the three
quantifiers (Ve %) (38”°%) (vz). These prefixing quantifiers make the definition
sound artificial and unidiomatic when read as
ordinary prose, but the reader will remember from
our introduetory discussion of quantification that I T
this artificiality is absolutely necessary in order . { l
for the meaning of the sentence to be clear and
unambiguous. Any change in the order of the {
quantifiers (Ve€)(38)(Vx) changes the meaning of the
statement. [

The meaning of the inner universal quantifi- % |
cation I

V)0 < |z —al < 8= |flz) — | < ¢ 5 8
is intuitive and easily pictured (see Fig. 3.1). Fig. 3.1

€
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For all x closer to a than § the value of f at x is closer to [ than €. The
definition begins by stating that such a positive § can be found for each positive e.
Of course, § will vary with €; if € is made smaller, we will generally have to
go closer to a, that is, we will have to take § smaller, before all the values of
on (@ — §, a+ 8§ — {a} become € close to [.

The variables ‘¢’ and ‘6’ are almost always restricted to positive real num-
bers, and from now on we shall let this restriction be implicit unless there seems
to be some special call for explicitness. Thus we shall write simply (Ve)(36) . ..

The definition of convergence is used in various ways. In the simplest
situations we are given one or more functions having limits at a, say, f(x) — u
and g(z) — v, and we want to prove that some other function A has a limit w
at a. In such cases we always try to find an inequality expressing the quantity we
wish to make small, |[h(z) — ], in terms of the quantities which we know can be
made small, [f(z) — u| and |g(z) — v].

TFor example, suppose that h = f 4 g. Since f(x) is close to u and ¢(z) is
close to v, clearly h(x) is close to w = u + v. But how close? Sinee h(z) — w =

(f() — u) + (g(x) — v), we have
Ih(z) — w| < [f@) — ul + lgx) — vl

From this it is clear that in order to make [h(z) — w| less than € it is sufficient
to make each of [f(z) — u] and |g(x) — v| less than ¢/2. Therefore, given any e,
we can take 8; so that 0 < |z — a| < §; = |f(x) — u] < €/2, and 6, so that
0 < |z—al < 8 =lglx) — v] < ¢/2, and we can then take 6§ as the smaller
of these two numbers, so that if 0 < |z — a| < 4, then both inequalities hold.
Thus

0<le—a <b= k) —w <) —ul+lg@) —ol <5+5=¢

and we have found the desired § for the function 4.
Suppose next that u # 0and that h = 1/f. Clearly, h(z) is close to w = 1/u
when f(z) is close to %, and so we try to express h(z) — w in terms of f(z) — w.

Thus :
e L1 _u—f@)
M) =% =5 7% = T

and so |h(z) — w| < [f(x) — u|/|f(x)u|. The trouble here is that the denomi-
nator is variable, and if it should happen to be very small, it might cancel the
smallness of |f(z) — u| and not force a small quotient. But the answer to this
problem is easy. Since f(z) is close to u and « is not zero, f(z) cannot be close to
zero. For instance, if f(z) is closer to « than |u|/2, then f(z) must be farther
from O than |u[/2. We therefore choose &; so that 0 < [r —a| < §; =
[f(x) — u| < |4|/2, from which it follows that |f(x)] > |u|/2. Then

(@) — w] < 2|f(x) — ul/]uf?

1
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and now, given any €, we take §; so that
0<|r—al <8 = [flx) — ul < €ul?/2.

Again taking & as the smaller of §; and &5, so that both inequalities will hold
simultaneously when 0 < |r — a| < 8, we have

0<|z—al <& = |hz) —w < 2[fl@) — ul/|[ul® < 2elul?/2u|® = ¢,

and again we have found our é for the function A.
We have tried to show how one would think about these situations. The
actual proof that would be written down would only show the choice of 5. Thus,

Lemma 1.1. If f(x) — u and ¢(x) — v as * — ¢, then f(x) + g(&) > u+ v
as r — a.

Proof. Given €, choose 6; so that 0 < |r —a] < 8; = |f(x) — a| < €¢/2
(by the assumed convergence of f to w at a), and, similarly, choose 82 so that
0<|z—al < 8;=|g(x) —v| < e€/2. Take & as the smaller of &; and &,.
Then

0<lz—a <8 = |(@)+9@)— (u+t)]
< @) —ul+ lg@) — vl < €e/2+€/2=c¢

Thus we have proved that for every e there is a & such that
0<|z—a <s=[(f@+9@) — @t <e
and we are done. [

In addition to understanding e-techniques in limit theory, it is necessary to
understand and to be able to use the fundamental property of the real number
system called the least upper bound property. In the following statement of the
property the semi-infinite interval (— w0, a] is of course the subset {x€R :z < a}.

If A is a nonempty subset of R such that 4 C (—, a] for some a, then
there exists a uniquely determined smallest number b such that A C (— o0, b].

A number a such that A C (— o0, a] is called an upper bound of A ; clearly, a
15 an upper bound of A if and only if every z in A is less than or equal to a.
A set having an upper bound is said to be bounded above. The property says that
1 nonempty set A which is bounded above has a least upper bound (lub). If
we reverse the order relation by multiplying everything by —1, then we have the
alternative formulation which asserts that a nonempty subset of R that is
hounded below has a greatest lower bound (glb). The least upper bound of the
interval (0, 1) is 1. The least upper bound of [0, 1] is also 1. The greatest lower
bound of {1/n : n a positive integer} is 0. Furthermore, lub {z : x is a positive
rational number and 2% < 2} = /2, glb {¢*:2 € R} = 0, and lub {¢*:z is
rational and z < v/2} = ™.
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EXERCISES

1.1 Prove that if f(z) — ! and f(x) > m as ¢ — a, then I = m. We can therefore
talk about the limit of f as ¢ — a.

1.2 Prove that if f(x) — [ and g(z) — m (as z — a), then f(z) g(z) > Im asz — a.

1.3 Prove that |z — o| < |a|/2= [z]| > |a]/2.

1.4 Prove (in detail) the greatest lower bound property from the least upper bound
property.

1.5 Show that lub A = z if and only if z is an upper bound of .1 and, for every
positive ¢, + — € is not an upper bound of 1.

1.6 Let A and B be subsets of R that are nonempty and bounded above. Show that
. -+ B is nonempty and bounded above and that lub (A + B) = lub A -+ lub B.

1.7 Formulate and prove a correct theorem about the least upper bound of the
product of two sets.

1.8 Define the notion of a one-sided limit for a function whose domain is a subset of R.
For example, we want to be able to discuss the limit of f(x) as « approaches a from
below, which we might designate

ig

1.9 If the domain of a real-valued function f is an interval, say [a, b], we say that fis
an tncreasing function if
z<y= fl&) <.

Prove that an increasing function has one-sided limits everywhere.

1.10 Let [a, b] be a closed interval in R, and let f: [a, }]] — R be increasing. Show that
lim,_,, f(x) = f(y) for all y in {a, b] (f is continuous on [a, b]) if and only if the range
of f does not omit any subinterval (¢, d) C [f(a), f(b)]. [Hint: Suppose the range omits
(c,d), and set y = lub {x :f(2) < ¢}. Then f(z) P f(y) as r — y.]

1.11 A set that intersects every open subinterval of an interval [s, {] is said to be
dense in [s, t]. Show that if f: [a, b] — R is increasing and range f is dense in [f(a), f(b)],
then range f = [f(a), f(b)]. (For any z between f(a) and f(b) set y = lub {z: f(x) < 2},
ete.)

1.12 Assuming the results of the above two exercises, show that if f is a continuous
strictly increasing function from [a, 8] to R, and if r = f(a) and s = f(b), then flisa
continuous strictly increasing function from [r, s] to R. [A function f is continuous if
f(x) = f(y) as x — y for every y in its domain; it is strictly increasing if ¢ < y =
f@ < fy.l

1.13 Argue somewhat as in Exercise 1.11 above to prove that if f:[a, b] — R is con-
tinuous on [a, b], then the range of f includes [f(a), f(b)]. This is the intermediate-
value theorem.

1.14 Suppose the function ¢: R — R satisfies ¢(zy) = ¢(x) ¢(y) for all z,y € R.
Note that g(x) = z" (n a positive integer) and ¢(x) = |z|" (r any real number) satisfy
this “functional equation”. So does ¢(x) = 0 (r = —» ?), Show that if ¢ satisfies the
functional equation and ¢(x) > 1 for z > 1, then there is a real number r > 1 such
that ¢(x) = z” for all positive z.
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1.15 Show that if ¢ is continuous and satisfies the functional equation ¢(zy) =
q(z) q(y) for all z, y € R, and if there is at least one point a where ¢(a) # 0, 1, then
q(x) = z" for all positive z. Conclude that if also ¢ is nonnegative, then ¢(z) = |z|" on R.
1.16 Show that if ¢(zx) = |z|", and if g(z + ») < q(x) + q(y), thenr < 1. (Tryy =1
and z large; what is ¢’(z) like if 7 > 17)

2. NORMS

In the limit theory of R, as reviewed briefly above, the absolute-value function
is used prominently in expressions like ‘|z — y|’ to designate the distance
hetween two numbers, here between x and y. The definition of the convergence
of f(z) to u is simply a careful statement of what it means to say that the distance
|/(z) — u| tends to zero as the distance {x — a| tends to zero. The properties of
[x] which we have used in our proofs are

1) |z} > 0ifz # 0, and [0] = 0;

2) |eyl = l=| [yl;

3) lr+yl < o] + [yl

The limit theory of vector spaces is studied in terms of functions called
norms, which serve as multidimensional analogues of the absolute-value function
on R. Thus, if p: ¥V — R is a norm, then we want to interpret p(a) as the “size”
of @ and p(e — B) as the “distance” between a and 8. However, if V is not
one-dimensional, there is no one notion of size that is most natural. For example,
if fis a positive continuous function on [a, b], and if we ask the reader for a
number which could be used as a measure of how “large” f is, there are two
possibilities that will probably occur to him: the maximum value of f and the area
under the graph of f. Certainly, f must be considered small if max f is small.
But also, we would have to agree that f is small in a different sense if its area is
small. These are two examples of norms on the vector space V = €({a, b]) of all
rontinuous funections on [a, b]:

p() = max S0t €lapl  and  q() = [ 170 de

Note that f can be small in the second sense and not in the first.
In order to be useful, a notion of size for a vector must have properties
unalogous to those of the absolute-value function on R.
Definition. A norm is a real-valued function p on a vector space V such that
nl. pla) > 0if a # 0 (positivity);
n2. pza) = |z|p(e) forall a € ¥V, z € R (homogeneity);
n3. pla+ 8) < pla) + p(B) for all «, B € V (triangle inequality).

A normed linear space (nls), or normed vector space, is a vector space V
together with a norm p on V. A normed linear space is thus really a pair
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<V, p>, but generally we speak simply of the normed linear space V, a definite
norm on V then being understood.

It has been customary to designate the norm of & by |l«||, presumably to
suggest the analogy with absolute value. The triangle inequality n3 then
becomes [la + 8]} < ||| + 1|8}, which is almost identical in form with the basic
absolute-value inequality |z + y| < |z| + ly|. Similarly, n2 becomes |za| =
iz| |le]], analogous to |zxy| = |z| |y| in R. Furthermore, |ja - 8| is similarly
interpreted as the distance between « and 8. This is reasonable since if we set
a=§{—nand 8 = 9 — {, then n3 becomes the usual triangle inequality of
geometry:

g — ¢l < 1&g —all + lln — ¢l

We shall use both the double bar notation and the “p”-notation for norms; each
is on occasion superior to the other.

The most commonly used norms on R”™ are ||x|[; = >} |xi|, the Euclidean
norm |x|ls = (7 2?)"2, and ||x||. = max {|z;};. Similar norms on the
infinite-dimensional vector space C([a, b]) of all continuous real-valued functions
on [a, b] are

I = [ 150l a

1/2
il = ([ 150 @)
161l = max {170 s < ¢ < B).

It should be easy for the reader to check that {| ||; is a norm in both cases
above, and we shall take up the so-called uniform norms | [|» in the next
paragraph. The Euclidean norms || ||s are trickier; their properties depend on
scalar product considerations. These will be discussed in Chapter 5. Meanwhile,
so that the reader can use the Euclidean norm || ||z on R”, we shall ask him to
prove the triangle inequality for it (the other axioms being obvious) by brute
force in an exercise. On R itself the absolute value is a norm, and it is the only
norm to within a constant multiple.

We can transfer the above norms on R" to arbitrary finite-dimensional
spaces by the following general remark.

Lemma 2.1. If p is a norm on a vector space W and T is an injective linear
map from a vector space V to W, then p o T is a norm on V.

Proof. The proof is left to the reader.

Uniform norms. The two norms || ||, considered above are special cases of a
very general situation. Let A be an arbitrary nonempty set, and let (4, R)
be the set of all bounded funections f: A — R. That is, f € ®(4, R) if and only if
f € R4 and range f C [—b, b] for some b € R. This is the same as saying that
range |f| C [0, b], and we call any such b a bound of |f|. The set (4, R) isa
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vector space V, since if [f| and |g| are bounded by b and ¢, respectively, then
|#f + yg| is bounded by |z|b + |yle. The uniform norm ||f|» is defined as the
smallest bound of [f]. That is,

[/l = lub {{f(p)| : p € 4}.

Of course, it has to be checked that || ||« is a norm. For any p in 4,

If®) + g < @]+ 9@ < flle + ll9]lw-

Thus || ]|« -+ [lg]l~ is & bound of [f + ¢| and is therefore greater than or equal to
the smallest such bound, which is ||f + ¢g|l.. This gives the triangle inequality.
Next we note that if z # 0, then b bounds |f] if and only if |z|b bounds |zf], and
it follows that {[zflle = [z] |f]le- Finally, {|fll. > 0, and |f]l« = 0 only if fis
the zero function.

We can replace R by any normed linear space W in the above discussion.
A function f: A — W is bounded by b if and only if ||f(p)|] < b for all p in 4,
and we define the corresponding uniform norm on ®(A4, W) by

I1flle = Tub {|[7(@)I : p € 4}.

If f € €([0, 1]), then we know that the continuous function f assumes the
least upper bound of its range as a value (that is, f “assumes its maximum value”),
so0 that then || ]|, is the maximum value of |f|. In general, however, the definition
must be given in terms of lub.

Balls. Remembering that || — £|| is interpreted as the distance from e to £, it is
natural to define the open ball of radius r about the center a as {£ : |la — &|| < r}.
We designate this ball B,{(«). Translation through g8 preserves distance,

1Ts(8) — Te(m) = [(+B) — (n+ B = &£ — =],

and therefore ¢ € B,(a) if and only if £ + 8 € B,(a + 8). That is, translation
through 8 carries B,(a) into B.(a + B): Tg[B.(a)] = B.(a + (). Also, scalar
multiplication by ¢ multiplies all distances by ¢, and it follows in a similar way
that ¢B,(a) = B (ca).

Although B,(a) behaves like a ball, the actual set being defined is different
for different norms, and some of them “look unspherelike”. The unit balls about
the origin in R? for the three norms || ||y, || /|2, and || ||l are shown in Fig. 3.2.

A subset A of a nls V is bounded if it lies in some ball, say B,(a). Then it
also lies in a ball about the origin, namely B, |1(0). This is simply the fact that
if | — | < r, then ||£] < r + [|a||, which we get from the triangle inequality
upon rewriting [1¢] as [|(€ — @) + af.

The radius of the largest ball about a vector 8 which does not touch a set 4
is naturally called the distance from B to A. It is clearly glb {[|t — 8}/ : £ € 4}
(see Fig. 3.3).
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<
J

p(B, A)=r

Fig. 3.2 Fig. 3.3 Fig. 3.4

A point « is an inferior point of a set A if some ball about « is included in 4.
This is equivalent to saying that the distance from « to the complement of A is
positive (supposing that A is not the whole of V), and should coincide with
the reader’s intuitive notion of what an “inside” point should be. A subset A
of a normed linear space is said to be open if every point of A is an interior
point.

If our language is to be consistent, an open ball should be an open set. It is:
if « € B,(8), then |[a — B]] < 7, and then Bs(a) C B,(B), provided that § < r —
lla — 8], by virtue of the triangle inequality (see Fig. 3.4). The reader should
write down the detailed proof. He has to show that if £ € B;(a), then £ € B,(8).
Our intuitions about distances are quite trustworthy, but they should always be
checked by a computation. The reader probably can see by a mental argument
that the union of any collection of open sets is open. In particular, the union of
any collection of open balls is open (Fig. 3.5), and this is probably the most
intuitive way of visualizing an open set. (See Exercise 2.9.)

Fig. 3.5 Fig. 3.6

A subset C is said to be closed if its complement C’ is open.

Our discussion above shows that a nonempty set C is closed if and only if
every point not in it is at a positive distance from it: « € C = p(a,C) > 0.
The so-called closed ball of radius r about 8, B = {£:|t — B|| < r}, is a closed
set. As Fig. 3.6 suggests, the proof is another application of the triangle in-
equality.
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EXERCISES

2.1 Show that if [|£ — af| < {|la|l/2, then {|§]| > [lal/2.
2.2 Prove in detail that

Il = 3 Ja
1

is a norm on R™. Also prove that

Il = [ 15601 d

is & norm on C([a, b]).
2.3 For x in R” let |z| be the Euclidean length

kiJ 1/2
2
x| = [Z x] ,
1

and let (x, y) be the scalar product
(x,y) = Z TiYs.
1
The Schwarz inequality says that
[, v <[] ]

and that the inequality is strict if x and y are independent.

a) Prove the Schwarz inequality for the case » = 2 by squaring and canceling.
b) Now prove it for the general n in the same way.
2.4 Continuing the above exercise, prove that the Euclidean length |x| is a norm.
The crucial step is the triangle inequality, [x + y| < |x| + |y|- Reduce it to the
Schwarz inequality by squaring and canceling. This is of course our two-norm {|x]2.

2.5 Prove that the unit balls for the norms || ||; and || |l» on R? are as shown in
Fig. 3.2.

2.6 Prove that an open ball is an open set.

2.7 Prove that a closed ball is a closed set.

2.8 Give an example of a subset of R2 that is neither open nor closed.

2.9 Show from the definition of an open set that any open set is the union of a
family (perhaps very large!) of open balls. Show that any union of open sets is open.
Conclude, therefore, that a set is open if and only if it is a union of open balls.

2.10 A subset A of a normed linear space V is said to be conver if 4 includes the line
segment joining any two of its points. We know that the line segment from « to g is
the image of [0, 1] under the mapping ¢t — {8 + (1 — t)a. Thus 4 is convex if and
onlyifaq,€ Aand te[0,1]=t8+ (1 — t)a € A. Prove that every ball B.(Y) in
a normed linear space V is convex.

2,11 A seminorm is the same as a norm except that the positivity condition nl is
relaxed to nonnegativity:

nl’. p(a) > 0 for all .
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Thus p(a) may be 0 for some nonzero . Every norm is in particular a seminorm,
Prove:
a) If p is a seminorm on a vector space IV and T is a linear mapping from V to W,
then p o T is a seminorm on V.
b) po Tisanorm if and only if T is injective and p is a norm on range 7.
2,12 Show that the sum of two seminorms is a seminorm.
2.13 Prove from the above two exercises (and not by a direct calculation) that

a(f) = [If'lle + |1(t)]

is a seminorm on the space €1([a, b]) of all continuously differentiable real-valued
functions on [a, b], where t is a fixed point in [a, b]. Prove that ¢ is a norm.

2.14 Show that the sum of two bounded sets is bounded.
2.15 Prove that the sum B,(a) -+ B,(8) is exactly the ball B, (o + B).

3. CONTINUITY

Let V and W be any two normed linear spaces. We shall designate both norms
by || ||. This ambiguous usage does not cause confusion. It is like the ambiguous
use of “0” for the zero elements of all the vector spaces under consideration. If we
replace the absolute value sign | | by the general norm symbol || || in the
definition we gave earlier for the limit of a real-valued function of a real variable,
it becomes verbatim the corresponding definition of convergence in the general
setting. However, we shall repeat the definition and take the occasion to relax
the hypothesis on the domain of f. Accordingly, let A by any subset of V, and let
f be any mapping from A to W.

Definition. We say that f(£) approaches 8 as £ approaches «, and write
f(§) > B as £ — q, if for every € there is a 6 such that

tcAdand0 < g —al <8 = [f(§) — 8l <e

If a € A and f(£) — f(a) as £ — «, then we say that f is continuous at a.
We can then drop the requirement that £ # a and have the direct ¢,é-
characterization of continuity: f is continuous at « if for every e there exists a &
such that ||[§ — af] < § = |f(¥) — f(a)|]| < e It is understood here that £ is
universally quantified over the domain A of f. We say that f is continuous if f is
continuous at every point « in its domain. If the absolute value of a number is
replaced by the norm of a vector, the limit theorems that we sampled in Section 1
hold verbatim for normed linear spaces. We shall ask the reader to write out a
few of these transcriptions in the exercises.

There is a property stronger than continuity at « which is much simpler to
use when it is available. We say that f is Lipschitz continuous at « if there is a
constant ¢ such that ||f(£§) — f(a)|| < ¢[|& — «| for all £ sufficiently close to e.



(c) ketabton.com: The Digital Library

3.3 CONTINUITY 127

That is, there are constants ¢ and r such that
18 —af <7 = [If(&) —fl@)] < c[t—al.

The point is that now we can take § simply as €/¢ (provided e is small enough so
that this makes § < r; otherwise we have to set § = min {¢/¢c, 7}). We say
that fis a Lipschitz function (on its domain A) if there is a constant ¢ such that
If(&) — fll < ¢ll# — 9] for all & 9 in A. For a linear map T:V — W the
Lipschitz inequality is more simply written as

1T < eligll

for all { € V; we just use the fact that now T(§) — T(n) = T(f — n) and set
{ = & — n. In this context it is conventional to call T a bounded linear mapping
rather than a Lipschitz linear mapping, and any such ¢ is called a bound of T.

We know from the beginning calculus that if f is a continuous real-valued
function on [a, b] (that is, if f € €([a, b])), then | fab f) dz| < m(® — a), where
m is the maximum value of {f(z){. But this is just the uniform norm of f, so that
the inequality can be rewritten as |f2 f| < (b — a)||f]le. This shows that if the
uniform norm is used on €([a, b]), then f+— fab f is a bounded linear functional,
with bound b — a.

It should immediately be pointed out that this is not the same notion of
boundedness we discussed earlier. There we called a real-valued function
bounded if its range was a bounded subset of R. The analogue here would be to
call a vector-valued function bounded if its range is norm bounded. But a
nonzero linear transformation cannot be bounded in this sense, because

IT@a)|| = [zl [T ()]

The present definition amounts to the boundedness in the earlier sense of the
quotient T(a)/||e|| (on V — {0}). It turns out that for a linear map 7T, being
continuous and being Lipschitz are the same thing,.

Theorem 3.1. Let T be a linear mapping from a normed linear space V to a
normed linear space W. Then the following conditions are equivalent:

1) T is continuous at one point;
2) T is continuous;
3) T is bounded.

Proof. (1) = (8). Suppose T is continuous at ag. Then, taking € = 1, there

exists & such that [Ja — ag|| < § = [|[T(a) — T{ao)|] < 1. Setting ¢ = a — ay

and using the additivity of T, we have ||§] < § = ||T(#)]| < 1. Now for any

nonzero 17, & = 81/2|n| has norm /2. Therefore, [T(£)| < 1. But

I(LT(E)H/= 3 T(n)ll/2[all, giving [T(m)] < 2[ln[l/6. Thus T is bounded by
= 2/8.
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(3) = (2). Suppose ||T($)]| < C||¢]| for all & Then for any «q and any €

we can take § = €/C and have

fla — aofl < 8 = [[T(a) — T(ao)| = [T(a — ao)l| < Clia — agfl <Cé=e.
(2) = (1). Trivial. O

In the lemma below we prove that the norm function is a Lipschitz function
from V to R.

Lemma 3.1. Foralla,8 €V, I tel] — 1181 ] < lla — 8]
Proof. Webave [laf = [[(a — B8) + 8l < [la — B + [|8]], so that [|a[| — [[8] <
llee — Bll. Similarly, |8l — |le]l < |8 — «|| = |Ja — B]|. This pair of inequal-

ities is equivalent to the lemma. [

Other Lipschitz mappings will appear when we study mappings with con-
tinuous differentials. Roughly speaking, the Lipschitz property lies between
continuity and continuous differentiability, and it is frequently the condition
that we actually apply under the hypothesis of continuous differentiability.

The smallest bound of a bounded linear transformation 7 is called its norm.
Thats 171 = b (7@ /e - = 0.

For example, let T': €([a, b]) — R be the Riemann integral, T(f) = [ f(z) dx.
We saw earlier that if we use the uniform norm ||fll. on €([a, b]), then T is
bounded by b — a: |T(f)] £ (b — a)||f|lw- On the other hand, there is no smaller
bound, because [P1=b —a= (b — a)|le. Thus [T =b — a. Other
formulations of the above definition are useful. Since
1T @/ llali = [T/l

by homogeneity, and since 8 = a/|la|| has norm 1, we have

[T = b {{T@] : 8] = 1}.
Tinally, if |[¥]] < 1, then ¥ = zB, where ||| = 1 and |z] < 1, and

IFO = l=[ [F@®I < IF@)I-
We therefore have an inefficient but still useful characterization:

[IT]] = Tub {|TM] : [} < 1}.

These last two formulations are uniform norms. Thus, if B; is the closed unit
ball {£:]/¢]] < 1}, we see that a linear 7T is bounded if and only if T [ Bj is
bounded in the old sense, and then

[T = T T Bille.

Alinearmap T: V — W is bounded below by b if ||T(£)|| > b]|¢] forall £in V.
If 7 has a bounded inverse and m = ||7!/|, then T is bounded below by 1/m,
for [T~ (n)|| < ml|n|| for all n € W if and only if |[¢]] < m[[T(#)| forall £ € V.
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If V is finite-dimensional, then it is true, conversely, that if T is bounded below,
then it is invertible (why?), but in general this does not follow.

If V and W are normed linear spaces, then Hom(V, W) is defined to be the
set of all bounded linear maps T: V — W. The results of Section 2.3 all remain
true, but require some additional arguments.

Theorem 3.2. Hom(V, W) is itself a normed linear space if || is defined
as above, as the smallest bound for T.

Progf. This follows from the uniform norm discussion of Section 2 by virtue
of the identity || T|| = ||T | Billw. O

Theorem 3.3. If U, V, and W are normed linear spaces, and if
T e Hom(U, V) and S e Hom(V, W), then SoT e Hom(U, W) and
IS Tl < IISIIITH. It follows that composition on the right by a fixed T
is a bounded linear transformation from Hom(V, W) to Hom(U, W), and
similarly for composition on the left by a fixed S.

Proof
16S o Y@l = IS(T(eNIl < ISHIT @I < ISIHATH fell) = ST [T leel-
Thus S o T is bounded by |IS||- [|T]| and everything else follows at once. U

Asbefore, the conjugate space V*is Hom(V, R), now the space of all bounded
linear functionals.

EXERCISES

3.1 Write out the ¢,d-proofs of the following limit theorems.

1) Let V and W be normed linear spaces, and let F and G be mappings from V to W.
If limg,o F(§) = p and lim; o G(§) = v, then limg o (F 4+ & (&) = p+ v
2) Given F: V> W and ¢: V- R, if F(§) > p and g(§) > b as £ — «, then
(gF) (&) — bu.
3.2 Prove thatif F(§) > pas £ > aand G(y) > Xasy — pu, then Go F(£) — A as
£ — a. Give a careful, complete statement of the theorem you have proved.

3.3 Suppose that A is an open subset of a nls V and that ap € A. Suppose that
F: A — Ris such that lima_ae F(a) = b # 0. Prove that 1/F(a) —» 1/basa — ag
(¢,8-proof).

3.4 The functionf(z) = |z|"is continuousatz = 0 for any positiver. Prove thatfis
not Lipschitz continuous at z = 0 if r < 1. Prove, however, that f s Lipschitz con-
tinuous at £ = a if @ > 0. (Use the mean-value theorem.)

3.5 Use the mean-value theorem of the calculus and the definition of the derivative
to show that if f is a real-valued function on an interval I, and if f exists everywhere,
then f is a Lipschitz mapping if and only if f’ is a bounded function. Show also that
then ||fll» is the smallest Lipschitz constant C.
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3.6 The “working rules” for ||T|| are

D T®] < [IT] 1] for all &

2) IT®] < bligl,all ¢ = [T] < b
Prove these rules.

3.7 Prove that if we use the one-norm |{x[|1 = >_7 |z on R™, then the norm of the
linear functional

n
Lai X — Z a;x;
1

is {lale-
3.8 Prove similarly that if ||x}| = ||x|j», then ||La]l = lia]l1.
3.9 TUse the above exercises to show that if {|x|] on R" is the one-norm, then

Ixli = lub {f(x)]:f € (R")* and |f]] < 1.

3.10 Show that if T in Hom(R", R™) has matrix t = {{;], and if we use the one-
norm ||x}j1 on R™ and the uniform norm [Jy|l, on R™, then ||T| = {|t]l«-

3.11 Show that the meaning of ‘Hom(V, W)’ has changed by giving an example of a
linear mapping that fails to be bounded. There is one in the text.

3.12 Fora fixed §{in V define the mapping eve: Hom(V, W) — W by ev(T) = T(§).
Prove that ev; is a bounded linear mapping.

3.13 In the above exercise it is in fact true that {jeve]| = ||£]|, but to prove this we
need a new theorem.

Theorem. Given £ in the normed linear space V, there exists a functional f in V*

such that [|f] = 1 and [f(8)] = ||£].

Assuming this theorem, prove that ||eve]] = |[£||. [Hint: Presumably you have already
shown that flevel] < [[£]]. You now need a T in Hom(V, W) such that |T}| = 1 and
N1TH = £ll. Consider a suitable dyad.]

3.14 Let t = {t;;} be a square matrix, and define [|t]| as max; (3; |t]). Prove that
this is a norm on the space R™X™ of all n X n matrices. Prove that [jst] < |is|| - [t
Compute the norm of the identity matrix.

3.15 Let V be the normed linear space R" under the uniform norm ||x||., = max {|z.].
If T € Hom V, prove that ||T}| is the norm of its matrix [|t]| as defined in the above
exercise. That is, show that

171 = max| 3 1l |

(Show first that ||t}] is an upper bound of T, and then show that ||T(x)|| = ||t|| |Ix]| for
a specially chosen x.) Does part of the previous exercise now become superfluous?

3.16 Assume the following fact: If f € ([0, 1]) and ||f||1 = @, then given ¢, thereis a
function g € C([0, 1]) such that

1
llglle = 1 and /'0 fg>a—e
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Let K(s,t) be continuous on [0, 1] X [0, 1] and bounded by b. Define T: €([0, 1]) —
®([0, 1]) by Th = k, where

k(s) = /0 YK, 0 b dt.

If V and TV are the normal linear spaces C and ® under the uniform norms, prove that

17 = tub / K (s, )] dt.

[I{int: Proceed as in the above exercise.]

3.17 Let V and W be normed linear spaces, and let A be any subset of V containing
more than one point. Let £(.1, ") be the set of all Lipschitz mappings from .1 to 11",
IFor fin £(.1, W), let p(f) be the smallest Lipschitz constant for f. That is,

o I5® — sl
PU) = Wb

Prove that £(A, 1) is a vector space V and that p is a seminorm on V.

3.18 Continuing the above exercise, show that if « is any fixed point of .1, then
p(f) + ||f(@)] is a norm on V.

3.19 Let K be a mapping from a subset . of a normed linear space V to V which
differs from the identity by a Lipschitz mapping with constant ¢ less than 1. We may
as well take ¢ = %, and then our hypothesis is that

K& — K@ — (& —mnl < 2l1E—ll.

Prove that K is injective and that its inverse is a Lipschitz mapping with constant 2.

3.20 Continuing the above exercise, suppose in addition that the domain A of K is
an open subset of ¥V and that K[C] is a closed set whenever C is a closed ball lying in A.
Prove that if C = C.(«), the closed ball of radius r about «, is a subset of A, then
K[C] includes the ball B = B,7(Y), where ¥ = K(a). This proof is elementary but
tricky. If there is a point v of B not in K[C], then since K[C] is closed, there is a largest
hall B’ about v disjoint from K[C] and a point n = K(§) in K[C] as close to B’ as we
wish. Now if we change £ by adding v — #, the change in the value of K will approxi-
mate v — 7 closely enough to force the new value of K to be in B’. If we can also show
that the new value £+ (v — 7) is in C, then this new value of K is in K[C], and we
have our contradiction.

Draw a picture. Obviously, the radius p of B’ is at most /7. Show that if
n = K(£) is chosen so that ||[v — || < 3/2p, then the above assertions follow from the
triangle inequality, and the Lipschitz inequality displayed in Exercise 3.19. You have
to prove that

IK(E+@w—m) —vl <op

nnd

I+ @—n) —al| <

3.21 Assume the result of the above exercise and show that

By8(7) C K[Br(a)].
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Show, therefore, that K[.1]is an open subset of V. State a theorem about the Lipschitz
invertibility of A, including all the hypotheses on K that were used in the above
exercises.

3.22 We shall sce in the next chapter that if ¥ and 11" are finite-dimensional spaces,
then any continuous map from V to I takes bounded closed sets into bounded closed
sets. Assuming this and the results of the above exercises, prove the following theorem.

Theorem. Let I be a mapping from an open subset .1 of a finite-dimensional
normed linear space V to a finite-dimensional normed linear space W. Suppose
that there is a T in Hom(V, W) such that 7! exists and such that # — 7T is
Lipschitz on (A, with constant 1/2m, where m = ||T~!|l. Then F is injective, its
range B = F[.1] is an open subset of W', and its inverse F'~! is Lipschitz contin-
uous, with constant 2m.

4. EQUIVALENT NORMS

Two normed linear spaces V and W are norm tsomorphic if there is a bijection T
from V to W such that 7 € Hom(V, W) and T~! € Hom(W, V). That is, an
isomorphism is a linear isomorphism 7 such that both 7" and 7! are continuous
(bounded). As usual, we regard isomorphic spaces as being essentially the same.
For two different norms on the same space we are led to the following definition.

Definition. Two norms p and ¢ on the same vector space V are equivalent
if there exist constants a and b such that p < ag and ¢ < bp.

Then (1/b)g < p < ag and (1/a)p < ¢ < bp, so that two norms are
cquivalent if and only if either can be bracketed by two multiples of the other.
The above definition simply says that the identity map £+ ¢ from V to V,
considered as a map from the normed linear space <V, p> to the normed
linear space <V, ¢>, is bounded in both directions, and hence that these two
normed linear spaces are isomorphic.

If V is infinite-dimensional, two norms will in general not be equivalent.
For example, if V = €([0,1]) and f,(t) = ¢*, then |[f.]]: = 1/(n+ 1) and
|fzlle = 1. Therefore, there is no constant a such that ||f|l. < a|lf]|; for all
f€e[o,1], and the norms || |l. and || ||; are not equivalent on V = €[a, b].
This is why the very notion of a normed linear space depends on the assumption
of a given norm.

However, we have the following theorem, which we shall prove in the next
chapter by more sophisticated methods than we are using at present.

Theorem 4.1. On a finite-dimensional vector space V all norms are equiva-
lent.

We shall need this theorem and also the following consequence of it oceasion-
ally in the present chapter.

Theorem 4.2. If V and W are finite-dimensional normed linear spaces, then
every linear mapping 7 from V to W is necessarily bounded.
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Proof. Because of the above theorem, it is sufficient to prove T bounded with

respect to some pair of norms. Let 6: R® — V and ¢: R™ — W be any basis
isomorphisms, and let {t;;} be the matrix of T = ¢~ ' o T'o 4 in Hom(R", R™).

Then n
2 bijzg] < (H;?jxltij]) (21: I%’l) = blixlly,

ITx]l = max

where b = max |t;;/. Now ¢(n) = [l¢ " (n)]l. and p(£) = |67 (£)[; are norms
on W and V respectively, by Lemma 2.1, and since

¢(T(®) = ITO7' 9l < bll6 &1 = bp(d),
we see that T is bounded by b with respect to the norms p and g on Vand W. U

If we change to an equivalent norm, we are merely passing through an
isomorphism, and all continuous linear properties remain unchanged. For
cxample:

Theorem 4.3. The vector space Hom(V, W) remains the same if either the
domain norm or the range norm is replaced by an equivalent norm, and the
two induced norms on Hom(V, W) are equivalent.

Proof. The proof is left to the reader.

We now ask what kind of a norm we might want on the Cartesian product
V X W of two normed linear spaces. It is natural to try to choose the product
norm so that the fundamental mappings relating the product space to the two
factor spaces, the two projections m; and the two injections 6, should be con-
tinuous. It turns out that these requirements determine the product norm
uniquely to within equivalence. For if || <ea, £>| has these properties, then

[<a, > = <, 0> + <0, £>] < [[<a, 0> + [| <0, &> |
< Fallel + kol < kel + D,

where k; is a bound of the injection 6; and k is the larger of k; and k,. Also,
llell < cill<a, £ and {|£]| < c2]|<ea, £> ||, by the boundedness of the projec-
tions m;, and so [laf| + [[£]]| < ¢l <a, £> |, where ¢ = ¢y + ¢2. Now [|af| +
li£]] is clearly a norm || ||; on V X W, and our argument above shows that
<, £>|| will satisfy our requirements if and only if it is equivalent to || |;.
Any such norm will be called a product norm for V. W. The product norms
most frequently used are the uniform (product) norm

<, &> o = max {[la, £},

the Euclidean (product) norm [[<a, £> 2 = (||la]|® + [[£]]?)'/3, and the above
sum (produect) norm || <a, £>||;. We shall leave the verification that the uni-
form and Euclidean norms actually are norms as exercises.

Each of these three product norms can be defined as well for n factor spaces
as for two, and we gather the facts for this general case into a theorem.
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Theorem 4.4, If {<V; p;>}7 is a finite set of normed linear spaces, then
s I ll2, and || flo, defined on V= ITiz, Vi by |lelli = X% pi(as),
”a”2 = (Zrlb pi(ai)2)1/2: and ||a”°° = max {I%(%) 1= ..., 7l}, are
equivalent norms on V, and cach is a product norm in the sense that the
projections m; and the injections 6; are all continuous.

*Tt looks above as though all we are doing is taking any norm || || on R™ and
then defining a norm ||| f| on the product space V by

lledl = lI<pitan), ..., palan) >l

This is almost correet. The mterested reader will discover, however, that
I I on R™ must have the property that if jo;] < |yl for ¢ =1,...,n, then
IIxll < |lyll for the triangle inequality to follow for || l| in V. If we call such a
norm on R™ an increasing norm, then the following is true.

If || || is any increasing norm on R”, then [l = || <pi(a1), ..., palan) >]|
is a product norm on V = I} V..

However, we shall use only the 1-, 2-) oc-product norms in this book.x

The triangle inequality, the continuity of addition, and our requirements on
a product norm form a sct of nearly equivalent conditions. In particular, we
make the following observation.

Lemma 4.1, If V is a normed lincar space, then the operation of addition
is a bounded linear map from V X V to V.

Proof. The triangle inequality for the norm on V says exactly that addition is
bounded by 1 when the sum norm is used on ¥V X V. [

A normed linear space V is a (norm) direct sum D] V; if the mapping
LTy, .., XTy> — 2.7 2515 a norm isomorphism from 7 V; to V. That is, the
given norm on ¥V must be equivalent to the product norm it acquires when it is
viewed as [[} Vi If V is algebraically the direct sum @7 V;, we always have

]l = Hz < 3l

by the triangle inequality for the norm on V, and the sum on the right is the one-
norm for [} V;. Therefore, V will be the norm direct sum €D} V; if, conversely,
there is an n-tuple of constants {k;} such that ||z,|| < k;||z|| for all z. This is
the same as saying that the projections P;: x v z; are all bounded. Thus,

Theorem 4.5. If V is a normed linear space and V is algebraically the direct
sum V = @1V, then V = P} V; as normed linear spaces if and only if
the associated projections {P;} are all bounded.
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EXERCISES

4.1 The fact that Hom(V, W) is unchanged when norms are replaced by equivalent
norms can be viewed as a corollary of Theorem 3.3. Show that this is so.

4.2 Write down a string of quite obvious inequalities showing that the norms
Il 1, | Y2, and || |lw on R™ are equivalent. Discuss what happens as n — o,

4.3 Let V be an n-dimensional vector space, and consider the collection of all norms
on V of the form p o 8, where 8: V — R” is a coordinate isomorphism and p is one of
the norms || |1, || 2, I llo on R® Show that all of these norms are equivalent. (Use
the above exercise and the reasoning in Theorem 4.2.)

4.4 Prove that ||<ea, £>|

max {|l&], |£l|} is a norm on V X TV,
4.5 Prove that || <a, £>|| = || + [|£]] is a norm on V X W.
4.6 Prove that ||<ea, £>]| = (|e||2+ I£[|?) Y2 is a norm on V X V.

4.7 Assuming Exercises 4.4 through 4.6, prove by induction the corresponding part
of Theorem 4.4.

4.8 Prove that if 4 is an open subset of ¥V X T, then 71{A4] is an open subset of V.
4.9 Prove (¢, 8) that <T,S> — Seo T is a continuous map from

Hom(Vy, V2) X Hom(Vg, V3) to Hom(Vi, Vi),

I

where the V; are all normed linear spaces.

410 Let || || be any increasing norm on R™; that is, ||x|| < |y| if z; < y; for all 4.
Lot p; be a norm on the vector space V;fori = 1,..., n. Show that
“Iam = [|[<pifa1), ..., palan) >

isanormon V = []} V..

+.11 Suppose that p: V — R is a nonnegative function such that p(za) = |z|p(a)
for all x, «. This is surely a minimum requirement for any function purporting to be a
measure of length of a vector.

a) Define continuity with respect to p and show that Theorem 3.1 is valid.
b) Our next requirement is that addition be continuous as a map from VX V to V,
and we decide that continuity at 0 means that for every e there is a 6 such that

pla) < dand p(B) < 6§ = pla+8) < e
Argue again as in Theorem 3.1 to show that there is a constant ¢ such that
pla+B) < c(pl) +p@) foral o BeV.

1.12 Let V and W be normed linear spaces, and let f: VX W — R be bounded and
bilinear. Let T be the corresponding linear map from V to 1W*. Prove that T is bounded
und that ||7']| is the smallest bound to f, that is, the smallest b such that

[fle, B)] < blle| 18]} forall «,8.

t.13 Let the normed linear space V be a norm direct sum M @ N. Prove that the
wubspaces M and N are closed sets in V. (The converse theorem is false.)
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4.14 Let N be a closed subspace of the normed linear space V. If A is a coset N + q,
define || A [ as glb {{|&]l: £E€ A}. Prove that ||| 4] is a norm on the quotient space V/N.
Prove also that if £ is the coset containing £, then the mapping £+ £ (the natural
projection = of V onto V/N) is bounded by 1.

4,15 Let V and 1" be normed linear spaces, and let 7 in Hom(V, ") have a null space
which includes the closed subspace N. Prove that the unique linear S from V/N to I’
defined by T = Sox (Theorem 4.3 of Chapter 1) is bounded and that ||S}| = ||7T]|.
4,16 Let N be a closed subspace of a normed linear space, and suppose that N has a
finite-dimensional complement in the purely algebraic sense. Prove that then V is the
norm direct sum 37 @ N. (Use the above exercise and Theorem 4.2 to prove that if P
is the projection of V onto N along 3, then P is bounded.)

4,17 Let N1 and N2 be closed subspaces of the normed linear space V, and suppose
that they have the same finite codimension. Prove that N; and N2 are norm isomor-
phic. (Assume the results of the above exercise and Exercise 2.11 of Chapter 2.)

4.18 Prove that if p is a seminorm on a vector space V, then its null set is a subspace
N, p is constant on the cosets of N, and p factors: p = ¢ o m, where ¢ is a norm on V/N
and 7 is the natural projection £+ £ of V onto V/N. Note that £+ £ is thus an
isometric surjection from the seminormed space V to the normed space V/N. An
isometry is a distance-preserving map.

5. INFINITESIMALS

The notion of an infindestmal was abused in the early literature of the calculus,
its treatment generally amounting to logical nonsense, and the term fell into
such disrepute that many modern books avoid it completely. Nevertheless, it
is a very useful idea, and we shall base our development of the differential upon
the properties of two special classes of infinitesimals which we shall call “big oh”
and “little oh” (and designate ‘©’ and ‘¢’, respectively).

Originally an infinitesimal was considered to be a number that “is infinitely
small but not zero”. Of course, there is no such number. Later, an infinitesimal
was considered to be a variable that approaches zero as its limit. However, we
know that it is functions that have limits, and a variable can be considered to
have a limit only if it is somehow considered to be a function. We end up looking
at functions ¢ such that ¢(f) — 0as ¢ — 0. The definition of derivative involves
several such infinitesimals. If f’(z) exists and has the value a, then the funda-
mental difference quotient (f(x -+ ¢) — f(x))/t is the quotient of two infinites-
imals, and, furthermore, ((f(z + ¢) — f(x))/t) — a also approaches 0 as ¢t — 0.
This last function is not defined at 0, but we can get around this if we wish by
multiplying through by ¢, obtaining

(f@+ 6 — fx)) — at = o(0),

where f(z + ¢) — f(z) is the “change in f” infinitesimal, af is a linear infinitesimal,
and ¢(f) is an infinitesimal that approaches O faster than t (i.e., ¢(t)/t — Oast — 0).
If we divide the last equation by ¢ again, we see that this property of the infin-
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itesimal ¢, that it converges to O faster than ¢t as t — 0, is exactly equivalent to
the fact that the difference quotient of f converges to a. This makes it clear that
the study of derivatives is included in the study of the rate at which infinites-
imals get small, and the usefulness of this paraphrase will shortly become clear.

Definition. A subset A of a normed linear space V is a neighborhood of a
point « if A includes some open ball about a. A deleted neighborhood of a is a
neighborhood of & minus the point « itself.

We define special sets of functions 4, 0, and e as follows. It will be assumed
in these definitions that each function is from a neighborhood of 0 in a normed
linear space V to a normed linear space W.

fegif f(0) = 0 and f is continuous at 0. These functions are the 7nfi-
nitesimals.

feoif f{0) = 0 and f is Lipschitz continuous at 0. That is, there exist
positive constants r and ¢ such that ||f(£)]| < ¢||#] on B.(0).

fe€oif f(0) = 0 and [[f(Bl/][&] — 0 as £ — 0.

When the spaces V and W are not understood, we specify them by writing
oV, W), ete.

A simple set of funetions from R to R makes the qualitative difference
between these classes apparent. The function f(z) = |z|Y?is in 9(R, R) but not
in 0, g(x) = z is in © and therefore in 9 but not in o, and k(z) = z2 is in all
three classes (Fig. 3.7).

\ Fig. 3.7

It is clear that 9, 0, and o are unchanged when the norms on V and W are
replaced by equivalent norms.

Our previous notion of the sum of two functions does not apply to a pair
of functions f, g € 9(V, W) because their domains may be different. However,
I | g is defined on the intersection dom f N dom g, which is still a neighborhood
of 0. Moreover, addition remains commutative and associative when extended
in this way. It is clear that then g(V, W) is almost a vector space. The only
trouble oceurs in connection with the equation f -+ (—f) = 0; the domain of
the function on the left is dom f, whereas we naturally take 0 to be the zero
function on the whole of V.
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*The way out of this difficulty is to identify two functions f and ¢ in g if
they are the same on some ball about 0. We define f and ¢ to be equivalent
(f ~ ¢) if and only if there exists a neighborhood of 0 on which f = ¢g. We then
check (in our minds) that this ¢s an equivalence relation and that we now do
have a vector space. Its elements are called germs of funciions at 0. Strictly
speaking, a germ is thus an equivalence class of functions, but in practice one
tends to think of germs in terms of their representing functions, only keeping in
mind that two functions are the same as germs when they agree on a neighbor-
hood of 0.«

As one might guess from our introductory discussion, the algebraic prop-
erties of the three classes 9, 9, and ¢ are crucial for the differential calculus.
We gather them together in the following theorem.

Theorem 5.1

1) oV, W)cColV,W)Cd(V, W), and each of the three classes is closed
under addition and multiplication by scalars.

2y If feoV,W), and if g o(W,X), then gofeo(V, X), where
dom g o f = f~!{dom g].

3) If either f or g above is in o, then so is ¢  f.

4) If feoV, W) and g € 9(V, R), then fg € o(V, W), and similarly if
fe€dgandgeo.

5) In (4) if either f or g is in o and the other is merely bounded on a neigh-
borhood of 0, then fg € o(V, W).

6) Hom(V, W) C o(V, W).
7 Hom(V, W) no(V, W) = {0}.
Proof. Let £V, W) be the set of infinitesimals f such that [[f(£)]] < €|£[| on

some ball about 0. Then f € 0 if and only if fis in some £, and f € o if and only
if fis in every £.. Obviously, e CO C 4.

D I JfBI < all €]l on B,(0) and [jg(&)]} < bl|£]| on By(0), then

1708 + 9Bl < (a+ )£l

on B,(0), where r = min {¢, u}. Thus © is closed under addition. The
closure of o under addition follows similarly, or simply from the limit of a
sum being the sum of the limits.

2) If I/(®)] < all&] when [[&]] < ¢ and [lg(n)]] < bllnl} when [l]] < u, then

lg(FENIF < bllfAON < adll£]

when || £]] < tand [[f(¢)] < w, and so when |[£]] < 7 = min {t, u/a}.
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3) Now suppose that f €¢in (2). Then, given ¢, we can take a = €/b and have

lg (AN < el €l

when ||| < 7. Thus gofeeo. The argument when g €0 and fe 0 is
essentially the same.
4) Given |[f(®)] < c||£|| on B.(0) and given €, we choose 8 such that [g(£)] <
€/c on B;(0) and have
1/(Bg(BI < ell¢]

when [[£[| < min (3, 7). The other result follows similarly, as also does (5).
6) A bounded linear transformation is in © by definition.
7) Suppose that fe Hom(V, W) no(V, W). Take any o = 0. Given ¢,

choose r so that ||f(#)]| < €]/¢]| on B,(0). Then write a as a = x£, where
l€] < r. (Find £ and z.) Then

1f @) = [If@DI = lal - SOl < lal - €- [1&]] = eflall.

Thus |[[f(a)| < €|e] for every positive €, and so f(e) = 0. Thus f = 0,
proving (7). O

Remark. The additivity of f was not used in this argument, only its homogeneity.
It follows therefore that there is no homogeneous function (of degree 1) in o
except 0.

Sometimes when more than one variable is present it is necessary to indicate
with respect to which variable a function isin @ or . We then write “f(§) = 0(¢)”
for “f € 0”7, where “0(£)” is used to designate an arbitrary element of 0.

The following rather curious lemma will be useful later in our proof of the
differentiability of an implicitly defined function. It is understood that y = f(§),
where f is the function we are studying.

Lemma 5.1. If n = 0(¢) + o(< ¢ 9> ) and also n = 9(¢§), then n = 9(§).

Proof. The hypotheses imply that there are numbers b, r; and p such that
Il < bll&l + 3(I]l + [lall) if &) < 71 and & + |ll] < p, and then that
[lnll < p/2 if || £]] is smaller than some ry. If |[£]] < 7 = min {ry, 72, p/2}, then
all the conditions are met and [[n| < || &l -+ 4([|€]| + ||»]]). But this is the
inequality [ln]] < (2b -+ 1)|&l], and so 3 = 0(¢). U

We shall also need the following straightforward result.

Lemma 5.2. If f€ o(V,X) and g € 0(V, Y), then <f, ¢g> € 0(V, X X T).
That is, <0(£), 0(§) > = 0(%).

P’roof. The proof is left to the reader.
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EXERCISES

5.1 Prove in detail that the class 9(V, W) is unchanged if the norms on V and 1V
are replaced by equivalent norms.

5.2 Do the same for 9 and o.

5.3 Prove (5) of the Qo-theorem (Theorem 5.1).

5.4 Prove also that if in (4) either for g is in © and the other is merely bounded on-a
neighborhood of 0, then fg € O(V, W).

5.5 Prove Lemma 5.2. (Remember that ¥ = <I'y, Fo> is loose language for
= 010F1+4 630 Fs.) State the generalization to n functions. State the o-form of
the theorem.

5.6 Given F; € 0(Vy, W) and Fa2 € 0(Va, W), define F from (a subset of) V =
ViX Va2 to W by F(ai,a2) = Fi(a1) + Falag). Prove that 1€ 0(V, W). (First
state the defining equation as an identity involving the projections 71 and 72 and not
involving explicit mention of the domain vectors a1 and asz.)

5.7 Given Iy € O(Vy1, W) and Fa € 0(Ve, R), define precisely what you mean by
F1F2 and show that it is in o(V1 X Va, W).

5.8 Define the class 9™ asfollows: f & 07if f € g and || ()| /|| £ " is bounded in some
deleted ball about 0. (A deleted neighborhood of « is a neighborhood minus «.) State
and prove a theorem about f 4+ g when f € 0" and ¢ € O™

5.9 State and prove a theorem about f o ¢ when f€ 0" and g € O™,
5.10 State and prove a theorem about fg when f € 0™ and g € O™

5.11 Define a similar class 0. State and prove a theorem about fo ¢ when f € 9"
and g € o™

6. THE DIFFERENTIAL

Before considering the notion of the differential, we shall review some geometric
material from the elementary calculus. We do this for motivation only; our sub-
sequent theory is independent of the preliminary discussion.

In the elementary one-variable caleulus the derivative f/(a) of a function f
at the point a has geometric meaning as the slope of the tangent line to the graph
of f at the point a. (Of course, according to our notion of a function, the graph
of f s f.) The tangent line thus has the (point-slope) equation y — f(a) =
f'(@)(x — a), and is the graph of the affine map z — f'(a)(x — a) + f(a).

We ordinarily examine the nature of the curve f near the point <a, f(a) >
by using new variables which are zero at this point. That is, we express every-
thing in terms of s = y — f(a) and { = x — a. This change of variables is
simply the translation <x,y> — <i, s> = <z —a,y — f(a)> in the
Cartesian plane R? which brings the point of interest <a, f(a) > to the origin.
If we picture the situation in a Euclidean plane, of which the next page is a satis-
factory local model, then this translation in R? is represented by a choice of new
axes, the {- and s-axes, with origin at the point of tangency. Since y = f(x)
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if and only if s = f(a + t) — f(a), we see that the image of f under this trans-
lation is the function Af, defined by Af.(t) = f(a + &) — f(a). (See Fig. 3.8.)
Of course, Af, is simply our old friend the change in f brought about by changing
z from a to a + &.

dfalt) —Afa(t) =0(t)
et 1T -
AL { BCICREC
ey | T_
!
| l
! |
| |
; | |
: By Fig. 3.8
a a4+t

Similarly, the equation y — f(a) = f’(a)(x — a) becomes s = f'(a)t{, and
the tangent line accordingly translates to the line that is (the graph of) the
linear functional I: ¢+ f’(a)t having the number f'(a) as its skeleton (matrix).
Remember that from the point of view of the geometric configuration (curve and
tangent line) in the Euclidean plane, all that we are doing is choosing the natural
axis system, with origin at the point of tangeney. Then the curve is (the graph
of) the function Af;, and the tangent line is (the graph of) the linear map I

Now it follows from the definition of f/(a) that [ can also be characterized as
{he linear function that approximates Af, most closely. For, by definition,

A——f‘;(t) — f'{a) as t— 0,

and this is exactly the same as saying that

A_fa_(_t)__l@_)o

; or Afe — L E e

But we know from the Qo-theorem that the expression of the function Af, as the
sum [ 4 o is unique. This unique linear approximation [ is called the differential
of fat a and 1s designated df,. Again, the differential of fat a is the linear function
I: R+ R that approximates the actual change in f, Af,, in the sense that
Af, — I € o; wesaw above that if the derivative f/(a) exists, then the differential
of f at a exists and has f'(a) as its skeleton (1 X 1 matrix).

Similarly, if f is a function of two variables, then (the graph of) f is a surface
in Cartesian 3-space R® = R? X R, and the tangent plane to this surface at
<a, b, f(a, b) > has the equation z — f(a, b) = fi(a, b}(x — a) + fo(a, b)(x —b),
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where f; = 3f/dx and f = 8f/dy. If, as above, we set
Af<a,b>(sr t) = f(a -+ s, b+ t) - f(ay b)

and I(s, t) = sfi{a, b) + tfs(a, b), then Af<, s> is the change in f around a, b
and ! is the linear functional on R? with matrix (skeleton) <fi(a, b), f2(a, b)>.
Moreover, it is a theorem of the standard calculus that if the partial derivatives
of f are continuous, then again ! approximates Af<, s, With error in o. Here
also [ is called the differential of fat <a, b> and is designated df <, »> (Fig. 3.9).
The notation in the figure has been changed to show the value at t = <iy, {7
of the differential df, of fat a = <ay, as>.

T\ dfalt) — A Ja(t) = 0(t)

Fig. 3.9

The following definition should now be clear. As above, the local function
AF, is defined by AF,(¢) = F(a + §) — F(o).

Definition. Let V and W be normed linear spaces, and let A be a neighbor-
hood of @ in V. A mapping F: A — W is differentiable at « if thereisa T
in Hom(V, W) such that AF.(£) = T(§) + o(%).

The Oo-theorem implies then that 7' is uniquely determined, for if also AF, =
S-+o,then 7 — Se€o,andso T — 8 = 0 by (7) of the theorem. This uniquely
determined T is called the differential of F at a and is designated dF,. Thus

AF, = dF, + o,

where dF, is the unique (bounded) linear approximation to AF,.
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* OQur preliminary discussion should make it clear that this definition of the
differential agrees with standard usage when the domain space is R”. However,
in certain cases when the domain space is an infinite-dimensional function space,
dF, is called the first variation of F at o. This is due to the fact that although the
early writers on the calculus of variations saw its analogy with the differential
calculus, they did not realize that it was the same subject.x

We gather together in the next two theorems the familiar rules for differ-
entiation. They follow immediately from the definition and the Ge-theorem.

It will be convenient to use the notation D,(V, W) for the set of all mappings
from neighborhoods of a in V to W that are differentiable at a.

Theorem 6.1

1) If F e ©,(V, W), then AF, € o(V, W).

2) IF,G € DV, W), then F+ G € DV, W) and d(F + (), =
dF, -+ dG,.

3) IfF € D,(V,R)and G € DV, W), then FG € D, (V, W) and d(F ), =
F(a) dG, + dF ,G(e), the second term being a dyad.

4) If F is a constant function on V, then F is differentiable and dF, = 0.
5) If F € Hom(V, W), then F is differentiable at every « € Vand dF, = F.

Proof

1) AF, = dF,-+ o= 0+ 0= 0by (1) and (6) of the Go-theorem.

2) It is clear that A(F + @), = AF, + AG,. Therefore, A(F + (), =
(dFy + o) + (dGy + ©) = (dF s + dG,) + o by (1) of the Oe-theorem. Since
dF, + dG, € Hom(V, W), we have (2).

8) AFG)a(8) = Fla+ §G(a+ §) — F(e)G(a)

= AF,(£)G(a) + F(a) AGa(£) + AFa(8) AGa(%),
as the reader will see upon expanding and canceling. This is just the usual
device of adding and subtracting middle terms in order to arrive at the form
involving the A’s. Thus

A(F D)o = (dF s+ 0)G(a) + F(a)(dGa + 0) + 00 = dFG(a) + F(a) dGa + 0

by the 0o-theorem.
4) If AF, = 0, then dF, = 0 by (7) of the o-theorem.
5) AF,(§) = F(a+ §) — F(a) = F(§). Thus AF, = F € Hom(V, W).

The composite-function rule is somewhat more complicated.

Theorem 6.2. If F €D, (V, W) and G € Dp,(W, X), then Go F € D (V, X)
and
d(G o F)y = dQF © dF,.
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Proof. We have

A(G o F)o(§) = G(F(a+ £) — G(F(a))
= G(F(a) + AF.(¥)) — G(F(x))
= AGr@(AFq(%))
= dGp)(AF«(£)) + o(AFL(8))
= dGp@ (dFa()) + dGrey(o(8) + 000
= (dGF(a) ° dFa)(f) +0oco+o000.

Thus A(G o F)g = dGp@) © dFs + o, and since dGre © dF, € Hom(V, W),
this proves the theorem. The reader should be able to justify each step taken in
this chain of equalities. [

EXERCISES

6.1 The coordinate mapping <z,y > — z from R? to R is differentiable. Why?
What is its differential?

6.2 Prove that differentiation commutes with the application of bounded linear
maps. That is, show that if F: V — W is differentiable at « and if T € Hom(W, X),
then T o F is differentiable at a and d(T o F), = T o dF,.

6.3 Prove that F € D, (V,R) and F(a) # 0= G = 1/F € DV, R) and

—dF

AGy = 7 2.
(F(e)?

6.4 Let F:V — R be differentiable at «, and let f: R — R be a function whose
derivative exists at ¢ = F(a). Prove that fo F is differentiable at a and that

d(fo F)a = f'(a) dF ..

[Remember that the differential of f at a is simply multiplication by its derivative:
df,(k) = hf’(a).] Show that the preceding problem is a special case.

6.5 Let V and W be normed linear spaces, and let #: V — W and G: W — V be
continuous maps such that Ge F = Iy and Fo G = Iy. Suppose that F is differ-
entiable at o and that @ is differentiable at 8 = F(«). Prove that

dGy = (dF) 1.

6.6 Letf: V — R be differentiable at «. Show that g = f* is differentiable at o and
that

dga = nfn—l(a) dfou

(Prove this both by an induction on the produet rule and by the composite-function
rule, assuming in the second case that D,z” = na?~1)
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6.7 Prove from the product rule by induction that if the n functions f;: V — R,

¢ =1,...,n, are all differentiable at o, then so is f = [[7f;, and that
D> [Hf;-(a)} (e
i=11 %

6.8 A monomial of degree n on the normed linear space V is a product J]T I of
linear functionals (I; € V*). A homogeneous polynomial of degree n is a finite sum of
monomials of degree n. A polynomial of degree n is a sum of homogeneous polynomials
Pt =0,...,n, where Po is a constant. Show from the above exercise and other
known facts that a polynomial is differentiable everywhere.

6.9 Show that if F1: V — Wi and Fa: V — W2 are both differentiable at «, then
s0is F = <F1,Fe> from V to W = 11"y X Wy (use the injections 6; and 62).

6.10 Show without using explicit computations, but using the results of earlier
exercises instead, that the mapping F = R2 — RZ defined by

<z, Y>> <@ — )2, (z+p)d>

is everywhere differentiable. Now compute its differential at <a, b>.
6.11 Let F:V — X and G: W — X be differentiable at a and 8 respectively, and
define K: VX W — X by

K& ) = F(& + Gn).

Show that K is differentiable at <a, 8>

a) by a direct A-calculation;
b) by using the projections 71 and 72 to express K in terms of F and G without
explicit reference to the variable, and then applying the differentiation rules.

6.12 Now suppose given F: ¥V — R and G: W — X, and define K by

K(& ) = F(HG).

Show that if F and @ are differentiable at « and J respectively, then K is differentiable
at <a, $> in the manner of (b) in the above exercise.

6.13 Let V and W be normed linear spaces. Prove that the map <ea, 8> — |l [|8]]
from VX Wto Risine(V X W, R). Use the maximum norm on the product space.

Let f: V X W — R be bounded and bilinear. Here boundedness means that there
is some b such that |f(a, )] < blla| I8]] for all @, 8. Prove that f is differentiable
everywhere and find its differential.

6.14 Let fand g be differentiable functions from R to R. We know from the composite-
function rule of the ordinary caleculus that

(fe 9@ = f'(9@)d'(@.
Our composite-function rule says that
a(fo 9o = dfya) © dga,

where df; is the linear mapping ¢ — f’(z)t. Show that these two statements are equiv-
alent.
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6.15 Prove that f(z,y) = |[<=z,y>|l1 = [z| + |y| is differentiable except on the
coordinate axes (that is, df<.»»> exists if @ and b are both nonzero).

6.16 Comparing the shapes of the unit balls for || ||; and || ||« on R2, guess from the
above the theorem about the differentiability of | ||l.. Prove it.

6.17 Let V and W be fixed normed linear spaces, let X4 be the set of all maps from
V to W that are differentiable at 0, let X¢ be the set of all maps from V to W that
belong to o(V, W), and let X; be Hom(V, W). Prove that X; and X are vector spaces
and that Xqg = X0 © X,

6.18 Let F be a Lipschitz function with constant C which is differentiable at a point «.
Prove that ||dF.| < C.

7. DIRECTIONAL DERIVATIVES; THE MEAN-VALUE THEOREM

Directional derivatives form the connecting link between differentials and the
derivatives of the elementary calculus, and, although they add one more concept
that has to be fitted into the scheme of things, the reader should find them
intuitively satisfying and technically useful.

A continuous function f from an interval I C R to a normed linear space W
can have a derivative f/(z) at a point x € I in exactly the sense of the elementary
calculus:

£ = lim L&+ 8 = f@)
t—0 t

The range of such a function f is a curve or arc in W, and it is conventional to
call f itself a parametrized arc when we want to keep this geometric notion in
mind. We shall also call f/(z), if it exists, the fangent vector to the arc f at x.
This terminology fits our geometric intuition, as Fig. 3.10 suggests. For sim-
plicity we have set x = 0 and f(x) = 0. If f'(z) exists, we say that the param-
etrized arc f is smooth at . We also say that f is smooth at @ = f(z), but this
terminology is ambiguous if f is not injective (i.e., if the arc crosses itself). An
arc is smooth if it is smooth at every value of the parameter.

We naturally wonder about the relationship between the existence of the
tangent vector f'(x) and the differentiability of f at z. If df, exists, then, being a
linear map on R, it is simply multiplication “by” the fixed vector a that is its
skeleton, df.(h) = hdfy(1) = he, and we expect a to be the tangent vector,

A\
\f(t)

@) _ £(0+1) —f(0)
o~ t

=9 ;

Fig. 3.10
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f'(z). We showed this and also the converse result for the ordinary calculus in
our preliminary discussion in Section 6. Actually, our argument was valid for
vector-valued functions, but we shall repeat it anyway.

When we think of a vector-valued function of a real variable as being an
arc, we often use Greek letters like ‘A’ and ‘¥’ for the function, as we do below.
This of course does not in any way change what is being proved, but is slightly
suggestive of a geometric interpretation.

Theorem 7.1. A parametrized arc 7: [a, b] — V is differentiable at z € (a, b)
if and only if the tangent vector (derivative) « = 7’(x) exists, in which case
the tangent vector is the skeleton of the differential, dv.(h) = hY'(z) = ha.

Proof. If the parametrized arc 7: [a, b] — V is differentiable at ¢ € (a, b), then
dv.(h) = hd¥,(1) = ha, where a = dv,(1). Since AY, — dv, € o, this gives
|AY.(R) — hell/|R] — 0, and so AY.(h)/h — a as h — 0. Thus « is the derivative
v’(z) in the ordinary sense. By reversing the above steps we see that the exis-
tence of ¥'(z) implies the differentiability of ¥ at z. [

Now let F be a function from an open set 4 in a normed linear space V to a
normed linear space W. One way to study the behavior of F in the neighborhood
of a point @ in A is to consider how it behaves on each straight line through «.
That is, we study F' by temporarily restricting it to a one-dimensional domain.
The advantage gained in doing this is that the restricted F is then simply a
parametrized are, and its differential is simply multiplication by its ordinary
derivative.

For any nonzero ¢ € V the straight line through « in the direction £ has the
parametric representation { — a -+ t£. The restriction of F to this line is the
parametrized arc v:Y(f) = F(a + t£). Its tangent vector (derivative) at the
origin ¢ = 0, if it exists, is called the derwative of F' in the direction £ at a, or the
derivative of F' with respect to £ at «, and is designated D F(«). Clearly,

Floa+tf) — Fla)
¢

D¢F(a) = lim
t—0

Comparing this with our original definition of f’, we see that the tangent vector
Y'(x) to a parametrized arc ¥ is the directional derivative D;7(x) with respect
to the standard basis vector 1 in R.

Strictly speaking, we are misusing the word “direction”, because different
vectors can have the same direction. Thus, if n = ¢§ with ¢ > 0, then 5 and ¢
point in the same direction, but, because D:F(a) is linear in £ (as we shall see in a
moment), their associated derivatives are different: D F(a) = c¢DF(a).

We now want to establish the relationship between directional derivatives,
which are vectors, and differentials, which are linear maps. We saw above that
for an arc v differentiability is equivalent to the existence of ¥'(x) = D;7(x).
In the general case the relationship is not as simple as it is for ares, but in one
direction everything goes smoothly.
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Theorem 7.2. If Fis differentiable at «, and if X is any smooth arc through «,
with @ = A(z), then ¥ = F o X is smooth at z, and ¥'(x) = dF.,(\'(z)).
In particular, if F is differentiable at @, then every directional derivative
DF (a) exists, and D F(a) = dF,(§).

Proof. The smoothness of 7 is equivalent to its differentiability at z and there-
fore follows from the composite-function theorem. Moreover, ¥'(z) = dv. (1) =
d(F o \)o(1) = dF,(d\,(1)) = dF,(\N'(z)). If X is the parametrized line
M) = o + t£, then it has the constant derivative £, and since o = A(0) here,
the above formula becomes 7v'(0) = dF,(£). That is, DF(a) = v'(0) =
dFq(%). O

It is not true, conversely, that the existence of all the directional derivatives
DF (a) of a function F at a point « implies the differentiability of F at «. The
easiest counterexample involves the notion of a homogenous function. We say
that a function F: V — W is homogeneous if F(x¢) = xzF(§) for all x and &
For such a function the directional derivative D F(0) exists because the arc
Y{) = F(0 4 tE) = tF(&)is linear, and Y/ (0) = F(&). Thus, all of the directional
derivatives of a homogeneous function F exist at 0 and D F(0) = F(§). If F is
also differentiable at 0, then dFo(£) = DF(0) = F(¢) and F = dFy. Thus a
differentiable homogeneous function must be linear. Therefore, any nonlinear
homogeneous function F will be a function such that DF(0) exists for all £ but
dF o does not exist. Taking the simplest possible situation, define F: R? — R by
F(z,y) = 23/(x®> + y?) if <z,y> # <0,0> and F(0,0) = 0. Then

so that F is homogeneous, but F is not linear.

However, if V is finite-dimensional, and if for each £ in a spanning set of
vectors the directional derivative D F(a) exists and is a continuous function of «
on an open set 4, then F is continuously differentiable on A. The proof of this
fact depends on the mean-value theorem, which we take up next, but we shall
not complete it until Section 9 (Theorem 9.3).

The reader will remember the mean-value theorem as a cornerstone of the
calculus, and this is just as true in our general theory. We shall apply it in the
next section to give the proof of the general form of the above-mentioned
theorem, and practically all of our more advanced work will depend on it. The
ordinary mean-value theorem does not have an exact analogue here. Instead we
shall prove a theorem that in the one-variable calculus is an easy consequence of
the mean-value theorem.

Theorem 7.3. Let f be a continuous function (parametrized arc) from a
closed interval [a, b] to a normed linear space, and suppose that f'(f) exists
and that [[f'(®)]] £ m for all ¢ € (a,b). Then {|f(b) — f(a})]] < m(®b — a).

Proof. Fix € > 0, and let A be the set of points x € [a, b] such that
f(z) — f@)|]] < (m+ €)(z — a) + €
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A includes at least a small interval [a, c], because f is continuous at a. Set
1= 1ub A. Then ||f() — f(@)|| £ (m + €)(I — a) + eby the continuity of fat .
Thus l€ 4, and ¢ < I < b. We claim that I = b. For if | < b, then f/({)
exists and [|f’()]| < m. Therefore, there is a § such that

Mlf@) — D)@ — Dl <m+e
when |z — I] < 8. It follows that

If@+ & — f@ll < [If¢+ &) — FOI + IfD) — f(a)]
< (m+eds+(m+e{l —a)+e
=(m+e(l+3ds—a)+te

so that I + & € A4, a contradiction. Therefore, { = b. We thus have

170 —f@] £ (m+ e —a) +¢
and, since € is arbitrary, ||f(b) — f(a)|| < m(d — a). U

The following more general version of the mean-value theorem is the form in
which it is ordinarily applied. As usual, F and G are from a subset of V to W.

Theorem 7.4. If F is differentiable in the ball B.(a), and if [|dF;| < € for
every 8 in this ball, then ||AFs(£)|l < €||£l] whenever 8 and 8 + £ are in the
ball. More generally, the same result holds if the ball B,(a) is replaced by
any convex set C.

Proof. The segment from B8 to 8-+ ¢ is the range of the parametrized arc
At) = B+ tf from [0, 1] to V. If 8 and B + £ are in the ball B,(a), then this
segment is a subset of the ball. Setting ¥(t) = F(8 -+ t£), we then have v/ (z) =
dFg40:(N(x)) = dFp1.¢(£), from Theorem 7.2. Therefore, ||7'(z)|| < €|/£]| on
[0, 1], and the mean-value theorem then implies that

[AFg(D)l = IFB+ & — F@)| = v() — vO)] < ell£](1 — 0) = €l|£]],

which is the desired inequality. The only property of B,(a) that we have used is
that it includes the line segment joining any two of its points. This is the
definition of eonvexity, and the theorem is therefore true for any convex set. {I

Corollary. If G is differentiable on the convex set C, if T € Hom(V, W),
and if [|[dGg — T|| < eforall Bin C, then ||AGs(¥) — T(#)| < €[|£|| when-
ever Band 8+ £areinC.

Proof. Set F = G — T, and note that dFg = dGg — Tand AFg = AGg — T. [

We end this section with a few words about notation. Notice the reversal
of the positions of the variables in the identity (D) (a) = dF.(§). This differ-
ence has practical importance. We have a function of the two variables ‘o’
and ‘£ which we can convert to a function of one variable by holding the other
variable fixed; it is convenient technically to put the fixed variable in subsecript
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position. Thus we think of dF,(£) with « held fixed and have the function dF,
in Hom(V, W), whereas in (D F)(a) we hold £ fixed and have the directional
derivative DF: A — W in the fixed direction ¢ as a function of «, generalizing
the notation for any ordinary partial derivative 9F/dx;(a) as a function of a.
We can also express this implication of the subscript position of a variable in the
dot notation (Section 0.10): when we write D F{a), we are thinking of the value
at a of the function DF(-).

Still a third notation that we shall use in later chapters puts the function
symbol in subscript position. We write

Jp(a) = dF,.

This notation implies that the mapping F is going to be fixed through a discussion
and gets it “out of the way” by putting it in subscript position.

If F is differentiable at each point of the open set 4, then we naturally con-
sider dF to be the map a +— dF, from A to Hom(V, W). In the “J”-notation,
dF = Jp. Later in this chapter we are going to consider the differentiability
of this map at o. This notion of the second differential d*F, = d(dF), is probably
confusing at first sight, and a preliminary look at it now may ease the later
discussion. We simply have a new map G = dF from an open set A in a normed
linear space V to a normed linear space X = Hom(V, W), and we consider its
differentiability at «. If dG, = d(dF). exists, it is a linear map from V to
Hom(V, W), and there 7s something special now. Referring back to Theorem 6.1
of Chapter 1, we know that dG, = d2F, is equivalent by duality to a bilinear
mapping w from ¥V X V to W:since dG.{(£) is itself a transformation in
Hom(V, W), we can evaluate it at , and we define w by

w(§ 1) = (dGa(8))(n).

The dot notation may be helpful here. The mapping « +— dF, is simply
dF.,, and we have defined G by G(-) = dF.,. Later, the fact that dG,(¢) is a
mapping can be emphasized by writing it as dG,(£)(:). In each case here we
have a function of one variable, and the dot only reminds us of that fact and
shows us where we shall put the variable when indicating an evaluation. In the
case of w we have the original use of the dot, as in w(¢,-) = dG,(§).

EXERCISES

7.1 Given f: R — R such that f’(a) exists, show that the “directional derivative”
Dyf(a) has the value bf’ (a), by a direct evaluation of the limit of the difference quotient.

7.2 Let f be a real-valued function on an n-dimensional space V, and suppose that f is
differentiable at @ € V. Show that the directions ¢ in which the derivative D¢F(a) is
zero make up an (n — 1)-dimensional subspace of V (or the whole of V). What similar
conclusions can be drawn if f maps V to a two-dimensional space W?
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7.3 a) Show by a direct argument on limits that if f and g are two funetions from an
interval I C R to a normed linear space V, and if f’(z) and ¢’(z) both exist, then
(f+ ¢)'(2) exists and (f + ¢)'(x) = f'(x) + ¢' ().

b) Prove the same result as a corollary of Theorems 7.1 and 7.2 and the differen-
tiation rules of Section 6.

7.4 a) Given f:I — V and ¢g:I —» W, show by a direct limit argument that if
f'(x) and ¢'(x) both exist, and if F = <f,g>:1 —> VX W, then F/(z) exists and
F(@) = <f'(x), ¢'(®)>.

b) Prove the same result from Theorems 7.1 and 7.2 and the differentiation rules of
Seetion 6, using the exact relation F = 810 f+ G20 g.

7.5 In the spirit of the above two exercises, state a product law for derivatives of
arcs and prove it as in the (b) proofs above.

7.6 Find the tangent vector to the arc <ef,sint> at ¢t = 0; at t = »/2. [Apply
lixercise 7.4(a).] What is the differential of the above parametrized arc at these two
points? That is, if f(t) = <€, sin >, what are dfo and dfy/2?

7.7 Let F:R? — R? be the mapping <z,y> — <322y, 22y3>. Compute the
directional derivative D«1,25F (3, —1)

a) as the tangent vector at <3, —1> to the arc f o A\, where X is the straight line
through <3, —1> in the direction <1, 2>;
b) by first computing dF <3,_1> and then evaluating at <1, 2>,

7.8 Let A and p be any two linear functionals on a vector space V. Evaluate the
produet f(£) = MEu(§) along the line £ = o, and hence compute D,f(a). Now
vvuluate f along the general line £ = fa + B, and from it compute D,f(8).

7.9 Work the above exercise by computing differentials.

7.10 If f:R™ > R is differentiable at a, we know that its differential dfa, being a
lincar funetional on R”, is given by its skeleton n-tuple L according to the formula

dfa(x) = (L,x) = 2 Lz
1

{n this context we call the n-tuple L the gradient of f at a. Show from the Schwarz
mequality (Exercise 2.3) that if we use vectors y of Euclidean length 1, then the
directional derivative Dyf(a) is maximum when y points in the direction of the gradient
of f,

7.11 Let W be a normed linear space, and let ¥V be the set of parametrized arcs
A:{—1, 1] — W such that A(0) = 0 and X\'(0) exists. Show that V is a vector space and
that A — N (0) is a surjective linear mapping from V to W. Describe in words the
vlements of the quotient space V/N, where N is the null space of the above map.

1.12 Find another homogeneous nonlinear function. Evaluate its directional deriva-
tives DeF(0), and show again that they do not make up a linear map.

1.13 Prove that if F is a differentiable mapping from an open ball B of a normed
linear space V to a normed linear space W such that dF, = 0 for every o in B, then F
1 n constant function.

1.14 Generalize the above exercise to the case where the domain of F is an open set 4
with the property that any two points of 4 can be joined by a smooth arc lying in 4.
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Show by a counterexample that the result does not generalize to arbitrary open sets A
as the domain of F.

7.15 Prove the following generalization of the mean-value theorem. Let f be a con-
tinuous mapping from the closed interval [a, b] to a normed linear space V, and let ¢
be a eontinuous real-valued funetion on [a, b]. Suppose that f'(¢) and ¢’(f) both exist
at all points of the open interval (a, b) and that [|f’ ()| < ¢’(¢) on (a,b). Then

1f®) —f@l < g(b) — g(a).
[Consider the points z such that ||f(z) — f(a)|| £ g(z) — g(a) + e¢(z — a) + €]

8. THE DIFFERENTIAL AND PRODUCT SPACES

In this section we shall relate the differentiation rules to the special configurations
resulting from the expression of a vector space as a finite Cartesian product.
When dealing with the range, this is a trivial consideration, but when the domain
is a product space, we become involved with a deeper theorem. These general
product considerations will be specialized to the R™-spaces in the next section,
but they also have a more general usefulness, as we shall see in the later sections
of this chapter and in later chapters.

We know that an m-tuple of functions on a common domain, F*: 4 — W,
t=1,...,m, is equivalent to a single m-tuple-valued function

F:A-w=]]w,
1

F(a) being the m-tuple {Fi(a)}7 for each « € A. We now check the obviously
necessary fact that F is differentiable at « if and only if each F* is differentiable
at a.

Theorem 8.1. Given F©: A — W;,i=1,...,m,and F = <F1,.. LT >
then F is differentiable at « if and only if all the functions F* are, in which
case dF, = <dFL, ..., dFy>.

Proof. Strictly speaking, F = 37 6; o F*, where 8; is the injection of W; into
the product space W = []T W, (see Section 1.3). Since each 6; is linear and
hence differentiable, with d(6;)s = 6;, we see that if each F? is differentiable at «,
then so is F, and dF, = Y™ 6; o dF:,. Less exactly, this is the statement
dF, = <dFL,...,dF7?>. The converse follows similarly from F' = ;o F,
where ; is the projection of T]T W; onto W;. O

Theorems 7.1 and 8.1 have the following obvious corollary (which can also
be proved as easily by a direct inspection of the limits involved).

Lemma 8.1. If f; is an arc from [a, b] to W, for ¢ = 1,...,n, and if f is
the n-tuple-valued arc f = <fi, ..., f.>, then f'(z) exists if and only if
fl(x) exists for each 7, in which case f'(x) = <f1(z), ..., falz)>.

When the domain space V is a product space JI7 V; the situation is more
complicated. A function F(£y, ..., £,) of n vector variables does not decompose
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into an equivalent n-tuple of functions. Moreover, although its differential
dFa does decompose into an equivalent n-tuple of partial differentials {dF4},
we do not have the simple theorem that dFa exists if and only if the partial
differentials dF% all exist.

Of course, we regard a function F(£, ..., £,) of n vector variables as being
o function of the single n-tuple variable £ = < £y, ..., £ >, so that in principle
there is nothing new when we consider the differentiability of . However, when
we consider a composition F o @, the inner function G must now be an n-tuple-
valued function G = <g!, ..., g">, where g' is from an open subset A of some
normed linear space X to V,, and we naturally try to express the differential
of F o G in terms of the differentials dg’. To accomplish this we need the partial
differentials dFy of F. For the moment we shall define the jth partial differential
of Fat @« = <ay,...,a,> as the restriction of the differential dFa to V,
considered as a subspace of V = J[7 V;. As usual, this really involves the
injection 8; of V; into I} V', and our formal (temporary) definition, accordingly,
iy

dF} = dFa o 6;.
Then, since £ = <§£y,..., £,> = 2.7 0;(£), we have

dFa(£) = ET:dFi(Ei)-

Similarly, since G = <g!,...,g"> = X% 6,0 ¢, we have

d(F o G)y = 2 dFm © dgb,
1
which we shall call the general chain rule. There is ambiguity in the “ 7-super-
seripts in this formula: to be more proper we should write (dF)q and d{(g*)~.
We shall now work around to the real definition of a partial differential.
Nince
AFq 0 8; = (dFa+6) 0 0, = dFac §; + 0 = dFj + o,

we see that dFh can be directly characterized, independently of dFa, as follows:
dF% is the unique element T; of Hom(V;, W) such that AFa o 8; = T; + e.

That is, dF% is the differential at «; of the function of the one variable &;
ubtained by holding the other variables in F(£1, ..., £,) fixed at the values
t;, = ;. This is important because in practice it is often such partial differen-
tiability that we come upon as the primary phenomenon. We shall therefore
take this direct characterization as our definition of dF&, after which our moti-
vating calculation above is the proof of the following lemma.

Lemma 8.2. If 4 is an open subset of a product space V = II7 V;, and if
F: A — W is differentiable at «, then all the partial differentials dFg exist
and dFy = dFa o 01;.
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The question then occurs as to whether the existence of all the partial
differentials dF implies the existence of dFa. The answer in general is negative,
as we shall see in the next section, but if all the partial differentials dF'y exist for
each « in an open set A and are continuous functions of «, then F is continuously
differentiable on A. Note that Lemma 8.2 and the projection-injection identities
show us what dFa must be if it exists: dFy = dFa o 8;and 3 6; o m; = I together
imply that dFa = 3 dFi o ..

Theorem 8.2. Let A be an open subset of the normed linear space

V = Vi X V,, and suppose that F: A — W has continuous partial differ-

entials dF%, g5 and dF%, g» on A. Then dF <, g> exists and is continuous

on A7 and dF,<a,5>(£7 77) = dFl(a,B>(£) + dFZ(mﬁ)("T)'

Proof. We shall use the sum norm on V = V; X V. Given ¢ we choose & so
that ||dF%, > — dF'<q.p>| < € for every <pu,v> in the é-ball about <«, 8>
and for ¢ = 1, 2. Setting

G(§) = Fla+ £ B4 1) — dFkap5(8),

we have

[1dGy|| = ldF %aqt84n> — AFaps| < € if [|<& 0> < 8,
and the corollary of Theorem 7.4 implies that

IF(a+ &8+ n) — F(a, 8+ 1) — dFap- (9] < €ll£]
when || < ¢, 7> < 8. Arguing similarly with

H(n) = F(a, B+ 1) — dF%a.p>(n),
we find that
|F (e, 8+ n) — F(e, B) — dF%a 85(n)]] < €]ln]|

when [[<0, n>|| < é. Combining the two inequalities, we have

AF <ap5> (& m) — T(<En>)|| < €| <& 2>

when [[<& n>| < 8, where T = dFk, 85 o m1+ dF%ap> o mo. That is,
AF <o 55> — T = o, and so dF <4 g5 exists and equals 7. [

The theorem for more than two factor spaces is a corollary.

Theorem 8.3. If A is an open subset of J]7V;and ¥ — W is such that for

each 7 = 1,...,n the partial differential dF} exists for all « € A and is
continuous as a function of @ = <aj,..., az >, then dFa exists and is
continuous on A. If £ = < ¢y, ..., &>, then dFa(§) = 27 dFa().

Proof. The existence and continuity of dFg and dFz imply by the theorem that
dFlom, + dFZomy is the differential of F considered as a function of the first
two variables when the others are held fixed. Since it is the sum of continuous
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functions, it is itself continuous in e, and we can now apply the theorem again
to add dFE to this sum partial differential, concluding that 3% dFy o m; is the
partial differential of F on the factor space V1 X V4 X V3, and so on (which is
colloquial for induetion). 0

As an illustration of the use of these two theorems, we shall deduce the
general product rule (although a direct proof based on A-estimates is perfectly
feasible). A general product is simply a bounded bilinear mapping w: X X ¥ — W,
where X, Y, and W are all normed linear spaces. The boundedness inequality

here is [[w(& m)[ < b][&]] [[n].
We first show that w is differentiable.

Lemma 8.3. A bounded bilinear mapping w: X X ¥ — W is everywhere
differentiable and dw<q g> (£, 1) = w(a, 1) + w(£, B).

Proof. With 8 held fixed, gg(£) = w(¢, B8) is in Hom(X, W) and therefore is
everywhere differentiable and equal to its own differential. That is, dw! exists
and dwke.ps>(§) = w(§ B8). Since 8 — g is a bounded linear mapping,
dwka.p> = g is a continuous function of <a, 8>. Similarly, dwk, s>(1) =
w(a, 1), and dw? is continuous. The lemma is now a direct corollary of Theorem
8.2. 0

If w(¢, n) is thought of as a product of § and 7, then the product of two
functions g(¢) and h(¢) is w(g(¢), h(¢)), where g is from an open subset A of a
normed linear space V to X and 4 is from 4 to Y. The product rule is now just
what would be expected: the differential of the product is the first times the
differential of the second plus the second times the differential of the first.

Theorem 8.4. If g: A — X and h: A — Y are differentiable at 8, then so
is the product F({) = w(g(¢), h(¢)) and

dF(¢) = w(9(8), dhs(£)) + w(dgs(5), h(B)).

Proof. This is a direct corollary of Theorem 8.1, Lemma 8.3, and the chain
rule. 0

EXERCISES

8.1 Find the tangent vector to the are <sint¢, cost, 2> at ¢t = 0; at t = 7/2.
What is the differential of the above parametrized arc at the two given points? That is,
if f(t) = <sint, cost, t2>, what are dfo and dfy/2?

8.2 Give the detailed proof of Lemma 8.1.

8.3 The formula

dFa(f) = 3 dFa(ts)
1
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is probably obvious in view of the identity
E=26:i&)
1

and the definition of partial differentials, but write out an explicit, detailed proof
anyway.

8.4 Let F be a differentiable mapping from an n-dimensional vector space V to a
finite-dimensional vector space W, and define G: VX W — Wby G(§,7) = n — F(§).
Thus the graph of F in ¥V X W is the null set of G@. Show that the null space of
dG < ,g> has dimension n for every <a,B3> € VX W.

8.5 Let F( 7)) be a continuously differentiable function defined on a product
A X B, where B is a ball and A is an open set. Suppose that dF%, s> = 0 for all
<ea,> in A X B. Prove that F is independent of 5. That is, show that there is a
continuously differentiable function G(£) defined on A such that F(& ) = G(§) on
A X B.

8.6 By considering a domain in R? as indicated at the right, show
that there exists a function f(x, y) on an open set 4 in R? such that

of
5 =0

everywhere and such that f(z, y) is not a function of = alone.

8.7 Let F(&,7,¢) be any function of three vector variables, and for fixed v set
Gt m) = F(&9,7). Prove that the partial differential dF%, s> exists if and only
if dG%.. s> exists, in which case they are equal.

8.8 Give a more careful proof of Theorem 8.3. That is, state the inductive hypothesis
and show that the theorem follows from it and Theorem 8.2. If you are meticulous in
your argument, you will need a form of the above exercise.

8.9 Let f be a differentiable mapping from R2 to R. Regarding R? as R X R, show
that the two partial differentials of f are simply multiplication by its partial derivatives.
Generalize to n dimensions. Show that the above is still true for a map F from R2 to a
general vector space V, the partial derivatives now being vectors.

8.10 Give the details of the proof of Theorem 8.4.

9. THE DIFFERENTIAL AND R"

We shall now apply the results of the last two sections to mappings involving the
Cartesian spaces R™, the bread and butter spaces of finite-dimensional theory.
We start with the domain.

Theorem 9.1. If F is a mapping from (an open subset of) R™ to a normed
linear space W, then the directional derivative of F in the direction of the jth
standard basis vector &’ is just the partial derivative dF/dx;, and the jth
partial differential is multiplication by 0F/dz;: dFi(h) = h(3F/dz;)(a).
More exactly, if any one of the above three objects exists at a, then they
all do, with the above relationships.
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Proof. We have

E(a) _ HmF(al,...,aj—f—t,...,an) — Flay,...,a5,...,0a,)
6xj t—0 4
By
— lim fa 10 t) F@) _ pur).
t—0

Moreover, since the restriction of F to a + Ré’ is a parametrized arc whose
differential at O is by definition the jth partial differential of F at a and whose
tangent vector at 0 we have just computed to be (dF/dz;)(a), the remainder of
the theorem follows from Theorem 7.1. U

Combining this theorem and Theorem 7.2, we obtain the following result.

Theorem 9.2. If V = R”™ and F is differentiable at a, then the partial
derivatives (9F/dz;)(a) all exist and the n-tuple of partial derivatives at
a, {(0F/dz;)(a)} 7, is the skeleton of dF,. In particular,

i oF
DyF(a) = 3, Yi 5. (a).
j=1 J

Proof. Since dF,(8%) = D;iF(a) = (dF/dx;)(a), as we noted above, we have

or
0x;

D) = dF(y) = dFs (2 4a) = 3 yedFas) = 3 v @)
1 1 1

All that we have done here is to display dF, as the linear combination mapping

defined by its skeleton {dF,(5")} (see Theorem 1.2 of Chapter 1), where T(5%) =

dF .(8%) is now recognized as the partial derivative (8F/dz,)(a). O

The above formula shows the barbarism of the classical notation for partial
derivatives: note how it comes out if we try to evaluate dF,(x). The notation
Dy F is precise but cumbersome. Other notations are F; and D,;F. Each has its
problems, but the second probably minimizes the difficulties. Using it, our
formula reads dF,(y) = 2.}-, y;D;F(a).

In the opposite direction we have the corresponding specialization of
Theorem 8.3.

Theorem 9.3. If A is an open subset of R”, and if F is a mapping from 4
to a normed linear space W such that all of the\partial derivatives
(0F /dz;)(a) exist and are continuous on A, then F is continuously differ-
entiable on 4.

Proof. Since the jth partial differential of F is simply multiplication by 6F/dx;,
we are (by Theorem 9.1) assuming the existence and continuity of all the partial
differentials dF”, on A. Theorem 9.3 thus becomes a special case of Theorem 8.3. 0

Now suppose that the range space of F is also a Cartesian space, so that F
is & mapping from an open subset A of R” to R™. Then dF, is in Hom(R", R™).
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For computational purposes we want to represent linear maps from R”™ to R™
by their matrices, and it is therefore of the utmost importance to find the matrix
t of the differential T = dF,. This matrix is called the Jacobian matrix of F
at a.

The columns of t form the skeleton of dF,, and we saw above that this
skeleton is the n-tuple of partial derivatives (6F/dx;)(a). If we write the m-
tuple-valued F loosely as an m-tuple of functions, F = <f;,...,fn>, then
according to Lemma 8.1, the jth column of t is the m-tuple

of O
Tw=<Law,. . L@y
Thus,

Theorem 9.4. Let F be a mapping from an open subset of R” to R™, and
suppose that F' is differentiable at a. Then the matrix of dF, (the Jacobian
matrix of F at a) is given by

_ 9fs

If we use the notation y; = f;(x), we have

Y
tij = 32 (a).

If we also have a differentiable map z = G(y) = <g:i(y), ..., gi(y) > from
an open set B C R™ into R!, then d@G), has, similarly, the matrix

ag az
ﬁ@ k@

Also, if B contains b = F(a), then the composite-function rule
d(G o F)y = dGy o dF,
has the matrix form
0z az 0Y;
5o @ = kayu
i=1 ay

or simply

az_k 9z ay,

ar; £ 1 ay, ax]

This is the usual form of the chain rule in the calculus. We see that it is merely
the expression of the composition of linear maps as matrix multiplication.

We saw in Section 8 that the ordinary derivative f’(a) of a function f of one
real variable is the skeleton of the differential df,, and it is perfectly reasonable to
generalize this relationship and define the derivative F’(a) of a function F of
n real variables to be the skeleton of dF,, so that F’(a) is the n-tuple of partial
derivatives {(8F/dx;)(a)}1, as we saw above. In particular, if F is from an open
subset of R™ to R™, then F’(a) is the Jacobian matrix of F at a. This gives the
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matrix chain rule the standard form
(G o F)'(a) = G'(F(a))F'(a).

Some authors use the word ‘derivative’ for what we have called the differ-
ential, but this is a change from the traditional meaning in the one-variable case,
and we prefer to maintain the distinction as discussed above: the differential dF,
is the linear map approximating AF, and the derivative F’(a) must be the
matrix of this linear map when the domain and range spaces are Cartesian.
However, we shall stay with the language of Jacobians.

Suppose now that A is an open subset of a finite-dimensional vector space V
and that H: A — W is differentiable at « € A. Suppose that W is also finite-
dimensional and that ¢: V — R"™ and ¢: W — R™ are any coordinate isomor-
phisms. If 4 = ¢[A], then 4 is an open subset of R*and H = ¢ o H o o 'isa
mapping from 4 to R™ which is differentiable at a = ¢(a), with dH, =
Y odH, o ¢~ !. Then dH, is given by its Jacobian matrix {(dk*/dz;)(a)}, which
we now call the Jacobian matriz of H with respect to the chosen bases in V and
W. Change of bases in V and W changes the Jacobian matrix aceording to the
rule given in Section 2.4.

If F is a mapping from R™ to itself, then the determinant of the Jacobian
matrix (9f%/dz;)(a) is called the Jacobian of F at a. It is designated

a(fl> LR yfn (a)’ a(yly L] yn) (a)

or
a(ry, ..., Tp) Hxy, ..., Tn)

if it is understood that y; = f*(x). Another notation is J z(a) (or simply J(a) if
F is understood). However, this is sometimes used to indicate the differential
dF ., and we shall write det J p(a) instead.

If F(x) = <x? — z2, 22,2, >, then its Jacobian matrix is

2:61 —2SB2
22}2 22?1 ’

and det J(x) = 4(x? + z3) = 4(x|2)%

EXERCISES

9.1 By analogy with the notion of a parametrized arc, we define a smooth param-
etrized two-dimensional surface in a normed linear space W to be a continuously
differentiable map I' from a rectangle I X J in R? to W. Suppose that I X J =
[~1, 1] X [—1, 1], and invent a definition of the tangent space to the range of I'in W
at the point I'(0, 0). Show that the two vectors

ar ar
3 ©, 0 and 3 (0, 0)

are a basis for this tangent space. (This should not have been your definition.)



(c) ketabton.com: The Digital Library

160 THE DIFFERENTIAL CALCULUS 3.9

9.2 Generalize the above exercise to a smooth parametrized n-dimensional surface
in a normed linear space W.

9.3 Compute the Jacobian matrix of the mapping <z, y > — <z2,y2, (z + y)2>.
Show that its rank is two except at the origin.

9.4 Let F = <fl, 12 13> from R3 to R3 be defined by
filg,y,2) = x+y+z  falz,y,2) =22+ y?+ 2%

and

f3(z,y,2) = 2+ 3+ 23

Compute the Jacobian of F at <a, b, ¢>. Show that it is nonsingular unless two of the
three coordinates are equal. Describe the locus of its singularities.

9.5 Compute the Jacobian of the mapping F: <z,y> — <(z+ y)2, > from
R2toR2at <1, —1>;at <1,0>;at <a, b>. Compute the Jacobian of G: <s, t> >
<s—t,s+t>at <u,v>.

9.6 In the above exercise compute the compositions F o G and G o F. Compute the
Jacobian of F o G at <y,v>. Compute the corresponding produet of the Jacobians
of F and G.

9.7 Compute the Jacobian matrix and determinant of the mapping 7 defined by
z =rcosf, y =rsinf, z = z. Composing a function f(z, y,z) with this mapping
gives a new function:

g(r,0,2) = f(rcos@,rsind,z).

That is, g = fo T. This composition (substitution) is called the change to cylindrical
coordinates in R3.

9.8 Compute the Jacobian determinant of the polar coordinate transformation
<r, 0>+ <z,y>, where x = rcos§,y = rsin 8.

9.9 The transformation to spherical coordinates is given by z = rsin ¢ cos 8,
y = rsingsin ,z = r cos §. Compute the Jacobian

z,y,2)
or, ¢, 0)

9.10 Write out the chain rule for the following special cases:
dw/dt = ?, where w=Fz,y), = =g{), y=h({).

Find dw/dt when w = F(z1,...,%,) and z; = ¢g;(t),%t = 1,..., n. Find dw/du when
w=F(z,y), * = g(u,v), y = h(u,v). The special case where g(u,v) = u can be
rewritten

i)
3 F(z, hiz, v)).
Compute it.
9.11 If w = f(z,y), x = rcos b, and y = r sin §, show that

-5 I3
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10. ELEMENTARY APPLICATIONS

The elementary max-min theory from the standard calculus generalizes with
little change, and we include a brief discussion of it at this point.

Theorem 10.1. Let F be a real-valued function defined on an open subset 4
of a normed linear space V, and suppose that F assumes a relative maximum
value at a point « in A where dF, exists. Then dF, = 0.

Proof. By definition D F(«) is the derivative v'(0) of the function v(f) =
F(a + t£), and the domain of 7 is a neighborhood of 0 in R. Since ¥ has g relative

maximum value at 0, we have ¥Y'(0) = 0 by the elementary calculus. Thus
dF(§) = DiF(a) = 0 for all £ and so dFy = 0. U

A point « such that dF, = 0 is called a critical poini. The theorem states
that a differentiable real-valued function can have an interior extremal value
only at a critical point.

If V is R”, then the above argument shows that a real-valued function ¥
can have a relative maximum (or minimum) at a only if the partial derivatives
(0F /3z;)(a) are all zero, and, as in the elementary calculus, this often provides
a way of calculating maximum (or minimum) values. Suppose, for example,
that we want to show that the cube is the most efficient rectangular parallelepiped
from the point of view of minimizing surface area for a given volume V. If
the edges are x, y and 2, we have V = zyz and 4 = 2(zy + zz + y2) =
2xy + V/y+ V/z). Then from 0 = dA/dz = 2(y — V/2%), we see that
V = yz?, and, similarly, d4/dy = 0 implies that V = zy2. Therefore, yz? =
xy?, and since neither z nor y can be 0, it follows that = y. Then V = yz2 =
23, and x = V!/® = y. Finally, substituting in V = zyz shows that z = V/3,
Our critical configuration is thus a cube, with minimum area 4 = 6V%3,

It was assumed above that A has an absolute minimum at some point
<z, y, 2>. The reader might enjoy showing that 4 — oo if any of z, y, z tends
to 0 or oo, which implies that the minimum does indeed exist.

We shall return to the problem of determining critical points in Sections
12, 15, and 16.

The condition dF, = 0 is necessary but not sufficient for an interior maxi-
mum or minimum. The reader will remember a sufficient condition from
beginning ecaleulus: If f’(z) = 0 and f""(z) < 0 (>0), then z is a relative maxi-
mum (minimum) point for f. We shall prove the corresponding general theorem
in Section 16. There are more possibilities now; among them we have the
analogous sufficient condition that if dF, = 0 and d2F, is negative (positive)
definite as a quadratic form on V, then « is a relative maximum (minimum)
point of F.

We consider next the notion of a tangent plane to a graph. The calculation
of tangent lines to curves and tangent planes to surfaces is ordinarily considered
1 geometric application of the derivative, and we take this as sufficient justifica-
tion for considering the general question here.
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Let F be a mapping from an open subset A of a normed linear space V to
a normed linear space W. When we view F as a graph in V X W, we think of it
as a “surface” S lying “over” the domain A, generalizing the geometric interpre-
tation of the graph of a real-valued function of two real variablesin R? = R? X R.
The projection w,: V X W — V projects S “down” onto 4,

<LEFH> o &

and the mapping ¢§+— <§¢, F(£) > gives the point of S lying “over” £ Our
geometric imagery views V as the plane (subspace) V X {0} in V X W, just as
we customarily visualize R as the real axis R X {0} in RZ

We now assume that F is differentiable at . Our preliminary discussion in
Section 6 suggested that (the graph of) the linear function dF, is the tangent
plane to (the graph of) the function AF, in V X W, and that its translate M
through <e, F(a) > is the tangent plane at <ea, F(a) > to the surface S that is
(the graph of) F. The equation of this plane is  — F(a) = dF,(¢ — «), and
it is accordingly (the graph of) the affine function G(§) = dF (¢ — o) + F(a).
Now we know that dF, is the unique 7 in Hom(V, W) such that AF,({) =
T(¢) + o(f), and if we set § = £ — a, it is easy to see that this is the same as
saying that ¢ is the unique affine map from V to W such that

F(8) — G(§) = o(¢ — o).

That is, M is the unique plane over V that “fits” the surface S around <e«, F(a) >
in the sense of s-approximation.

However, there is one further geometric fact that greatly strengthens our
feeling that this really is the tangent plane.

Theorem 10.2. The plane with equation 5 — F(a) = dF,(§ — @) 1is
exactly the union of all the straight lines through <ea, F(a)> in VX W
that are tangent to smooth curves on the surface S = graph F passing
through this point. In other words, the vectors in the subspace dF, of
V X W are exactly the tangent vectors to curves lying in S and passing
through <a, F(a) >.

Proof. This is nearly trivial. If <¢, 5> € dF,, then the arc
V() = <a+tE Fla+ tE) >

in S lying over the line {+— o + t£ in V has <§ dF,(§)> = <& 9> as its
tangent vector at <a, F(a)>, by Lemma 8.1 and Theorem 8.2.

Conversely, if £ — <\(t), F(\(t)) > is any smooth arc in S passing through «,
with @ = A(fy), then its tangent vector at <, F(a) > is

<N(to), dF (N (to)) >,

a vector in (the graph of) dF,. O
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As an example of the general tangent plane discussed above, let F =
<f1, fo> be the map from R2 to R? defined by fi(x) = (2% — 22)/2, fo(x) =
£122. The graph of F is a surface over R? in R* = R? X R2 According to our
above discussion, the tangent plane at <a, F(a)> has the equation y =
dFa(x — a) + F(a). At a = <1, 2> the Jacobian matrix of dF, is

ool
Zg ZT1l<1,2> 2 1)’

und FP(a) = < —$%, 2>. The equation of the tangent plane 3 at <1, 2> is thus

—2
<y1,y2> :[; 1} <$1*‘1,$2—2>+<—'%,2>.

(Clomputing the matrix product, we have the scalar equations

y1=2z; — 222+ (—1 +4 —2) =2z — 2z, -+ §,
Yo = 2{1}1 +IL’2+ (—2 —2 +2) — Qxl +x2 — 2.

Note that these two equations present the affine space A/ as the intersection
of the hyperplane in R* consisting of all <z, 22, ¥1, y2 > such that

T — 2z —y1 = —3,
with the hyperplane having the equation
2z 22 — Y2 = 2.

EXERCISES

10.1 Find the maximum value of f(z, ¥, 2) = - y -+ 2z on the ellipsoid
z2+ 22+ 322 = 1.

10.2 Find the maximum value of the linear functional f(x) = D>_} ¢;z; on the unit
sphere 3722 = 1.
10.3 Find the (minimum) distance between the two lines

x = ol and y =s<1,1,1>4 <1,0, —1>
1l R3.

10.4 Show that there is a uniquely determined pair of closest points on the two lines
v=ta+1and y = sb+ m in R" unless b = ka for some k. We assume that
u # 0 # b, Remember that if b is not of the form ka, then |(a, b)| < |lall2 ||b]2,
necording to the Sehwarz inequality.

10.5 Show that the origin is the only eritical point of f(z,y,2) = zy + yz 1 zz.
F'ind a line through the origin along which 0 is a maximum point for f, and find another
line along which 0 is 2 minimum point.
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10.6 In the problem of minimizing the area of a rectangular parallelepiped of given
volume V worked out in the text, it was assumed that

A = 2<xy—}—g—}—%>

has an absolute minimum at an interior point of the first quadrant. Prove this. Show
first that .4 — o if <z, y> approaches the boundary in any way:

x—>0, z— ®©, y—>0, or y — .
10.7 Let F: R2 — R? be the mapping defined by
y1 = sin (z1 -+ 22), y2 = cos (x1 — x2).

Find the equation of the tangent plane in R* to the graph of I’ over the point a =
<7/4, /4>
10.8 Define I': R? — R2 by
3
Y1 =Zx?, y2=Zx?.
1 1
Find the equation of the tangent plane to the graph of F in R% overa = <1,2, —1>.
10.9 Let w(&, ) be a bounded bilinear mapping from a product normed linear space

V X 1 to a normed linear space X. Show that the equation of the tangent plane to the
graph S of w in V' X 11" X X at the point <e,8,7> € Sis

{= w(f, B) + (4)(0(, 1) + w(ay 6)

10.10 Let / be a bounded linear functional on the normed linear space V. Show that
the equation of the tangent plane to the graph of F'3in ¥V X R over the point « can be
written in the form y = F2(a) (3F (&) — 2F()).

10.11 Show that if the general equation for a tangent plane given in the text is applied
to a mapping F in Hom(V, W), then it reduces to the equation for F itself [ = FF(§)],
no matter where the point of tangency. (Naturally!)

10.12 Continuing Exercise 9.1, show that the tangent space to the range of T in T
at I'(0) is the projection on 1" of the tangent space to the graph of T in R2 X 1}" at the
point <0, T'(0) >. Now define the tangent plane to range I in 1" at T'(0), and show
that it is similarly the projection of the tangent plane to the graph of T.

10.13 Let F: V — W be differentiable at «. Show that the range of dF, is the pro-
jection on 1 of the tangent space to the graph of Fin V X W at the point <e, IF'{a) >.

11. THE IMPLICIT-FUNCTION THEOREM

The formula for the Jacobian of a composite map that we obtained in Section 9
is reminiscent of the chain rule for the differential of a composite map that we
derived earlier (Section 8). The Jacobian formula involves numbers (partial
derivatives) that we multiply and add; the differential chain rule involves linear
maps (partial differentials) that we compose and add. (The similarity becomes
a full formal analogy if we use block decompositions.) Roughly speaking, the
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whole differential calculus goes this way. In the one-variable calculus a differ-
ential is a linear map from the one-dimensional space R to itself, and is therefore
multiplication by a number, the derivative. In the many-variable calculus when
we decompose with respect to one-dimensional subspaces, we get blocks of such
numbers, i.e., Jacobian matrices. When we generalize the whole theory to vector
spaces that are not one-dimensional, we get essentially the same formulas but
with numbers replaced by linear maps (differentials) and multiplication by
composition.

Thus the derivative of an inverse function is the reciprocal of the derivative
of the function: if g = f~! and b = f(a), then ¢’(b) = 1/f’(a). The differential
of an inverse map is the composition inverse of the differential of the map: if
G = F~ ' and F(a) = 8, then dGg = (dF,)"".

If the equation ¢(z, y) = 0 defines y implicitly as a function of z, y = f(x),
we learn to compute f’(a) in the elementary calculus by differentiating

g(x, f(x)) =0,
and we get
% (a,5) + 2 (a, ) f'(a) = 0
dx ay ’
where b = f(a). Hence
_ 9g/0x
ag/oy

We shall see below that if G(&, n) = 0 defines 5 as a function of £, n = F(§),
and if 8 = F(a), then we calculate the differential dF, by differentiating the
identity G(&, F(£)) = 0, and we get a formula formally identical to the above.

IFinally, in exactly the same way, the so-called auxiliary variable method of
solving max-min problems in the elementary calculus has the same formal
structure as our later solution of a “constrained” maximum problem by Lagrange
multipliers.

In this section we shall consider the existence and differentiability of func-
tions implicitly defined. Suppose that we are given a (vector-valued) function
G(¢& 1) of two vector variables, and we want to know whether setting G equal
to 0 defines 7 as a function of £, that is, whether there exists a unique function I¥
such that G(& F(§)) is identically zero. Supposing that such an “implicitly
defined” function F exists and that everything is differentiable, we can try
to compute the differential of F at « by differentiating the equation G(¢, F(§)) =
0,or Go <I, F> = 0. Weget dGka s> © dly + dG%ap> © dFy = 0, where we
have set 8 = F(a). If dG? is invertible, we can solve for dF,, getting

f@) =

dF, = _(dG2<a,B>)_1 ° dGl(a,B)-

Note that this has the same form as the corresponding expression from the
elementary calculus that we reviewed above. If F is uniquely determined, then
so is dF,, and the above calculation therefore strongly suggests that we are
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going to need the existence of (dG%,>)"" as a necessary condition for the
existence of a uniquely defined implicit function around the point <ea, 8>.
Since 8 is F(a), we also need G(a, £) = 0. These considerations will lead us to
the right theorem, but we shall have to postpone part of its proof to the next
chapter. What we can prove here is that if there is an implicitly defined function,
then it must be differentiable.

Theorem 11.1. Let ¥V, W, and X be normed linear spaces, and let G be a
mapping from an open subset 4 X B of V X W to X. Suppose that F is a con-
tinuous mapping from A4 to B implicitly defined by the equation G(¢, 9) = 0,
that is, satisfying G(¢, F(£)) = 0 on A. Finally, suppose that G is differ-
entiable at <a, 8>, where 8 = F(«), and that dG%, g5 is invertible. Then
F is differentiable at o and dF, = —(dG%a>) " © dGag>-

Proof. Set 1= AF,(), so that Gla + £ B+ 1) = Gla+ & Fla+ §)) = 0.
Then

0= G(a + E; B+ 77) - G(ay B) = AG(a.B>(£) ’7) = dG<a,B>(£) 77) + @(E; 77)
= dG%qp>(§) + dG%ap> (1) + o(&, 7).

Applying 77! to this equation, where T = dG%, s>, and solving for 7, we get
n=—T7(dGkup>(8) + 0(o(< & n>)).

This equation is of the form 5 = ©(£) + o(< & 5>), and since n = AF,(§) is
an infinitesimal g(¢), by the continuity of F at «, Lemmas 5.1 and 5.2 imply
first that 7 = O(£) and then that <§g 3> = 0(§). Thus 0(s(< & n>)) =
0((e0(£))) = o(£), and we have

AF,(§) = 1 = 8(§) + o(8),

where 8 = —(dG%,>) " o dG%, 5>, an element of Hom(V, W). Therefore, F
is differentiable at « and dF, has the asserted value. [

We shall show in the next chapter, as an application of the fixed-point
theorem, that if V, W, and X are finite-dimensional, and if G is a continuously
differentiable mapping from an open subset 4 X B of V X W to X such that
at the point <, 3> we have both G(a, 8) = 0 and dG%, s> invertible, then
there is a uniquely determined continuous mapping F from a neighborhood M of
a to B such that F(a) = gand G(& F(£)) = 0 on M. The same theorem is true
for the more general class of complete normed linear spaces which we shall study
in the next chapter. For these spaces it is also true that if 77! exists, then so
does S for all S sufficiently close to 7T, and the mapping S — S™! is contin-
wous. Therefore dG%, ,s is invertible for all <u,v> sufficiently close to
<a, 3>, and the above theorem then implies that F is differentiable on a
neighborhood of «. Moreover, only continuous mappings are involved in the
formula given by the theorem for dF: u +— dF,, and it follows that F is in fact
continuously differentiable near @. These conclusions constitute the impliecit-
function theorem, which we now restate.
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Theorem 11.2. Let V, W, and X be finite-dimensional (or, more generally,
complete) normed linear spaces, let A X B be an open subset of V X W,
and let G: 4 X B — X be continuously differentiable. Suppose that at the
point <a, 8> in A X B we have both G(a, 8) = 0 and dG%, s> invertible,
Then there is a ball M about « and a uniquely defined continuously differen-
tiable mapping F from M to B such that F(a) = gand G(¢ F(£)) = 0on M.

The so-called inverse-mapping theorem is a special case of the implieit-
fanction theorem.

Theorem 11.3. Let H be a continuously differentiable mapping from an
open subset B of a finite-dimensional (or complete) normed linear space W
to a normed linear space V, and suppose that its differential is invertible at
a point 8. Then H itself is invertible near 8. That is, there is a ball M about
a = H{(B) and a uniquely determined continuously differentiable function F
from M to B such that F(a) = Band H(F(£)) = ¢on M.

Proof. Set G(&, n) = £ — H(y). Then @G is continuously differentiable from
"X B toVand dG%, s> = —dHg is invertible. The implicit-function theorem
ihen gives us a ball M about @ and a uniquely determined continuously differ-
#ntiable mapping F from M to B such that F(a) = 8 and 0 = G(¢ F(§)) =
i H(F(®))on M. O

The inverse-mapping theorem is often given a slightly different formulation
vhich we state as a corollary.

Corollary. Under the hypotheses of the above theorem there exists an open
neighborhood U of 8 such that H is injective on U, N = H[U] is open in
V, and H™! is continuously differentiable on N. (See Fig. 3.11.)

Fig. 3.11

Proof. The proof of the corollary is left as an exercise.

In practice we often have to apply the Cartesian formulations of these
iheorems. The student should certainly be able to write these down, but we
hull state them anyway,; starting with the simpler inverse-mapping theorem.

Theorem 11.4. Suppose that we are given n continuously differentiable

real-valued functions G(yy,..., %), 1= 1,...,n, of n real variables
defined on a neighborhood B of a point b in R™ and suppose that the Jacobian
determinant

a(Glf L] Gn) (b)

a(yly ey yn)
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is not zero. Then there is a ball M about a = G(b) in R™ and a uniquely
determined n-tuple F = <Fy, ..., F,> of continuously differentiable real-
valued functions defined on M such that F(a) = b and G(F(x)) = x on A/
fori=1,...,n Thatis, Gi(Fi(xs,...,%n),..., Fpo(z1,...,2,)) = 1,
forall xin M and forz=1,..., n.

For example, if x = <y? + y3, y? + y2>, then at the point b = <1,2>
we have

a(xla .’132) = det [31/%) 33/%]

a(yb y2) o 22/1, 23/2 <1,2>
3, 12]
= det [27 4} = —12 # 0,

and we therefore know without trying to solve explicitly that there is a unique
solution for y in terms of x near x = <1% 4+ 23 124+ 22> = <9,5>. The
reader would find it virtually impossible to solve for y, since he would quickly
discover that he had to solve a polynomial equation of degree 6. This clearly
shows the power of the theorem: we are guaranteed the existence of a mapping
which may be very difficult if not impossible to find explicitly. (However, in
the next chapter we shall discover an iterative procedure for approximating the
inverse mapping as closely as we want.)

Everything we have said here applies all the more to the implicit-function
theorem, which we now state in Cartesian form.

Theorem 11.5. Suppose that we are given m continuously differentiable
real-valued functions Gi(x,y) = G;(xy, - - -, Zn, Y1, - - - , Ym) Of m+ m real
variables defined on an open subset 4 X B of R*™™ and an (n 4+ m)-tuple
<a,b> = <ay,...,a,,b1,...,bn> such that G;a,b) =0 for 7:
1,...,m, and such that the Jacobian determinant

Gy, ..., G

01, -+ s Ym) (. b)

is not zero. Then there is a ball M about a in R™ and a uniquely determined
m-tuple F = <F,...,F,> of continuously differentiable real-valucd
functions F;(x) = F;(xy, ..., z,) defined on M such that b = F(a) and
Gi(x, F(x)) = 0on M fori=1,...,m. Thatis, b; = Fi(ay, ..., a,) for
i=1,...,mand Gi(zs, ..., Zn; F1(T1, o, Tn)y o ooy Fra(T1, oo, Tn))
Oforallx in M and fors=1,...,m.

For example, the equations
i+l —yi—vs=0,
i —ai—yi—yi=0

can be solved uniquely for y in terms of x near <x,y> = <1,1,1, —1>,
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because they hold at that point and because

(@1, Gy) [_291 _21/2] 2 2
S~ = det ! -6 _
3(y1, y2) =3y, —3y2 (y1y2 — yau1)

has the value 12 there. Of course, we mean only that the solution functions
exist, not that we can explicitly produce them.

EXERCISES

11.1 Show that <z, y> 1> <e*1 ¢¥ e+ ¢ ¥> is locally invertible about any
point <a, b>, and compute the Jacobian matrix of the inverse map.

11.2 Show that <wu,v> — <e*-+ ¢?, ¢* — ¢*> is locally invertible about any
point < a, b> in R2, by computing the Jacobian matrix. In this case the whole map-
ping is invertible, with an easily computed inverse. Make this calculation, compute
the Jacobian matrix of the inverse map, and verify that the two matrices are inverses
at the appropriate points.

11.3 Show that the mapping <z, y, 2> — <sinz, cosy, e2> from R3 to R3 is
locally invertible about <0, #/2,0>. Show that

<z,y,z>r> <sin(z+y+2),cos(x —y+2),estr=2>

is locally invertible about <7 /4, —7/4, 0>.

11.4 Express the second map of the above exercise as the composition of two maps,
and obtain your answer a second way.

11.5 Let F: <z,y> +> <u,v> be the mapping from R? to R? defined by u =
224 y2 v = 2ry. Compute an inverse (¢ of F, being careful to give the domain and
range of G. How many inverse mappings are there? Compute the Jacobian matrices
of F at <1,2> and of G at <5,4>, and show by multiplying them that they are
inverse.

11.6 Consider now the mapping F: <z, y> > <z3, y3>. Show that dF<o,0» is
singular and yet that the mapping has an inverse ¢. What conclusion do we draw
about the differentiability of G at the origin?

1.7 Define F:R2 - R2 by <z,y> +— <e*cosy,e*siny>. Prove that F is
locally invertible about every point.

11.8 Define F': R® — R3 by x> y where
y1 =21+ 23+ (@3 — 1, y2 = 21+ z2+ (23 — 3a3), ys = 3+ 25+ x3.

Prove that x — y = F(x) is locally invertible about x = <0, 0, 1>.

11.9 For a function f: R — R the proof of local invertibility around a point @ where
df. is nonsingular is much simpler than the general case. Show first that the Jacobian
matrix of f at @ is the number f'(a). 'We are therefore assuming that f'(z) is continuous
in a neighborhood of a and that f'(a) > 0. Prove that then f is strictly increasing (or
decreasing) in an interval about a. Now finish the theorem. (See Exercise 1.12.)
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11.10 Show that the equations

P+ad3+y3+B3 =0, t+a?+yitf=4, 1+ztytz=0
have differentiable solutions z(¢), y(t), 2(t) around <t , z,y,z> = <0, —1,1,0>.
11.11 Show that the equations

e’—|~ezy+e3“+e4”=4, e+ e e =4
can be uniquely solved for u and v in terms of z and y around the point <0, 0, 0, 0>.
11.12 Let S be the graph of the equation

xz 4+ sin (xy) + cos (x2) = 1

in R3. Determine whether in the neighborhood of (0, 1, 1) S is the graph of a differ-
entiable function in any of the following forms:

z = f(z,v), x = g(y,2), y = h(z, 2).

11.13 Given functions f and g from R3 to R such that f(a, b, ¢) = Oand g(a, b,¢) = 0,
write down the condition on the partial derivatives of f and ¢ that guarantees the
existence of a unique pair of differentiable functions y = h(z) and z = k() satisfying

h(a) = b, k(a) = ¢,
and
f@,y,2) = f(z, @), k(=) =0,
g(z,y,2) = gz, h(x), k(z)) =0 around <a,b,c>.
11.14 Let G(£, 7, ) be a continuously differentiable mapping from V = [I3 Vito It
such that dGi: Vs — W isinvertible and G(a) = G(ai, ag, a3) = 0. Prove that there

exists a uniquely determined function ¢ = F(£, %) defined around <aj,a2> in
V1 X Vg such that G(& 7, F(£,1)) = 0 and F(a1, @s) = as. Also show that

dF%en> = [—dGpne>] dGx s,
where { = F(§, 7).

11.15 Let F(&, n) be a continuously differentiable function from V X W to X, and
suppose that dF%, s> is invertible. Setting ¥ = F(«, 8), show that there is a product
neighborhood L X M X N of <V¥,a,8> in X X VX W and a unique continuously
differentiable mapping G:L X M - N such that on LX M, F(£ G(, 9) = ¢

11.16 Suppose that the equation g(z, y, 2) = 0 can be solved for z in terms of z and 4.
This means that there is a function f(z, y) such that g(z, v, f(z, ¥)) = 0. Suppose also
that everything is differentiable and compute dz/dzx.

11.17 Suppose that the equations
g(xy Y, Z) =0 and h((l), Y, 2) =0

can be solved for y and z as functions of . Compute dy/dzx.

11.18 Suppose that g(z, y, u,v) = 0 and k(z, y, 4, v) = 0 can be solved for u and r
as functions of z and y. Compute du/dz.

11.19 Compute dz/dx where 28 + y% 4+ 2 = 0 and 22+ y2 -+ 22 = 1.

11.20 If 34 23+ 943 + 23 = 0and ¢2 4 22 + y2 + 22 = 1, then 92/dz is ambiguous.
We are obviously going to think of two of the variables as functions of the other two.
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Also z is going to be dependent and z independent. But is ¢ or y going to be the other
independent variable? Compute dz/dz under each of these assumptions.

11.21 We are given four “physical variables” p, v, ¢, and ¢ such that each of them is a
function of any two of the other three. Show that d¢/dp has two quite different mean-
ings, and make explicit what the relationship between them is by labeling the various
functions that are relevant and applying the implicit differentiation process.

11.22 Again the “one-dimensional” case is substantially simpler. Let G be a con-
tinuously differentiable mapping from R2 to R such that G(a, b) = 0 and

(0G/dy)(a, b) = G2(a, b) > 0.
Show that there are positive numbers € and § such that for each ¢ in (a — 8, a + 6)
the function g(y) = G{c, y) is strictly increasing on (b — ¢, b+ €] and G(c, b — ¢) <
0 < G(c,b-+ ¢). Conclude from the intermediate-value theorem (Exercise 1.13) that
there exists a unique function F: (a — §,a+ 8) — (b — ¢, b+ € such that

G(z, F(z)) = 0.

11.23 By applying the same argument used in the above exercise a second time, prove
that F is continuous.
11.24 In the inverse-function theorem show that dF, = (dHg) ~!. That is, the differ-
ential of the inverse of H is the inverse of the differential of H. Show this

a) by applying the implicit-function theorem;

b) by a direct calculation from the identity H(F(§)) = &.
11.25 Again in the context of the inverse-mapping theorem, show that there is a

neighborhood M of 8 in A such that F(H(»)) = 5 on M. (Don’t work at this. Just
apply the theorem again.)

11.26 We continue in the context of the inverse-mapping theorem. Assume the result
(from the next chapter) that if dHE1 exists, then so does dH{l, for & sufficiently close
to 8. Show that there is an open neighborhood U of 8in B such that H is injective on U,
H{U] is an open set N in V, and H~! is continuously differentiable on N.

11.27 Use Exercise 3.21 to give a direct proof of the existence of a Lipschitz con-
tinuous local inverse in the context of the inverse-mapping theorem. [Hint: Apply
Theorem 7.4.]

11.28 A direct proof of the differentiability of an inverse function is simpler than the
implicit-function theorem proof. Work out such a proof, modeling your arguments in a
general way upon those in Theorem 11.1.

11.29 Prove that the implicit-function theorem can be deduced from the inverse-
function theorem as follows. Set

H( ) = <§ G >,
and show that dH <,.g> has the block diagram

I 0

dG! | dG?

Then show that dH <. s> ! exists from the block diagram results of Chapter 1. Apply
the inverse-mapping theorem.
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12. SUBMANIFOLDS AND LAGRANGE MULTIPLIERS

If V and W are finite-dimensional spaces, with dimensions n and m, respectively,
and if F is a continuous mapping from an open subset 4 of V to W, then (the
graph of) F is a subset of V' X W which we visualize as a kind of “n-dimensional
surface” S spread out over A. (See Section 10.) We shall eall F an n-dimensional
patch in V X W. More generally, if X is any (n 4+ m)-dimensional vector space,
we shall call a subset S an n-dimensional patch if there is an isomorphism ¢
from X to a product space V X W such that V is n-dimensional and ¢[S] is a
pateh in V' X W. That is, S becomes a patch in the above sense when X is
considered to be V X W. This means that if 7 is the projectionof X = V X W
onto V, then 7[S] is an open subset A4 of V, and the restriction 7; [ S is one-to-
one and has a continuous inverse. If 7y is the projection on W, then F =
moo (wy [ 8)71is the map from A to W whose graph in V X W is S (when
V x W is identified with X).

Now there are important surfaces that aren’t such “patch” surfaces. Con-
sider, for instance, the surface of the unit ball in R3, 8§ = {x: Y3 2% = 1}. Sis
obviously a two-dimensional surface in R3 which cannot be expressed as a graph,
no matter how we try to express R? as a direct sum. However, it should be
equally clear that S ¢s the union of overlapping surface patches. If « is any point
on 8, then any sufficiently small neighborhood N of « in R? will intersect S in a
pateh; we take V as the subspace parallel to the tangent plane at « and W as
the perpendicular line through 0. Moreover, this property of S is a completely
adequate definition of what we mean by a submanifold.

A subset 8 of an (n + m)-dimensional vector space X is an n-dimensional
submanzfold of X if each « on S has a neighborhood N in X whose intersection
with 8 is an n-dimensional patch.

We say that S is smooth if all these patches S, are smooth, that is, if the
function F: A — W whose graph in ¥V X W is the patch S, (when X is viewed
as V X W) is continuously differentiable for every such patch S,.

The sphere we considered above is a two-dimensional smooth submanifold
of R3,

Submanifolds are frequently presented as zero sets of mappings. For
example, our sphere above is the zero set of the mapping @ from R3 to R defined
by G(x) = 33z? — 1. It is obviously important to have a condition guar-
anteeing that such a null set is a submanifold.

Theorem 12.1. Let G be a continuously differentiable mapping from an open
subset U of an (n + m)-dimensional vector space X to an m-dimensional
vector space Y such that dG, is surjective for every « in the zero set S of G.
Then 8 is an n-dimensional submanifold of X.

Proof. Choose any point ¥ of S. Since dGy is surjective from the (n 4+ m)-
dimensional vector space X to the m-dimensional vector space Y, we know that
the null space V of dGy has dimension n (Theorem 2.4, Chapter 2). Let W be any
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complement of ¥, and think of X as V' X W, so that G now becomes a function of
two vector variables and 7 is a point <«, 8> such that G{a, 8) = 0. The
restriction of dG<q 5> to W is an isomorphism from W to V; that is, (dG%4 g5) !
exists. Therefore, by the implicit-function theorem, there is a product neigh-
borhood Ss(a) X S,(8) of <a, 8> in X whose intersection with S is the graph
of a function on S;(a). This proves our theorem. [

If S is a smooth submanifold, then the function F whose graph is the patch
of S around ¥ (when X is viewed suitably as V X W) is continuously differentia-
ble, and therefore S has a uniquely determined n-dimensional tangent plane M
at v that fits S most closely around 7 in the sense of our s-approximations.
If v = 0, this tangent plane is an n-dimensional subspace, and in general it is
the translate through v of a subspace N. We call N the tangent space of S at 7;
its elements are exactly the vectors in X tangent to parametrized arcs drawn
in S through v. What we are going to do later is to describe an n-dimensional
manifold S independently of any imbedding of S in a vector space. The tangent
space to S at a point ¥ will still be an invaluable notion, but we are not going to
be able to visualize it by an actual tangent plane in a space X carrying S.
Instead, we will have to construct the vector space tangent to S at v some-
how.

The clue is provided by Theorem 10.2, which tells us that if S is imbedded
as a submanifold in a vector space X, then each vector tangent to S at ¥ can be
presented as the unique tangent vector at ¥ to some smooth curve lying in S.
This mapping from the set of smooth curves in S through ¥ to the tangent space
at ¥ is not injective; clearly, different curves can be tangent to each other at v
and so have the same tangent vector there. Therefore, the object in S that
corresponds to a tangent vector at ¥ is an equivalence class of smooth curves
through 7, and this will in fact be our definition of a tangent vector for a general
manifold.

The notion of a submanifold allows us to consider in an elegant way a
classical “constrained” maximum problem. We are given an open subset U
of a finite-dimensional vector space X, a differentiable real-valued function F
defined on U, and a submanifold S lying in U. We shall suppose that the
submanifold S is the zero set of a continuously differentiable mapping ¢ from U
to a vector space Y such that dGy is surjective for each ¥ on S. We wish to
consider the problem of maximizing (or minimizing) F(¥) when v is “con-
strained” to lie on S. We cannot expect to find such a maximum point v, by
setting dF'y = 0 and solving for 7, because 7o will not be a critical point for F.
Consider, for example, the function g(x) = >3 2 — 1 from R® to Rand F(x) =
ry. Here the “surface” defined by ¢ = 0 is the unit sphere 32 22 = 1, and on
this sphere F has its maximum value 1 at <0, 1,0>. But F is linear, and so
dlFy = F can never be the zero transformation. The device known as Lagrange
multipliers shows that we can nevertheless find such constrained critical points
hy solving dLy = O for a suitable funetion L.
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Theorem 12.2. Suppose that F has a maximum value on S at the point 7.
Then there is a functional [ in Y* such that 7 is a critical point of the func-
tion F — (Io G).

Proof. By the implicit-function theorem we can express X as V X W in such a
way that the neighborhood of S around 7 is the graph of a mapping H from an
open set A in V to W. Thus, expressing F and G as functions on V X W, we
have G(£, 1) = Onear Yy = <@, 8> if and only if » = H(£), and the restriction
of F(£, n) to this zero surface is thus the function K: A — R defined by K(§) =
F(¢ H(£)). By assumption « is a critical point for this function. Thus

0 = dKy = dFka g -+ A% g5 o A,
Also from the identity G(¢, H(§)) = 0, we get
0= dG1<a,/3> + dG2<a,/3> ° dHa.

Since dG%, > is invertible, we can solve the second equation for dH, and
substitute in the first, thus getting, dropping the subscripts for simplicity,

dF' — dF% o (dG%) ™! o dG! = 0.

Let I € Y* be the functional dF? o (dG?)~!. Then we have dF' = [ o dG* and,
by definition, dF? = I o dG2. Composing the first equation (on the right) with
m1: VX W —V and the second with 7, and adding, we get dF«a5> =
lodG<ap>. Thatis, d(F — 1o G)y=10. 0

Nothing we have said so far explains the phrase “Lagrange multipliers”.
This comes out of the Cartesian expression of the theorem, where we have U
an open subset of a Cartesian space R®, ¥ = R™, ¢ = <g!,...,¢™>,and lin
Y* of the form l,:l(y) = ¥7c¢:. Then F — 1o G = F — 3 7eyg’, and
d(F — lo @), = 0 becomes

gg—lci%i—j=0, i=1...,n
These n equations together with the m equations G = <g!,..., ¢™> = 0 give
m -+ n equations in the m -+ n unknowns xy, ..., Zp, €1y - -« , Cmi-

Our original trivial example will show how this works out in practice. We
want to maximize F(x) = z, from R® to R subject to the constraint 33 22 = 1.
Here g(x) = 32 22 — 1 is also from R? to R, and our method tells us to look
for a critical point of F — ¢g subject to ¢ = 0. Our system of equations is

0 — 2¢x; = 0,
1 — 2¢cxe = 0,
0 — 2¢cx3 =0,

3
Zx?=1.
1
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The first says that ¢ = 0 or z; = 0, and the second implies that ¢ cannot be 0.
Therefore, z; = z3 = 0, and the fourth equation then shows that z, = =1.

Another example is our problem of minimizing the surface area A =
2(xy -+ yz + 2x) of a rectangular parallelepiped, subject to the constraint of a
constant volume, xyz = V. The theorem says that the minimum point will be a
critical point of A — AV for some X\, and, setting the differential of this funetion
equal to zero, we get the equations

2y +2) — Mz = 0,
20+ 2) — Az =0,
2@-t+y) — My =0,

together with the constraint

zye = V.

The first three equations imply that # = y = ¢z; the last then gives V2 at the
common value.

*13. FUNCTIONAL DEPENDENCE

The question, roughly, is this: If we are given a collection of continuous functions,
all defined on some open set A, how can we tell whether or not some of them are
functions of the rest? For example, if we are given three real-valued continuous
functions fy, fo, and f3, how can we tell whether or not some one of them is a
function of the other two, say f3 is a function of f; and f5, which means that there
is a function of two variables g(x, y) such that f3(t) = g(f1(£), f2(¢)) for all ¢ in
the common domain A? If this happens, we say that f3 is functionally dependent
on f1 and fy. This is very nearly the same as asking when it will be the case that
the range S of the mapping F:t > <f1(£), fo(D), f3() > is a two-dimensional
submanifold of R3. However, there are differences in these questions that are
worth noting. If f3 is functionally dependent on f; and f3, then the range of F
certainly lies on a two-dimensional submanifold of R3, namely, the graph of g.
But this is no guarantee that it itself forms a two-dimensional submanifold.
For example, both fy and f3 might be functionally dependent on fy, fo = ¢ f1,
and fs3 = h o f1, in which case the range of F lies on the curve <s, ¢(s), h(s) > in
R3, which is a one-dimensional submanifold. In the opposite direction, the range
of F can be a two-dimensional submanifold M without f3 being functionally
dependent on fy and f;. All we can conclude in this case is that locally one of the
functions {f;}$ is a function of the other two, since locally M is a surface patch,
in the language of the last section. But if we move a little bit away on the
curving surface M to the neighborhood of another point, we may have to solve
for a different one of the functions. Nevertheless, if M = range F is a subset of
a two-dimensional manifold, it is reasonable to say that the functions {f;}$ are
Junctionally dependent, and we are led to examine this more natural notion.
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If we assume that F = <fy, fo, f3> 1s continuously differentiable and that
the rank of dF, is 3 at some point « in A4, then the implicit-function theorem
implies that F[A] includes a whole ball in R® about the point F(a). Thus a
necessary condition for M = range F to lie on a two-dimensional submanifold in
R3 is that the rank of dF, be everywhere less than 3. We shall see, in fact, that
if the rank of dF, is 2 for all @, then M = range F is essentially a two-dimensional
manifold. (There is still a tiny difficulty that we shall explain later.) Our tools
are going to be the implicit-function theorem and the following theorem, which
could well have come much earlier, that the rank of T is a “lower semicon-
tinuous” function of 7.

Theorem 13.1. Let V and W be finite-dimensional vector spaces, normed
in some way. Then for any T in Hom(V, W) there is an e such that

IS — T < € = rank S > rank 7.

Proof. Let T have null space N and range R, and let X be any complement of
N in V. Then the restriction of T to X is an isomorphism to E, and hence is
bounded below by some positive m. (Its inverse from E to X is bounded by
some b, by Theorem 4.2, and we set m = 1/b.) Then if IS — T|| < m/2, it
follows that S is bounded below on X by m/2, for the inequalities

1Tl =2 mllell  and (S — T)(@)] < (m/2)[|«]

together imply that IS(a)|| = (m/2)|lell. In particular, S is injective on X, and
so rank S = d(range S) > d(X) = d(R) = rank T. [

We can now prove the general local theorem.

Theorem 13.2. Let V and W be finite-dimensional spaces, let 7 be an integer
less than the dimension of W, and let F be a continuously differentiable map
from an open subset 4 C V to W such that the rank of dFy = r for all ¥
in A. Then each point ¥ in A has a neighborhood U such that F[U] is an
r-dimensional patch submanifold of W.

Proof. Fora fixed vin A let V; and Y be the null space and range of dFy, let
Vo be a complement of V; in V, and view V as V; X V. Then F becomes
a function F(§, n) of two variables, and if ¥ = <a, 8>, then dF%, s> is an
isomorphism from V4 to Y. At this point we can already choose the decom-
position W = W, @ W, with respect to which F[A] is going to be a graph
(locally). We simply choose any direct sum decomposition W = W ®@ W,
such that Wy is a complement of ¥ = range dF <, g>. Thus W, might be ¥,
but it doesn’t have to be. Let P be the projection of W onto W, along W.
Since Y is a complement of the null space of P, we know that P | Y is an
isomorphism from Y to W;. In particular, W; is r-dimensional, and

rank P o dF ¢85 = 1.
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Moreover, and this is crucial, P is an isomorphism from the range of
dF <¢.4> to Wy for all < £, n> sufficiently close to <«, 8>. For the above rank
theorem implies that rank PodF.;,» > rank PodF.,s. = r on some
neighborhood of <a,8>. On the other hand, the range of P o dF > is
included in the range of P, which is W, and so rank P o dF (¢ ,» < r. Thus
rank P o dF ¢¢,» = r for <& n> near <a, 8>, and since rank dF ¢; ,» = r
by hypothesis, we see that P is an isomorphism on the range of any such dF < ;5.

Now define H: W; X A — W, as the mapping

<§',£,1’]>’P—>P0F(£,7})—§'.

If u = PoF(xB), then dH%, , 5> = P o dF%, >, which is an isomor-
phism from Vo to W;. Therefore, by the implicit-function theorem there exists
a neighborhood L X M X N of <u,a, 8> and a uniquely determined con-
tinuously differentiable mapping G from L X M to N such that

H(t, &G, 8) =0

¢=PoF(t G, 8)

on L X M. That is,

on L X M.

The remainder of our argument consists in showing that F(& G(¢, £)) is a
function of { alone. We start by differentiating the above equation with respect
to £, getting

0=Po(dF! + dF?0dG? = PodF o <I,dG*>.
As noted above, P is an isomorphism on the range of dF <;, for all <& »>
sufficiently close to <a, 8>, and if we suppose that L X M is also taken small
enough so that this holds, then the above equation implies that

dF <gp» © <I,dG*> =0
forall <¢, £> € L X M. But this is just the statement that the partial differ-
ential with respect to £ of F (¢, G(¢, £)) is identically 0, and hence that

F(t G(5, )

is a continuously differentiable function K of ¢ alone:

F(& GG, 9) = K@)

Since n = G(f, £) and { = P o F(£, 1), we thus have F(£, n) = K(P o F(§, 1)),
or
F=KoPoF,

and this holds on the open set U consisting of those points < £, n> in M X N
such that P o F(% 9) € L. If we think of W as W X Wy, then F and K
are ordered pairs of functions, F = <F! F?> and K = <[, k>, P is the
mapping <¢{,v> > ¢{, and the second component of the above equation is

F?=FkoF!
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Since FY{U] = P o F[U] = L, the above equation says that F[U] is the graph of
the mapping k from L to W,. Moreover, L is an open subset of the r-dimensional
vector space Wy, and therefore F[U] is an r-dimensional patch manifold in
W = W1 X W2. D

The above theorem includes the answer to our original question about
functional dependence.

Corollary. Let F = {f}T be an m-tuple of continuously differentiable
real-valued functions defined on an open subset 4 of a normed linear space
V, and suppose that the rank of dF, has the constant value » on A, where r
is less than m. Then any point ¥ in A has a neighborhood U over which
m — r of the functions are functionally dependent on the remaining r.

Proof. By hypothesis the range Y of dFy = <df3, ..., dfy> is an r-dimen-
sional subspace of R™. We can therefore find a basis for a complementary sub-
space W, by choosing m — r of the standard basis elements {5‘}, and we may
as well renumber the functions f* so that these are 8"*! ..., ™. Then the
projection P of R™ onto R" = L(3%,..., 8" is an isomorphism from ¥ to R"
(since Y is a complement of its null space), and by the theorem there is a neigh-
borhood U of ¥ over which (I — P) o F is a function k of P o F. But this says
exactly that <f™t1, ..., f*> = ko <f',...,f7>. Thatis, kis an (m — r)-
tuple-valued function, k = <k™*t!, ..., k™>,and 7 = ko <fi,...,f"> for
j=r+1,...,m 0O

y Fig. 3.12

We mentioned earlier in the section that there was a difficulty in concluding
that if F is a continuously differentiable map from an open subset 4 of V to W
whose differential has constant rank r less than d(W), then S = range F is an
r-dimensional submanifold of 8. The flaw can be described as follows. The
definition of a submanifold S of X required that each point of S have a neighbor-
hood in X whose intersection with S is a patch. In the case before us, what we
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can conclude is that if 8 is a point of S, then 8 = F(a) for some a in 4, and a
has a neighborhood U whose image under F is a patch. But this image may not
be a full neighborhood of 8 in S, because 8 may curve back on itself in such a
way as to intrude into every neighborhood of 3. Consider, for example, the one-
dimensional I' imbedded in R® suggested by following Fig. 3.12. The curve
begins in the zz-plane along the z-axis, curves over, and when it comes to the
zy-plane it starts spiraling in to the origin in the zy-plane (the point of change
over from the zz-plane to the xy-plane is a singularity that we could smooth out).
The origin is not a point having a neighborhood in R?® whose intersection with T'
is a one-patch, but the full curve is the image of (—1, 1) under a continuously
differentiable injection.

We would consider I' to be a one-dimensional manifold without any difficulty,
but something has gone wrong with its imbedding in R3, so it is not a one-dimen-
sional submanifold of R3.

*14. UNIFORM CONTINUITY AND FUNCTION-VALUED MAPPINGS

In the next chapter we shall see that a continuous function F whose domain is a
bounded closed subset of a finite-dimensional vector space V is necessarily
uniformly continuous. This means that given €, there is a 6 such that

lg—all <8 = [IF(® —Fll <e

for all vectors £ and » in the domain of F.

The point is that 8 depends only on € and not, as in ordinary continuity,
on the “anchor” point at which continuity is being asserted. This is a very
important property. In this section we shall see that it underlies a class of
theorems in which a point map is escalated to a function-valued map, and prop-
erties of the point map imply corresponding properties of the funetion-valued
map. Such theorems have powerful applications, as we shall see in Section 15
and in Section 1 of Chapter 6. An application that we shall get immediately here
is the theorem on differentiation under the integral sign. However, it is only
Theorem 14.3 that will be used later in the book.

Suppose first that F(£, n) is a bounded continuous function from a product
open set M X N to a normed linear space X. Holding 5 fixed, we have a function
fy(8) = F(%, n) which is a bounded continuous function on M, that is, an
element of the normed linear space ¥ = ®e(M, X) of all bounded continuous
maps from M to X. This function is also indicated F (-, n), so that f, = F(-, n).
We are supposing that the uniform norm is being used on Y:

Ifll = Tub {||f;,()]] : £ € M} = lub {[|[F(& n)| : £ € M}.

Theorem 14.1. In the above context, if F is uniformly continuous, then the
mapping n — f, (or 3 = F(-, 1)) is continuous, in fact, uniformly continuous,
from N to Y.



(c) ketabton.com: The Digital Library

180 THE DIFFERENTIAL CALCULUS 3.14

Proof. Given €, choose & so that
[<&n> — <pv>| <8 = [[F(§ 1) — F(u, )| <e

Taking 4 = ¢ and rewriting the right-hand side, we have

ln—vll <& = [Ifi(® — LB <e
for all £&. Thus
ln—vl <& = lfy —fll. <el

We have proved that if a function of two variables is uniformly continuous,
then the mappings obtained from it by the general duality principle are con-
tinuous. This phenomenon lies behind many well-known facts. IFor example:

Corollary. If F(z, y) is a uniformly continuous real-valued function on the
unit square [0, 1] X [0, 1] in R2, then fol F(z, y) dz is a continuous function
of y.
Proof. The mapping yr——»fol F(z,y) dr is the composition of the bounded
linear mapping f+ fol f from €([0,1] to R with the continuous mapping
y — F(-,y) from [0, 1] to €[0, 1], and is continuous as the composition of con-
tinuous mappings. [

We consider next the differentiability of the above duality-induced mapping.

Theorem 14.2. If F' is a bounded continuous mapping from an open product
set M X N of a normed linear space V X W to a normed linear space X,
and if dI'%, > exists and is a bounded uniformly continuous function of
<a,B> on M X N, then ¢: 7 — F(-, 1) is a differentiable mapping from
N to ¥ = ®e(M, X), and [deg(n)](§) = dF%; s> (n).

Proof. Given €, we choose & by the uniform continuity of dF?, so that
w —vll <6 = dF%pu> — dF%.s|l < €

for all ¢ € M. The corollary to Theorem 7.4 then implies that

ol < & = [[AF%;85(n) — dF%gps (il < €ln]]

for all ¢ € M, all 8 € N, and all » such that the line segment from 8 to 8+ ¢
isin N. We fix 8 and rewrite the right-hand side of the above inequality. This
is the heart of the proof. First

AF%p>(n) = F(§,8+ 1) — F(£6)
= [fo4n — fol(&) = [e(B + 1) — «(B)I(&) = [Ags()](£).
Next we can check that if |dF%, .|| < bfor <u, v> € M X N, then the map-

ping T defined by the formula [T(7)(£) = dF%;g>(n) is an element of
Hom(W, Y) of norm at most b. We leave the detailed verification of this as an
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exercise for the reader. The last displayed inequality now takes the form

[l < & = flags(n) — TIOI < €llnll,
and hence

[l < & = llaps(n) — T(Ml= < €llnl].
This says exactly that the mapping ¢ is differentiable at 8 and dgg = T. U

The mapping ¢ is in fact continuously differentiable, as can be seen by
arguing g little further in the above manner. The situation is very close to being
an application of Theorem 14.1.

The classical theorem on differentiability under the integral sign is a corollary
of the above theorem. We give a simple case. Note that if 5 is a real variable y,
then the above formula for dy can be rewritten in terms of arc derivatives:

B = %’5 (& b).

Corollary. If F(z,y) is a continuous real-valued function on the unit
square [0, 1] X [0, 1], and if dF/dy exists and is a uniformly continuous
funetion on the square, then fol F(z, y) dx is a differentiable function of y
and its derivative is [¢ (3F/dy)(z, y) dx.

Proof. The mapping T: y — fol F(z, y) dx is the composition of the bounded
linear mapping f — fol f(x) dx from ([0, 1]) to R with the differentiable mapping
o:y— F(-,y) from [0, 1] to €([0, 1]), and is therefore differentiable by the
composite-function rule. Then Theorem 7.2 and the fact that the differential of
a bounded linear map is itself give

1 1
T'(y) = / [ (W)](@) do = fo %’@, y) dz. 0

We come now to the situation of most importance to us, where a point to
point map generates a function-to-function map by composition. Let 4 be an
open set in a normed linear space V, let S be an arbitrary set, and let @ be the
set of bounded maps f from S to A. Then @ is a subset of the normed linear space
®(S, V) of all bounded functions from 8 to ¥V under the uniform norm. A funec-
tion f € @ will be an interior point of @ if and only if the distance from the range
of f to the boundary of @ is a positive number §, for this is clearly equivalent to
saying that @ includes a ball in ®(S, V) about the point f. Now let g be any
bounded mapping from A to a normed linear space W, and let G: @ — ®(S, W)
be composition by g. Thatis, h = G(f)ifandonlyif feGand h = gof. We
can consider both the continuity and differentiability of G, but we shall only
work out the differentiability theorem.

Theorem 14.3. Let the function g: A — W be differentiable at each point
o in A, and let dg, be a bounded uniformly continuous function of @. Then
the mapping G: G — &(S, W) defined by G(f) = gof is differentiable at
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any interior point f in @ and dGy: B(S, V) — &(S, W) is defined by

[dG (M)(s) = dgsis)(R(s))
forall se S.

Proof. Given €, choose § by the uniform continuity of dg so that
lla — Bl <& = [dga — dgsll < ¢,
and then apply the corollary to Theorem 7.4 once more to conclude that

£l < 6 = [laga(8) — dga(®)] < €l £]],

provided the line segment from o to &« + £isin A. Now choose any fixed interior
point fin @, and choose 6’ < 6 so that Bs(f) C @ Then for any & in ®(S, V),

[hlle < 8" = {lAgre (h(s)) — dgrey (M) < €llR ()]l

for all s € S. Define a map T: ®&(S, V) — &(S, W) by [T(h)I(s) = dgss,(h(s)).
Then the above displayed inequality can be rewritten as

Ihlle < 8" = [JAGs(R) — T(W)lw < €|l

That is, AGy = T -+ o. We will therefore be done when we have shown that
T € Hom(®(S, V), &(S, W)).
Tirst, we have

(T(hy + h2))(s) = dgpesy((h1 + R2)(5)) = dgrs)(hi(s) + ha(s))
= dgs)(h1(5)) + dgsesy (ha(s)) = (T(h1))(s) + (T(h2))(5).

Thus T'(hy + hs) = T(h;) + T(h2), and homogeneity follows similarly. Second,
if b is a bound to [ldga|| on 4, then ||T(h){l. = lub {||(T(R))(s)] :s €8} <
lub {|{dgs)l - [R(8)]] : s € 8} < b|lhlle.  Therefore, [[T|| < b, and we are
finished. O

In the above situation, if ¢ is from 4 X U to W, so that G(f) is the function
h given by h(t) = g(f(£), t), then nothing is changed except that the theorem is
about dg! instead of dg. If, in addition, V is a product space V; X Vs, so that f
is of the form <fy, fo> and [G(H)I(E) = g(f1(8), f2(f), t), then our rules about
partial differentials give us the formula

[dG (W) = dgfey(h1(8)) + dgieey (Ra(®)).

*15. THE CALCULUS OF VARIATIONS

The problems of the calculus of variations are simply eritical-point problems of a
certain type with a characteristic twist in the way the condition dF, = 0 is used.
We shall illustrate the subject by proving one of its standard theorems.

Since we want to solve a constrained maximum problem in which the domain
is an infinite-dimensional vector space, a systematic discussion would start off
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with a more general form of the Lagrange multiplier theorem. However, for our
purpose it is sufficient to note that if S is a closed plane M + «, then the restric-
tion of F to S is equivalent to a new function on the vector space M, and its
differential at 8 = 5 + « in S is clearly just the restriction of dF to M. The
requirement that 8 be a critical point for the constrained function is therefore
simply the requirement that dFg vanish on M.

Let F be a uniformly continuous differentiable real-valued function of three
variables defined on (an open subset of) W X W X R, where W is a normed
linear space. Given a closed interval [a, b] C R, let V be the normed linear space
el([a, bl, W) of smooth ares f:[a, b] — W, with ||f|| taken as ||flle + Il
The problem is to maximize the (nonlinear) functional G(f) = [2 F(f(t), f'(¢),t) dt,
subject to the restraints f(a) = « and f(b) = 8. That is, we consider only
smooth arcs in W with fixed endpoints « and B8, and we want to find that arc
from a to 8 which maximizes (or minimizes) the integral. Now we can show
that G is a continuously differentiable function from (an open subset of) V to R.
The easiest way to do this is to let X be the space €({a, b], W) of continuous arcs
under the uniform norm, and to consider first the more general functional K
from X X X to R defined by K(f, ¢) = fa” F(f(t), g(t), t) dt. By Theorem 14.3
the integrand map <f,g> — F(f(-), g(-),) is differentiable from X X X to
€([a, b)) and its differential at <Jf, > evaluated at <h, k> is the function

AF s r,000.05(R(8) + dF% sy gctr 05 k(D).

Since f — fab f(¢) is a bounded linear functional on @, it is differentiable and equal
to its differential. The composite-function rule therefore implies that K is
differentiable and that

0K <1.05 (0 1) = | AR (hQ) - dF2 (k)] dt,

where the partial differentials in the integrand are at the point <f(¢), g(©), t>.
Now the pairs <f, ¢> such that f* exists and equals ¢ form a closed subspace of
X X X which is isomorphic to V. It is obvious that they form a subspace, but
to see that it is closed requires the theory of the integral for parametrized arcs
from Chapter 4, for it depends on the representation f(f) = f(a) + fa‘ f'(s) ds
and the consequent norm inequality ||f(¢) — f(@)]] € (¢ — @)||f'l«. Assuming
thig, we see that our original functional G is just the restriction of K to this sub-
space (isomorphic to) V, and henee is differentiable with

acm = [ AP (h() + AP (W Q) d.

This differential dGy is called the first variation of G about f.

The fixed endpoints a and g8 for the are f determine in turn a closed plane P
in V, for the evaluation maps (coordinate projections) 7,: f — f(z) are bounded
and P is the intersection of the hyperplanes m, = « and mp = 8. Since P is a
translate of the subspace M = {f & V: f(a) = f(b) = 0}, our constrained
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maximum equation is

a6, = [ 1dF" (h(0) + dF*(K(®)}dt = 0

for all h in M.

We come now to the special trick of the calculus of variations, called the
lemma, of Du Bois-Reymond.

Suppose for simplicity that W = R. Then F is a function F(z, y, ) of three
real variables, the partial differentials are equivalent to ordinary partial deriva-
tives, and our critical-point equation is

b
F
e, (k) =/a (g;~h+g—§-h’>=0.

If we integrate the first term in the integral by parts and remember that h(a) =
h(b) = 0, we see that the equation becomes

b
/ «zﬁ_/élz _ o
« \9y oz )9 =

where ¢ = h/. Since & is an arbitrary continuously differentiable function except
for the constraints h{a) = h(b) = 0, we see that ¢ is an arbitrary continuous
function except for the constraint f,f g(¢) dt = 0. That is, 6F /oy — f J9F /ozx is
orthogonal to the null space N of the linear functional g fab g(t) dt. Since the
one-dimensional space N* is clearly the set of constant functions,

b b
/ g=0= f Cg=20,
our condition becomes

(10,70, = [ 2 (50,70, 9 ds + .

This equation implies, in particular, that the left member is differentiable. This
is not immediately apparent, since f’ is only assumed to be continuous. Differ-
entiating, we conclude finally that f is a critical point of the mapping G if and
only if it is a solution of the differential equation

d oF , _9F '
i 3y JO.1@,0) = 5 (50, 1@, ),

which is called the Euler equation of the variational problem. It is an ordinary
differential equation for the unknown function f; when the indicated derivative
is computed, it takes the form

3°’F 3°F  oF
s
dy ox dyot dzx

If W is not R, we get exactly the same result from the general form of the
integration by parts formula (using Theorem 6.3) and a more sophisticated

a°F
ar "
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version of the above argument. (See Exercise 10.14 and 10.15 of Chapter 4.)
That is, the smooth arc f with fixed endpoints & and 8 is a ecritical point of the
mapping g — fa" F(g(®), ¢'(t), t) dt if and only if it satisfies the Euler differential
equation

d
7 dF% ey, 510,00 = AF% g0y, 700,05
This is now a vector-valued equation, with values in W*. If W is finite-dimen-

sional, with dimension 7, then a choice of basis makes W* into R", and this
vector equation is equivalent to » scalar equations

d oF

, __9F ,
di 3y, T O, 10, 0) = 2= (7, £ ®), 0),

where F is now a function of 2n + 1 real variables,

F(";y’t)=F(xly-"’xmyl;---;ymt)-

Finally, let us see what happens to the simpler variational problem (W = R)
when the endpoints of fare not fixed. Now the critical-point equation is dGy(h) =
0 for all h in V, and when we integrate by parts it becomes

b b
oF dF d aF
a—y"']ﬁ/a (i —aip)n=o
for all A in V. We can reason essentially as above, but a little more closely, to
conclude that a function f is a critical point if and only if it satisfies the Euler

equation
a(oFy _eF _
dt \9y dr
and also the endpoint conditions

oF
9y

oF

== 0.
t=a ay

t=>b

This has been only a quick look at the variational caleulus, and the interested
reader can pursue it further in treatises devoted to the subject. There are many
more questions of the general type we have considered. For example, we may
want neither fixed nor completely free endpoints but freedom subject to con-
straints. We shall take this up in Chapter 13 in the special case of the varia-
tional equations of mechanics. Or again, f may be a function of two or more
variables and the integral may be a multiple integral. In this case the Euler
equation may become a system of partial differential equations in the unknown f.
Finally, there is the question of sufficient conditions for the critical function to
give-a maximum or minimum value to the integral. This will naturally involve a
study of the second differential of the functional G, or its second variation, as it is
known in this subject.
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*16. THE SECOND DIFFERENTIAL AND
THE CLASSIFICATION OF CRITICAL POINTS

Suppose that V and W are normed linear spaces, that A is an open subset of V',
and that F: A — W is a continuously differentiable mapping. The first differ-
ential of F is the continuous mapping dF: v — dFy from A to Hom(V, W). We
now want to study the differentiability of this mapping at the point a. Pre-
sumably, we know what it means to say that dF is differentiable at «. By
definition d(dF), is a bounded linear transformation 7 from V to Hom(V, W)
such that A(dF).(n) — T(n) = o(n). That is, dFa4, — dFy, — T(y) is an
element of Hom(V, W) of norm less than €||4{ for 5 sufficiently small. We sct
d®F, = d(dF), and repeat: d*F, = d*F,(-) isa linear map from V to Hom(V, W),
d?F,(n) = d°F,(1)(-) is an element of Hom(V, W), and d?F,(n)(£) is a vector
in W. Also, we know that d*F,, is equivalent to a bounded bilinear map

W VXV -oW,

where w(n, £ = d*F(n)(§).
The vector d2F ,(n)(£) clearly ought to be some kind of second derivative of
F at a, and the reader might even conjecture that it is the mixed derivative in

the directions ¢ and 7.

Theorem 16.1. If F: A — W is continuously differentiable, and if the
second differential d?F, exists, then for each fixed u € V the function
D,F:vvw— DJF(v) from A to W is differentiable at « and D,(D,F){«a) =

(d®Fa() ().
Proof. We use the evaluation-at-u map ev,: Hom(V, W) — W defined for a
fixed p in V by ev,(T) = T(u). It is a bounded linear mapping. Then
(DF)(a) = dF(u) = ev,(dF,) = (ev, o dF)(a),

so that the function D,F is the composition ev, o dF. It is differentiable at «
because d(dF), exists and ev, is linear. Thus (D,(D.F))(«) = d(D,F),(v) =
d(ev, o dF)a(v) = (ev, o d(dF).)(¥) = ev [(d®F)(»)] = (d®F,(»))(u). O

The reader must remember in going through the above argument that D, I
is the function (D,F)(-), and he might prefer to use this notation, as follows

D,((DuF)())la = d((DuF)())alv) = d(ev, o dF())a(v)
= [ev, o d(dF,)a](v) = ev, (d?F,(v)).
If the domain space V is the Cartesian space R”, then the differentiability of

(DsiF)(-) = (8F/dxz;)(-) at a implies the existence of the second partial deriva
tives (32F/dx; dx;)(a) by Theorem 9.2, and with b and ¢ fixed, we then have

oF aF
Do(DyF) = D, (Z b,;;) => biDc(%;

k3

d (oF a°F
- Zo(Ze () - Boadin
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Thus,

Corollary 1. If V = R" in the above theorem, then the existence of d*F,
implies the existence of all the second partial derivatives (92F/dx; dz;)(a)
and

a%F
7 3x; 91

d*Fa(b, ¢) = Dyp(D.F)(a) = Z) b (a).

?,j=1

Moreover, from the above considerations and Theorem 9.3 we can also
conclude that:

Theorem 16.2. If ¥V = R” and if all the second partial derivatives
(8°F /dx; dx;)(a) exist and are continuous on the open set A, then the
second differential d?F, exists on 4 and is continuous.

Proof. We have directly from Theorem 9.3 that each first partial derivative
(3F /3xz;)(-) is differentiable. But 8F/dz; = evy o dF, and the corollary is then a
consequence of the following general principle. [

Lemma. If {S;}% is a finite collection of linear maps on a vector space W
such that S = <S8y, ..., 8> is invertible, then a mapping F: 4 —» W is
differentiable at « if and only if S; o F is differentiable at « for all <.

Proof. Forthen So Fand F = 87! o § o F are differentiable, by Theorems 8.1
and 6.2. U

These considerations clearly extend to any number of differentiations. Thus,
if d®F,:y — d®F, is differentiable at a, then for fixed b and ¢ the evaluation
d*F (b, ¢) is differentiable at a and the formula

o’F
— g2 .
(DDA () = dFey b, ) = 2 biey 575 ()
shows (for special choices of b and ¢) that all the second partials (92F /dx; 9x,)(-)
are differentiable at a, with

a’F
r; 0%,

(DaDeDF) (@) = Da((DeDoF)(Dla = 2 bitsde g ().

Conversely, if all the third partials exist and are continuous on A, then the
second partials are differentiable on A by Theorem 9.3, and then d?F, is
differentiable by the lemma, since (92F/dx; 0x;)(-) = ev<sisy o d°F(.,.

As the reader will remember, it is crucially important in working with
higher-order derivatives that 92F/dz, ox; = 8°F/dx; 0x;, and we very much
need the same theorem here.

Theorem 16.3. The second differential is a symmetric function of its two
arguments: (d2Fa(77))(£> = <d2Fa(E))("7)
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Proof. By the definition of d(dF),, given €, there is a & such that
A(dF)a(n) — d(@dF)a(n)|| < €|l

whenever ||g]] < 8. Of course, A(dF)a(n) = dF oy, — dF,. If we write down
the same inequality with 5 replaced by n + ¢, then the difference of the trans-
formations in the left members of the two inequalities is

(dFa+n - dFa-{»—v-}—{) - sza(—{);
and the triangle inequality therefore implies that

1(dF oty — dFainis) — d*Fa(—=0) < elllnll + [ln + £1) < 2elIn]] + [,

provided that both n and 7 + ¢ have norms at most 8. We shall take ||¢]] < §/3
and ||9]] < 28/3. If we hold ¢ fixed, and if we set T = d?F,(—¢) and G(§) =
F(£) — F(& + {), then this inequality becomes [|[dGaty — Tl < 2e(flnl] + lI¢l),
and since it holds whenever ||| < 25§/3, we can apply the corollary to Theorem
7.4 and conclude that [[AG,,(£) — T(&)| < 2e((lnl] + ¢ £ll, provided that 4
and 4 + £ have norms at most 2§/3. This inequality therefore holds if #, ¢, and ¢
all have norms at most /3. If we now set { = —9, we have

AGaty = AFaty — AFayyip = OFaiy — AF,,

and AGy4,(§) = Fla+n1+ &) — Fla+ 1) — F(a+ £) 4 F(a). This function
of 7 and £ is called the second difference of F at «, and is designated AZF (n, £).
Note that it is symmetric in £ and n. Our final inequality can now be rewritten as

[A%Fa(n, &) — (d*Fa(m) (Ol < el [l

Reversing 7 and £, and using the symmetry of A%F,, we see that

[(d*Fa(m)(§) — (@Fa(®)m)li < 8ellnll [|£],

provided 7 and ¢ have norms at most §/3. But now it follows by the usual
homogeneity argument that this inequality holds for all n and £ Finally, since
¢ is arbitrary, the left-hand side is zero. O

The reader will remember from the elementary calculus that a critical
point a for a function f [f’(a) = 0] is a relative extremum point if the second
derivative f”'(a) exists and is not zero. In fact, if /(@) < 0, then f has a relative
maximum at a, because f/(a) < 0implies that f’ is decreasing in a neighborhood
of @ and the graph of f is therefore concave down in a neighborhood of a. Simi-
larly, f has a relative minimum at a if f’(a) = 0 and f”(a) > 0. If f"’(a) = 0,
nothing can be concluded.

If f is a real-valued function defined on an open set 4 in a finite-dimensional
vector space V, if « € A is a critical point of f, and if d%fa exists and is a non-
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singular element of Hom(V, V¥*), then we can draw similar conclusions about the
behavior of f near «, only now there is a richer variety of possibilities. The
reader is probably already familiar with what happens for a function f from R?
to R. Then a may be a relative maximum point (a “cap” point on the graph
of f), a relative minimum point, or a saddle point as shown in Fig. 3.13 for the
graph of the translated function Af,. However, it must be realized that new
axes may have to be chosen for the orientation of the saddle to the axes to look as
shown. Replacing f by Af, amounts to supposing that 0 is the critical point and
that f(0) = 0. Note that if 0 is a saddle point, then there are two complemen-
tary subspaces, the coordinate axes in the Fig. 3.13, such that O is a relative
maximum for f when f is restricted to one of them, and a relative minimum point
for the restriction of f to the other.

Fig. 3.13

We shall now investigate the general case and find that it is just like the
two-dimensional case except that when there is a saddle point the subspace on
which the eritical point is a maximum point may have any dimension from 1
to n — 1 [where d(V) = n]. Moreover, this dimension is exactly the number of
—1’s in the standard orthonormal basis representation of the quadratic form
Q(E) = w(f) E) = dzfa(f: f)

Our hypotheses, then, are that f is a continuously differentiable real-valued
function on an open subset of a finite-dimensional normed linear space V, that
a € A is a critical point for f (df, = 0), and that the mapping d%f,: V — V*
exists and is nonsingular. This last hypothesis is equivalent to assuming that the
bilinear form w(&, n) = d?f,(, #) has a nonsingular matrix with respect to any
basis for V. We now use Theorem 7.1 of Chapter 2 to choose an w-orthonormal
basis {«;}]. Remember that this means that w(e;, ;) = 0if7 # J, w(a, a) = 1
fori=1,...,p, and w(a; ;) = —1 fort = p+1,...,n. There cannot be
any 0 values for w(a;, ;) because the matrix ¢; = w(a; ;) is nonsingular: if
w(ay, @;) = 0, then the whole ¢th column is zero, the column space has dimen-
sion < n — 1, and the matrix is singular.

We can use the basis isomorphism ¢ to replace V by R™ (i.e., replace f by
f o ¢), and we can therefore suppose that ¥V = R™ and that the standard basis is
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w-orthonormal, with w(x, ¥y) = 2% z;y; — 2 p+1 Ziys. Since

2
o(d', #) = 408’ ) = DyDif(a) = b @),

our hypothesis of w-orthogonality is that (8%f/dx; dz;)(a) = 0 for 7 # j,
3%f/ox2 =1 for i=1,...,p, and 8%/82? = —1 for t=p-+1,...,n
Since p can have any value from 0 to n, there are n -+ 1 possibilities. We show
first that if p = =, then a is a relative minimum of f. In this case the quadratic
form ¢ is said to be positive definite, since ¢(x) = w(x, x) is positive for every
nonzero x. We also say that the bilinear form w(x, y) = d%.(x, y) is positive
definite, and, in the language of Chapter 5, that w is a scalar product.

Theorem 16.4. Let f be a continuously differentiable real-valued function
defined on an open subset A of R", and let a € A be a critical point of f at
which d?f exists and is positive definite. Then f has a relative minimum at a.

Proof. We suppose, as above, that the standard basis {6°}] is w-orthonormal.
By the definition of d%f,, given ¢, there is a & such that

|(dfaty(x) — dfa(®)) — dfalx, y)| < elix]| Iyl

whenever ||y < 8. Now df, = 0, since a is a critical point of f, and d*fu(x,y) =
31 x:y;, by the assumption that {6']7 is w-orthonormal. Therefore, if we use

the two-norm on R and set y = {x, we have
|dfasex () — tx]|?] < etl]x®.

Also, if h(t) = f(a -+ tx), then h'(s) = dfaysx(x), and this inequality therefore
says that (1 — e)t]jz[|2 < W' () < (1 + €)tl|z]|®. Integrating, and remembering
that A(1) — h(0) = fla 4+ x) — f(a) = Af,(x), we have

(1 - e) [x]]2 < Afa(x) < (1 ‘g e) lx[i?

whenever ||z]] < 8. This shows not only that a is a relative minimum point
but also that Af, lies between two very close paraboloids when x is sufficiently
small. O

The above argument will work just as well in general. If
¥4 n
g(x) = 2 af — 2 af
1 p+1

is the quadratic form of the second differential and ||x||3 = 3% #Z, then replac-
ing [|x||2 inside the absolute values in the above inequalities by ¢(x), we conclude
that

g(x) — €llx]|” g(x) + €llx]}®
S < afm) < TR,
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or

n

%(i 1—ezZ— > 1+ é)ﬁ) < Afa(x)
1 p+1 » .
< %(E 1+ez2— 2 01— e)x?).
1

»p+1

This shows that Af, lies between two very close quadratie surfaces of the
same type when ||x]] < 8. If 1 < p < n — 1 and a = 0, then f has a relative
minimum on the subspace V; = L({§%}%) and a relative maximum on the
complementary space Vy = L({8%}04,).

According to our remarks at the end of Section 2.7, we can read off the type
of a critical point for a function of two variables without orthonormalizing by
looking at the determinant of the matrix of the (assumed nonsingular) form d2f,.

This determinant is
24 a2 2 2
t11t — (t )2 — ﬂ 9_[ — 9 f .
12T T 952 922 \9ay O

If it is positive, then a is either a relative minimum or a relative maximum. We
can tell which by following f along a single line, say the z;-axis. Thus, if
3%f/8x% < 0, then a is a relative maximum point. On the other hand, if the
above expression is negative, then a is a saddle point.

It is important for the calculus of variations that Theorem 16.4 remains
true when the domain space is replaced by a space of the general type that we
shall study in the next chapter, called a Banach space. The hypotheses now are
that « is a critical point of f, that ¢(§) = df.(¢, £) is positive definite, and that
the scalar product norm ¢/2 (see Chapter 5) is equivalent to the given norm on
V. The proof remains virtually unchanged.

*17. HIGHER ORDER DIFFERENTIALS. THE TAYLOR FORMULA

We have seen that if V and W are normed linear spaces, and if F is a differ-
entiable mapping from an open set A in V to W, then its differential dFF = dF,,
is a mapping from A to Hom(V, W). If this mapping is differentiable on A, then
its differential d(dF) = d(dF).., is a mapping from A to Hom(V, Hom(V, W)).
We remember that an element of Hom (V, Hom(V, W)) is equivalent by duality
to a bilinear mapping from ¥V X V to W, and if we designate the space of all such
bilinear mappings by Hom?(V, W), then d(dF) can be considered to be from A to
Hom?(V, W). We write d(dF) = dF, and call this mapping the second differ-
ential of F. In Section 16 we saw that d®F,(¢, n) = D¢(D,F)(«), and that if
V = R”, then

2 _ = b O
d°Fa(b, ¢c) = DpD.F(a) = Z bic; dz; 9z (a).

The differentials of higher order are defined in the same way. If
d?F: A — Hom?(V, W)
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is differentiable on A, then its differential, d(d?F) = d3F, is from A to
Hom(V, Hom2(V, W)) = Hom?3(V, W), the space of all trilinear mappings from
V3=V X V X V to W. Continuing inductively, we arrive at the notion of the nth
differential of F on A as a mapping from 4 to Hom(V, Hom™ '(V, W)) =
Hom™(V, W), the space of all n-linear mappings from V™ to W. The theorem
that d2F, is a symmetric element of Hom2(V, W) extends inductively to show
that d"F, is a symmetric element of Hom™(V, W). We shall omit this proof.

Our theorem on the evaluation of the second differential by mixed directional
derivatives also generalizes by induction to give

Dg,..., D F(a) = d"Fo(é1, ..., &),

for starting from the left-hand term, we have
D¢, (Dgyy -+« D, F)()la = d(Dgy, - - -, DeF())al$1)
= d(d" 7 Fy(E2 - - -5 £n))alEl)

..... t,> © A" T F))al$1)
= [eVaty.t> © AA"TF)al(E1)
= eV<,,...t,> ([A"Fal$1))
= (@"Fa($1)) (k2 - - -, £n) = d"Fally, .. -, £n)-

If V = R™, then our conclusions about partial derivatives extend inductively
in the same way to show that F has continuous differentials on A up through

order m if and only if all the mth-order partial derivatives 0™F/dz;,, . .., 0z;,
exist and are continuous on A4, with
n m
m 1 my 1 m "F
d"Fa(c’, ..., M) = il...;m=1 Cipy ooy c,maxi” e (a).

We now consider the behavior of F along the line { — « —+ f7, where, of
course, o and 7 are fixed. If A(f) = F(a + t7), then we can prove by induction
that ) . )

dN/dP = (DY Fla+ tn).
We know this to be true for j = 1 by Theorem 7.2, and assuming it for j = m,
we have, by the same theorem,
d"TIx (d)("

Em;—(m)@—amww¢w D,(DyF)(a+ tn) = Dy +'F(a + tn).

Now suppose that Fis real-valued (W = R). We then have Taylor’s formula:

1

— ’ . (m) (m+1)
MO = NO) + N (O) + - + L *@+<+w* (kt)
for some k between 0 and 1. Taking ¢ = 1 and substituting from above, we have
Fla + 1) = F(a) + DyF(a) + -+ + D’"F(a) + o i i DI (a + kn),
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which is the general Taylor formula in the normed linear space context. In
terms of differentials, it is
|
Fla+ 1) = Fla) + dFa(n) + -+ —5d"Fa(n, ..., 1)

1 m
+ md +1Fa+kq(’7; ceey M)
If V=R" then D,G = 37 y;8G/dz;, and so the general term in the
Taylor expansion is

1 (ﬁ: Yi i>mF(:=1) - > Vi Yin 5——8mF (a).

mI\T 7" oz, ml S = Ty - O,

If m = n = 2, and if we use the notation x = <z,y>,s = <s, t>, then

a°F a°F
3z 0y (a) + tzay_z (a)]-
The above description is logically simple, but it is inefficient in that it repeats
identical terms such as y1y2(3%F/dz, dxs) and yay1(02F /34 d2;). We conclude
by describing for the interested reader the modern “multi-index” notation for this
very complicated situation.

Remember that we are looking at the mth term of the Taylor formula for F,
and that F has n variables.

For any n-tuple k = <kq, ..., k.> of nonnegative integers, we define [k|
as 7 k;, and for x € R, we set x* = zF1z,%2 . .- 2,5 Also we set F), =
Fi gk, or better, if D;F = 8F/dzx;, we set

DMF = D¥Dy** . .. D,F = F,.
Finally, we set k! = ky%o!- - - kol and if p > |k|, we set (}) = p!/kl(p — |k])L.
Then the mth term of the Taylor expansion of F is

LS (’l’:) DF(a)xk,

m!SZn

1 popen _ L[ 28F
o1 D:F(a) = 2[3 922 (a) + 2st

which is surely a notational triumph.

The general Taylor formula is too cumbersome to be of much use in practice;
it is principally of theoretical value. The Taylor expansions that we actually
compute are generally found by other means, such as substitution of a poly-
nomial (or power series) in a power series. For example,

243 2\5
Sin(x+y2)=(x+y2)~<x§!y) +<x+§,!y)

3 2. 2 5 4 4 2 6
. 2 xz 7y x xy Ty Yy
=ety —Q"T+<Ei—_2_)+<—4f—§)"'

A mapping from 4 to W which has continuous differentials of all orders
through k is said to be of class C* on A4, and the collection of all such mappings
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is designated C*(A, W) or €¥(A, W). It is clear that C*(4, W) is a vector space
(induction). Moreover, it can also be shown by induction that a composition
of C*-maps is itself of class C*. This depends on recognizing the general form of
the mth differential of a composition F o G as being a finite sum, each term of
which is a composition of funetions chosen from F, dF, . .., d™F, G, dG, . .. ,d"G.

Functions of many variables are involved in these calculations, and it is
simplest to treat each as a function of a single n-tuplet variable and to apply the
obvious corollary of Theorem 8.1 that if G, ..., G™ are of class CF, then so is
G= <G ..., G">, with ¢*G = <d*G',...,d*G">. As a special case of
composition, we can conclude that a product of C*-maps is of class C*.

We shall see in the next chapter that ¢: T — T~ ! is a differentiable map on
the open set of invertible elements in Hom V (if V is a Banach space) and that
dep(H)= — T7'HT™!. Since <8, H, T >+ STIHT " 'then has continuous par-
tial differentials, we can continue, and another induction shows that ¢ is of class
C* for every k and that d™er(Hy, . . ., Hy) is a finite sum of finite products of
T~ Hy, ..., H,. Ttthen follows that a function F defined implicitly by a C*-
function @ is also of class C%, for its differential, as computed in the implicit-
function theorem, is then a composition of maps of class C*~*.

A mapping F which is of class C* for all k is said to be of class C*, and it
follows from our remarks above that the family of C*-maps is closed under all
the operations that we have met in the calculus. If the domain of F is an open
set in R™ then F € €*(4, W) if and only if all the partial derivatives of F exist
and are continuous on A.
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CHAPTER 4

COMPACTNESS AND COMPLETENESS

In this chapter we shall investigate two properties of subsets of a normed linear
space V which are concerned with the fact that in a certain sense all the points
which ought to be there really are there. These notions are largely independent
of the algebraic structure of V, and we shall therefore study them in their own
most natural setting, that of metric spaces. The stronger of these two properties,
compactness, helps to explain why the theory of finite-dimensional spaces is so
simple and satisfactory. The weaker property, completeness, is shared by
important infinite-dimensional normed linear spaces, and allows us to treat
these spaces in almost as satisfactory a way.

It is these properties that save the calculus from being largely a formal
theory. They allow us to define crucial elements by limiting processes, and are
responsible, for example, for an infinite series having a sum, a continuous real-
valued function assuming a maximum value, and a definite integral existing.
For the real number system itself, the compactness property is equivalent to the
least upper bound property, which has already been an absolutely essential tool
in our construction of the differential calculus in Chapter 3.

In Sections 8 through 10 we shall apply completeness to the calculus. The
first of these sections is devoted to the existence and differentiability of functions
defined by power series, and since we want to include power series in an operator
T, we shall take the occasion to introduce and exploit the notion of a Banach
algebra. Next we shall prove the contraction mapping fixed-point theorem, which
is the missing ingredient in our unfinished proof of the implicit-function theorem
in Chapter 3 and which will be the basis for the fundamental existence and
uniqueness theorem for ordinary differential equations in Chapter 6. In Section
10 we shall prove a simple extension theorem for linear mappings into a complete
normed lHnear space and apply it to construct the Riemann integral of a param-
atrized arc.

1. METRIC SPACES; OPEN AND CLOSED SETS

In the preceding chapter we occasionally treated questions of convergence and

continuity in situations where the domain was an arbitrary subset A of a normed

linear space V. In such discussions the algebraic structure of V fades into the

background, and the vector operations of V are used only to produce the combi-
195
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nation || — 8|, which is interpreted as the distance from « to 8. If we distill
out of these contexts what is essential to the convergence and continuity argu-
ments, we find that we need a space A and a function p: A X 4 — R, p(z, y)
being called the distance from z to y, such that

1) plz,y) > 0ifz = y, and p(z, 2) = 0;
2) plz,y) = p(y, z) forallz,y € 4;
3) p(z,2) < plx,y) + p(y, 2) forallz, y,z € A.

Any set A together with such a function p from A X 4 to R is called a metric
space; the function p is the metric. It is obvious that a normed linear space is a
metric space under the norm metric p(a, 8) = |l — 8]| and that any subset B
of a metric space A is itself a metric space under p [ B X B. If we start with a
nice intuitive space, like R™ under one of its standard norms, and choose a weird
subset B, 1t will be clear that a metric space can be a very odd object, and may
fail to have almost any property one can think of.

Metric spaces very often arise in practice as subsets of normed linear
spaces with the norm metrie, but they come from other sources too. Even in the
normed linear space context, metries other than the norm metric are used.
For example, S might be a two-dimensional spherical surface in R?, say S =
{x : 3°3 x? = 1}, and p(x, y) might be the great circle distance from x to y. Or,
more generally, S might be any smooth two-dimensional surface in R3 and
p(x, y) might be the length of the shortest curve connecting x to y in S.

In this chapter we shall adopt the metric space context for our arguments
wherever 1t is appropriate, so that the student may become familiar with this
more general but very intuitive notion. We begin by reproducing the basic
definitions in the language of metrics. Because the scalar-vector dichotomy is
not a factor in this context, we shall drop our convention that points be repre-
sented by Greek or boldface roman letters and shall use whatever letters we wish.

Definition. If X and Y are metric spaces, then f: X — Y is continuous at
a € X if for every € there is a é such that

plz,a) < & = p(f(z),f(a)) < e

Here we have used the same symbol ‘p’ for metrics on different spaces, just
as earlier we made ambiguous use of the norm symbol.

Definition. The (open) ball of radius v about p, B.(p), is simply the set of
points whose distance from p is less that »:

B.(p) = {x:p(x,p) <r}.

Definition. A subset A C X is open if every point p in A is the center of
some ball included in A, that is, if

(vp € A)(3r"%(B.(p) C 4).
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Lemma 1.1. Every ball is open; in fact, if ¢ € B,(p) and § = r — p(p, q),
then Bs(q) C B.(p).

Proof. This amounts to the triangle inequality. For, if z € B;(g), then p(z, q) <

8 and p(x,p) < plx, @) +p(g,p) <&+ pp g =71, so that ze B.(p).
Thus Bs(g) C B.(p). O

Lemma 1.2. If p is held fixed, then p(p, x) is a continuous function of z.

Proof. A symbol-by-symbol paraphrase of Lemma 3.1 of Chapter 3 shows that
lo(p, z) — p(p, ¥)| < plz, y), so that p(p, x) is actually a Lipschitz function
with constant 1. 0

Theorem 1.1. The family 3 of all open subsets of a metric space S has the

following properties:

1) The union of any collection of open sets is open; that is,if {4;:7€ I} C
J, then Uie[ A;e3.

2) The intersection of two open sets is open; that is, if A, B € 3, then
AnNBeas.

3) g, Veasd

Proof. These properties follow immediately from the definition. Thus any

point p in |J; 4; lies in some A ;, and therefore, since A ; is open, some ball about p
is a subset of A; and hence of the larger set J; 4;. U

Corollary. A set is open if and only if it is a union of open balls.

Proof. This follows from the definition of open set, the lemma above, and
property (1) of the theorem. [

The union of all the open subsets of an arbitrary set 4 is an open subset of
A, by (1), and therefore is the largest open subset of A. It is called the interior
of A and is designated A*t. Clearly, p is in A% if and only if some ball about p
is a subset of A, and it is helpful to visualize A™®* as the union of all the balls
that are in A.

Definition. A set A is closed if A’ is open.

The theorem above and De Morgan’s law (Section 0.11) then yield the
following complementary set of properties for closed sets.

Theorem 1.2

1) The intersection of any family of closed sets is closed.

2) The union of two closed sets is closed.

3) & and V are closed.

Proof. Suppose, for example, that {B;:¢ € I} is a family of closed sets. Then
the complement B; is open for each 7, so that | J; B/ is open by the above theorem.
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Also, U: B! = (N:B;)’ by De Morgan’s law (see Section 0.11). Thus {1, B; is
the complement of an open set and is closed. U

Continuing our “complementary” development, we define the closure, 4, of
an arbitrary set 4 as the intersection of all closed sets including A, and we have
from (1) above that A is the smallest closed set including A. De Morgan’s law
implies the important identity

(Z)r — (Ar)int.

For F is a closed superset of A if and only if its complement U = F’ is an open

subset of A’. By De Morgan’s law the complement of the intersection of all such

sets F is the union of all such sets U. That-is, the complement of A is (A4”)"t,
This identity yields a direct characterization of closure:

Lemma 1.3. A point p is in 4 if and only if every ball about p intersects A.

Proof. A point p is not in 4 if and only if p is in the interior of A4’, that is, if and
only if some ball about p does not intersect 4. Negating the extreme members
of this equivalence gives the lemma. [

Definition. The boundary, 34, of an arbitrary set A is the difference
between its closure and its interior. Thus

94 = A — Ant,

Sigge A — B = A N B, we have the symmetric characterization d4 =
A N (47). Therefore, 94 = 3(A"); also,

p € dA if and only if every ball about p intersects both 4 and A4’

Example. A ball B,(a) is an open set. In a normed linear space the closure of
B.() is the closed ball about « of radius 7, {£ : p(£, @) < r}. This is easily seen
from Lemma 1.3. The boundary éB,(«a) is then the spherical surface of radius r
about «, {£: p(§ o) = r}. If some but not all of the points of this surface are
added to the open ball, we obtain a set that is neither open nor closed. The
student should expect that a random set he may encounter will be neither open
nor closed.

Continuous functions furnish an important source of open and closed sets
by the following lemma.

Lemma 1.4. If X and Y are metric spaces, and if f is a continuous mapping
from X to Y, then f~![A4] is open in X whenever A is open in Y.

Proof. If p € f~![A), then f(p) € A, and, since A is open, some ball B.(f(p))
is a subset of A. But the continuity of f at p says exactly that there is a § such
that f[Bs(p)] C B«(f(p)). In particular, f[Bs(p)]C 4 and Bs(p) Cf~'[A].
Thus for each p in f~![A] there is a ball about p included in f~![A], and this set
is therefore open. [
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Since f~1A’] = (f~I[4])’, we also have the following corollary.

Corollary. If f: X — Y is continuous, then f~1[C] is closed in X whenever C
is closed in Y.

The converses of both of these results hold as well. As an example of the use
of this lemma, consider for a fixed « € X the continuous function f: X — R
defined by f(£) = p(§, o). The sets (—r, 7), [0, 7], and {r} are respectively open,
closed, and closed subsets of R. Therefore, their inverse images under f—the ball
B.(a), the closed ball {#: p(£, @) < 7}, and the spherical surface {£: p(¢, a) = 7}
—are respectively open, closed, and closed in X. In particular, the triangle
inequality argument demonstrating directly that B,.(a) is open is now seen to be
unnecessary by virtue of the triangle inequality argument that demonstrates the
continuity of the distance function (Lemma 1.2).

It is not true that continuous functions take closed sets into closed sets in the
forward direction. For example, if f: R — R is the arc tangent function, then
fIR] = range f = (—w/2, w/2), which is not a closed subset of R. The reader
may feel that this example cheats and that we should only expect the f~image of a
closed set to be a closed subset of the metric space that is the range of f. He
might then consider f(z) = 2z/(1 + z2) from R to its range [—1, 1]. The set
of positive integers Z7 is a closed subset of R, but f[Z*] = {2n/(1 + 22)} T is not
closed in [—1, 1], since 0 is clearly in its closure.

The distance between two nonempty sets 4 and B, p(A, B), is defined as
glb {p(a,b):a€ A and be B}. If 4 and B intersect, the distance is zero.
If A and B are disjoint, the distance may still be zero. IFor example, the interior
and exterior of a circle in the plane are disjoint open sets whose distance apart is
zero. The z-axis and (the graph of) the function f(z) = 1/x are disjoint closed
sets whose distance apart is zero. As we have remarked earlier, a set A is closed
if and only if every point not in A4 is a positive distance from A. More generally,
for any set A a point p is in 4 if and only if p(p, 4) = 0.

We list below some simple properties of the distance between subsets of a
normed linear space.

1) Distance is unchanged by a translation: p(4, B) = p(A + v, B+ 7)
(because [[(a +7) — (B + Ml = [la — B).

2) p(kA, kB) = |klp(4, B) (because [[ka — k8|l = [k| [la — B]).

3) If N is a subspace, then the distance from B to N is unchanged when we

translate B through a vector in N:p(N,B) = p(N,B+ ) if n € N
(because N — 5 = N).

4) If T € Hom(V, W), then p(T[A], T[B]) < ||Tllp(4, B) (because
[T(@ — T@)| < T} - lla — 8-

Lemma 1.5. If N is a proper closed subspace and 0 < € <1, there exists an
a such that |lf| = 1 and p(e, N) > 1 — e.
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Proof. Choose any 8 € N. Then p(8, N) > 0 (because N is closed), and there
exists an 7 € N such that

8 — all < p(B N)/(1— ¢
[by the definition of p(8, N)]. Set « = (8 — 1)/ll8 — n|l. Then |laf = 1 and

p<ay N) = p(B - N)/”B - 7’“
= pB N)/IB — all > p(B, N)(1 — €)/p(8, N) =1 — ¢

by (2), (3), and the definition of n.

The reader may feel that we ought to be able to improve this lemma. Surely,
all we have to do is choose the point in N which is closest to 8, and so obtain
I8 — 2l = p(B, N), giving finally a vector a such that je|| = 1and p(e, N) = 1.
However, this is a matter on which our intuition lets us down: if N is infinite-
dimensional, there may not be a closest point ! For example, as we shall see
later in the exercises of Chapter 5, if V is the space €([—1, 1]) under the two-
norm ||fll = (J2; %)%, and if N is the set of functions g in V such that [¢! ¢ = 0,
then N is a closed subspace for which we cannot find such a “best” . Butif N is
finite-dimensional, we can always find such a point, and if V is a Hilbert space,
(see Chapter 5) we can also.

EXERCISES

1.1 Write out the proof of Lemma 1.2.
1.2 Prove (2) and (3) of Theorem 1.1.
1.3 Prove (2) of Theorem 1.2.

1.4 1t is not true that the intersection of a sequence of open sets is necessarily open.
Find a counterexample in R.

1.5 Prove the corollary of Lemma 1.4.
1.6 Prove that p € 4 if and only if p(p, 4) = 0.

1.7 Let X and Y be metric spaces, and let f: X — Y have the property that f~1[B]
is open in X whenever B is open in Y. Prove that f is continuous.

1.8 Show that p(z, 4) = p(x, 4).

1.9 Show that p(z, 4) is a continuous function of z. (In fact, it is Lipschitz con-
tinuous.)

1.10 Invent metric spaces S (by choosing subsets of R2) having the following prop-
erties:

1) S has = points.
2) Sisinfinite and p(z,y) > 1if z = y.

3) 8 has a ball By(a) such that the closed ball {z: p(z, @) < 1} is not the same as
the closure of Bi(a). :
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1.11 Prove that in a normed linear space a closed ball is the closure of the corre-
sponding open ball.

1.12 Show that if f/: X — Y and ¢: Y — Z are continuous (where X, Y, and Z are
metric spaces), then sois g o f.

1.13 Let X and Y be metric spaces. Define the notion of a product metric on Z =
X X Y. Define a 1-metric p; and a uniform metric p, on Z (showing that they are
metries) in analogy with the 1-norm and uniform norm on a product of normed linear
spaces, and show that each is a product metric according to your definition above.

1.14 Do the same for a 2-metric poon Z = X X Y.

1.15 Let X and Y be metric spaces, and let ¥ be a normed linear space. Letf: X —» R
and ¢g: ¥ — V be continuous maps. Prove that

<z, y> > f(z) g(y)

is a continuous map from X X Y to V.

*2. TOPOLOGY

If X is an arbitrary set and 3 is any family of subsets of X satisfying properties
(1) through (3) in Theorem 1.1, then 3 is called a topology on X. Theorem 1.1
thus asserts that the open subsets of a metric space X form a topology on X.
The subsequent definitions of interior, closed set, and closure were purely
topological in the sense that they depended only on the topology 3, as were
Theorem 1.2 and the identity (4)’ = (A4’)'"*. The study of the consequences of
the existence of a topology is called general topology.

On the other hand, the definitions of balls and continuity given earlier were
metric definitions, and therefore part of metric space theory. In metric spaces,
then, we have not only the topology, but also our e-definitions of continuity and
balls and the spherical characterizations of closure and interior.

The reader may be surprised to be told now that although continuity and
convergence were defined metrically, they also have purely topological char-
acterizations and are therefore topological ideas. This is easy to see if one keeps
in mind that in a metric space an open set is nothing but a union of balls. We
have:

f is continuous at p if and only if for every open set A containing f(p) there
exists an open set B containing p such that f[B] C 4.

This local condition involving behavior around a single point p is more
fluently rendered in terms‘of the notion of neighborhood. A set 4 is a neighbor-
hood of a point p if p € A™*. Then we have:

f is continuous at p if and only if for every neighborhood N of f(p), f~![N]
is a neighborhood of p.

Finally there is an elegant topological characterization of global continuity.
Suppose that S; and S, are topological spaces. Then f:8; — S5 is continuous
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(everywhere) if and only if f~*[A4] is open whenever A is open. Also, f is con-
tinuous if and only if 7~![B] is closed whenever B is closed. These conditions
are not surprising in view of Lemma 1.4.

3. SEQUENTIAL CONVERGENCE

In addition to shifting to the more general point of view of metric space theory,
we also want to add to our kit of tools the notion of sequential convergence,
which the reader will probably remember from his previous encounter with the
calculus. One of the principal reasons why metric space theory is simpler and
more intuitive than general topology is that nearly all metric arguments can be
presented in terms of sequential convergence, and in this chapter we shall
partially make up for our previous neglect of this tool by using it constantly and
in preference to other alternatives.

Definition. We say that the infinite sequenee {z,} converges to the point a
if for every e there is an N such that

n>N = plz, a) <e

We also say that z, approaches a as n approaches (or tends to) infinity, and
we call @ the limit of the sequence. In symbols we write x, — a as n — oo, or
lim, _,. z, = a. Formally, this definition is practically identical with our earlier
definition of function convergence, and where there are parallel theorems the
arguments that we use in one situation will generally hold almost verbatim in
the other. Thus the proof of Lemma 1.1 of Chapter 3 can be alternated slightly
to give the following result.

Lemma 3.1. If {£;} and {5} are two sequences in a normed linear space V,
then
gg—oaandn o B = L+ m—at B

The main difference is that we now choose N as max {N;, N,} instead of
choosing & as min {§;, 8;}. Similarly:

Lemma 3.2. If £, > o in V and z; — e in R, then z;&, — aa.

As before, the definition begins with three quantifiers, (Ve)(IN)(vVn). A
somewhat more idiomatic form can be obtained by rephrasing the definition in
terms of balls and the notion of “almost all n”. We say that P(n) is true for
almost all n if P(n) is true for all but a finite number of integers 7, or equivalently,
if (AN)(Yn~Y)P(n). Then we see that

lim z,, = a if and only if every ball about a contains almost all the z,.

The following sequential characterization provides probably the most
intuitive way of viewing the notion of closure and closed sets.
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Theorem 3.1. A point z is in the closure 4 of a set A4 if and only if there is a
sequence {z,} in 4 converging to z.

Therefore, a set 4 is closed if and only if every convergent sequence lying
in A has its limit in A.

Proof. 1If {z,} C A and z, — z, then every ball about x contains almost every
Z,, and so, in particular, intersects A. Thus z € A by Lemma 1.3. Conversely,
if x € 4, then every ball about x intersects 4, and we can construct a sequence in
A that converges to x by choosing x, as any point in B;,,(x) N A. Since 4 is
closed if and only if A = 4, the second statement of the theorem follows from
the first. [

There is also a sequential characterization of continuity which helps greatly
in using the notion of continuity in a flexible way. Let X and Y be metric spaces,
and let f be any function from X to Y.

Theorem 3.2. The function f is continuous at a if and only if, for any
sequence {z,} in X, if z, — a, then f(z,) — f(a).

Proof. Suppose first that f is continuous at ¢, and let {z,} be any sequence
converging to a. Then, given any ¢, there is a & such that

p(x, @) < & = p(f(z), fla)) <,
by the continuity of f at @, and for this § there is an N such that
n>N = p(x,, a) <3,

because xr, — a. Combining these implications, we see that given € we have
found N so that n > N = p(f(z,), f(a)) < e. That is, f(z,) — f(a).

Now suppose that f is not continuous at a. In considering such a negation
it is important that implicit universal quantifiers be made explicit. Thus, for-
mally, we are assuming that ~(Ve)(38)(Vz)(p(x, a) < § = p(f(z), fla)) < €),
that is, that (3€)(v8)(Az)(plx, a) < § & p(f(x) , f(a)) > €). Such symbolization
will not be necessary after the reader has had some practice in computing logical
negations; the experienced thinker will intuit the correct negation without a
formal calculation. In any event, we now have a fixed €, and for each & of the
form & = 1/n we can let z, be a corresponding . We then havep(z, , a) < 1/n
and p(f(z,), f(a)) > € for all n. The first inequality shows that z, — a; the
second shows that f(z,) b f(a). Thus, if f is not continuous at a, then the
sequential condition is not satisfied. [

The above type of argument is used very frequently and almost amounts to
an automatic proof procedure in the relevant situations. We want to prove, say,
that (Vz)(3y)(V2)P(x, y, 2). Arguing by contradiction, we suppose this false, so
that (3x)(Vy)(32)~P(zx, y, 2z). Then, instead of trying to use all numbers y, we
let y run through some sequence converging to zero, such as {1/7}, and we choose
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one corresponding z, 2, for each such y. We end up with ~P(z, 1/n, z,) for the
given x and all n, and we finish by arguing sequentially.

The reader will remember that two norms p and ¢ on a vector space V are
equivalent if and only if the identity map £ £ is continuous from <V, p> to
<V, q> and also from <V, ¢> to <V, p>. By virtue of the above theorem
we now see that:

Theorem 3.3. The norms p and ¢ are equivalent if and only if they yield
exactly the same collection of convergent sequences.

Earlier we argued that a norm on a product V X W of two normed linear
spaces should be equivalent to [|<e, £> Iy = ||| + ||£]. Now with respect to
this sum norm it is clear that a sequence <a,, £,> in V X W converges to
<a, £> if and only if @, —» @ in V and ¢, — ¢ in W. We now see (again by
Theorem 3.2) that:

Theorem 3.4. A product norm on ¥V X W is any norm with the property
that <a,, £&,> — <o, £> in VX W if and only if o, > a in V and
(£, — tin W.

EXERCISES

3.1 Prove that a convergent sequence in a metric space has a unique limit. That is,
show that if z, — @ and z, — b, then a = b.

3.2 Show that z, — z in the metric space X if and only if p(z,, z) — 0in R,
3.3 Prove that if z, > ain R and z, > 0 for all n, then ¢ > 0.

3.4 Prove that if z, — 0 in R and |y.| < z, for all n, then y, — 0.

3.5 Give detailed ¢, N-proofs of Lemmas 3.1 and 3.2.

3.6 By applying Theorem 3.2, prove that if X is a metric space, V is a normed linear
space, and F and G are continuous maps from X to V, then F -+ @ is continuous.
State and prove the similar theorem for a product F@.

3.7 Prove that continuity is preserved under composition by applying Theorem 3.2.

3.8 Show that (the range of) a sequence of points in a metric space is in general not
a closed set. Show that it may be a closed set.

3.9 The fact that in a normed linear space the closure of an open ball includes the
corresponding closed ball is practically trivial on the basis of Lemma 3.2 and Theorem
3.1. Show that this is so. )

3.10 Show directly that if the maximum norm || <e, £>]{ = max {|laf, ||£]]} is used
on V = Vi X Vg, then it is true that
<any $n> g <a, E> in V
if and only if
a,—a in Vi and (En— £ in Vo
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3.11 Show thatif || || is any increasing norm on R? (see the remark after Theorem 4.3
of Chapter 3), then

P(<$1, yl>y <.’82, y2>) = l|<p(x1, xz)y P(yl, y2)>“

is a metric on the product X X Y of two metric spaces X and Y.

3.12 In the above exercise show that <z,, y,> — <z,y> in X X Y if and only if
Z, — zin X and y, — y in Y. This property would be our minimal requirement for a
product metric.

3.13 Defining a product metric as above, use Theorem 3.2 to show that
<f,g>: 8= XXY

is continuous if and only if f: 8 — X and g: 8 — Y are both continuous.

3.14 Let X, Y, and Z be metric spaces, and let f: X X ¥ — Z be a mapping such
that f(z, y) is continuous in the variables separately. Suppose also that the continuity
in z is uniform over y. That is, suppose that given e and zo, there is a & such that

p(z, z0) < 8 = p(f(z,y), f(o,9)) < €
for every value of y. Show that then fis continuous on X X Y.
3.15 Define the function f on the closed unit square [0, 1] X [0, 1] by
zy .

=0 =— f .

10,0 =0, Sy = s i <zny> = <0,0>
Then f is continuous as a function of « for each fixed value of y, and conversely. Show,
however, that f is not continuous at the origin. That is, find a sequence <z,, y, >
converging to <0, 0> in the plane such that f(z,, y.) does not converge to 0. This
example shows that continuity of a function of two variables is a stronger property
than continuity in each variable separately.

4. SEQUENTIAL COMPACTNESS

The reader is probably familiar with the idea of a subsequence. A subsequence of
a sequence {r,} is a new sequence {y,} that is formed by selecting an infinite
number, but generally not all, of the terms z,, and counting them off in the
order of the selected indices. Thus, if n; is the first selected », ny the next, and
so on, and if we set ¥y = z,,, then we obtain the subsequence

{yb y2; ooy Ymy .. } = {xnp Tngy o » - yxnm) .. } or {ym}m = {xnm}m'

Strictly speaking, this counting off of the selected set of indices n Is a sequence
m > n,, from Z* to Z+ which preserves order: np,4; > 7, for all m. And the
subsequence m +— z, is the composition of the sequence n+> z, and the
selector sequence.

In order to avoid subscripts on subscripts, we may use the notation n{m)
instead of n,. In either case we are being conventionally sloppy: we are using
the same symbol ‘»’ as an integer-valued variable, when we write x,, and as the
selector function, when we write n(m) or n,,. This is one of the standard nota-
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tional ambiguities which we tolerate in elementary calculus, because the cure is
considered worse than the disease. We could say: let f be a sequence, i.e., a
function from Z* to R. Then a subsequence of f is a composition f o g, where ¢
is a mapping from Z* to Z* such that g(m =+ 1) > g(m) for all m.

If you have grasped the idea of subsequence, you should be able to see that
any infinite sequence of 0’s and 1’s, say {0,1,0,0,1,0,0,0,1,...}, can be
obtained as a subsequence of {0,1,0,1,0,1,...,[14+ (—1)"/2,...}.

If z, — a, then it should be clear that every subsequence also converges to a.
We leave the details as an exercise. On the other hand, if the sequence {z,}
does mot converge to a, then there is an € such that for every N there is some
larger n at which p(x,,a) > ¢. Now we can choose such an n for every N,
taking care that ny,1 > 7y, and thus choose a subsequence all of whose terms
are at a distance at least € from a. Then this sequence has no subsequence
converging to a. Thus, if {z,} does not converge to a, then it has a subsequence
no (sub)subsequence of which converges to a. Therefore,

Lemma 4.1. If the sequence {r,} and the point @ are such that every
subsequence of {x,} has itself a subsequence that converges to a, then

T, — a.

This is a wild and unlikely sounding lemma, but we shall use it to prove a
most important theorem (Theorem 4.2).

Definition. A subset A of a metric space is sequentially compact if every
sequence in 4 has a subsequence that converges to a point of 4.

Here, so to speak, we create convergence out of nothing. One would expect
a compact set to have very powerful properties, and perhaps suspect that there
aren’t many such sets. We shall soon see, however, that every bounded elosed
subset of R™ is compact, and it is in the theory of finite-dimensional spaces that
we most frequently use this notion. Sequential compactness in infinite-dimen-
sional spaces is a much rarer phenomenon, but when it does occur it is very
important, as we shall see in our brief look at Sturm-Liouville theory in Chapter 6.

We begin with a few simple but important general results.

Lemma 4.2. If A is a sequentially compact subset of a metric space S,
then A is closed and bounded.

Proof. Suppose that {z,} C A and that z, — b. By the compactness of A
there exists a subsequence {z, .} that converges to a point ¢ € A. But a sub-
sequence of a convergent sequence converges to the same limit. Therefore,
a=>band be A. Thus A is closed.

Boundedness here will mean lying in some ball about a given point b. If 4
is not bounded, for each n there exists a point x, € A such that p(z,, b) > n.
By compactness a subsequence {z,;}: converges to a point ¢ € 4, and

P(@nay b) — pla, b).
This clearly contradicts p(z, ), b) > n(z) = <. U
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Continuous functions carry compact sets into eompact sets. The proof of
the following result is left as an exercise.

Theorem 4.1. If fis continuous and A is a sequentially compact subset of its
domain, then f[A] is sequentially compact.

A nonempty compact set A C R eontains maximum and minimum elements.
This is because lub A is the limit of a sequence in A, and hence belongs to A
itself, since 4 is closed. Combining this fact with the above theorem, we obtain
the following well-known corollary.

Corollary. If fis a continuous real-valued function and dom (f) is nonempty
and sequentially compact, then f is bounded and assumes maximum and
minimum values.

The following very useful result is related to the above theorem.

Theorem 4.2. If f is continuous and bijective and dom (f) is sequentially
compact, then f~! is continuous.

Proof. We have to show that if ¥, — y in the range of f, and if z, = f~(y,)
and z = f~!(y), then z, — z. It is sufficient to show that every subsequence
{Zni )¢ has itself a subsequence converging to « (by Lemma 4.1). But, since
dom (f) is compact, there is a subsequence {z,(j)}; converging to some z, and
the continuity of f implies that f(2) = lim;_ o f(Tniyy) = UMy Ynegy = Y-
Therefore, z = f~!(y) = z, which is what we had to prove. Thus f™! is con-
tinuous. [

We now take up the problem of showing that bounded closed sets in R” are
compact. We first prove it for R itself and then give an inductive argument
for R™.

A sequence {z,} C R is said to be increasing if z, < x,4 for all n. It is
strictly increasing if xz, < x,41 for all n. The notions of a decreasing sequence
and a strictly decreasing sequence are obvious. A sequence which is either increas-
ing or decreasing is said to be monotone. The relevance of these notions here lies
in the following two lemmas.

Lemma 4.3. A bounded monotone sequence in R is convergent.

Proof. Suppose that {z,} is increasing and bounded above. Let I be the least
upper bound of its range. That is, z, < I foerall n, but for every ¢,1 — eisnot an
upper bound, and so I — € < zx for some N. Then

n>N=1l—e<azy<L 2, L1

and so |, — I} < e. Thatis, s, > lasn — w. [
Lemma 4.4. Any sequence in R has a monotone subsequence.

Proof. Call z, a peak term if it is greater than or equal to all later terms. If
there are infinitely many peak terms, then they obviously form a decreasing
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subsequence. On the other hand, if there are only finitely many peak terms, then
there is a last one z,, (or none at all}, and then every later term is strictly less
than some other still later term. We choose any n; greater than n,, and then we
can choose ny > ng so that z,, < z,,, ete. Therefore, in this case we can choose
a strictly increasing subsequence. We have thus shown that any sequence {z,}
in R has either a decreasing subsequence or a strictly increasing subsequence. [

Putting these two lemmas together, we have:
Theorem 4.3. Every bounded sequence in R has a convergent subsequence.
Now we can generalize to R™ by induction.

Theorem 4.4. Every bounded sequence in R™ has a convergent subsequence
(using any product norm, say || [/;).

Proof. The above theorem is the case n = 1. Suppose then that the theorem is
true for n — 1, and let {x™},, be a bounded sequence in R™. Thinking of R"™ as
R”™! X R, we have x™ = <y™, 2,,>, and {y™}, is bounded in R*~!, because if
x = <y, z>,then||x|l; = |lylli + |2| = [ly|l:. Therefore, thereis a subsequence
{y"¥}; converging to some y in R™™!, by the inductive hypothesis. Since
{225} is bounded in R, it has a subsequence {z,(py}» COnverging to some x in
R. Of course, the corresponding subsubsequence {y™®“®”} , still converges to y
in R*™!, and then {x"“®”} converges to x = <y, z> in R®* = R*! X R,
since its two component sequences now converge to y and z, respectively. We
have thus found a convergent subsequence of {x"}.

Theorem 4.5. If A is a bounded closed subset of R", then 4 is sequentially
compact (in any produet norm).

Proof. If {x,} C A, then there is a subsequence {x,;}.; converging to some z
in R™, by Theorem 4.4, and z is in A, since A4 is closed. Thus 4 is compact. [

We can now fill in one of the minor gaps in the last chapter.
Theorem 4.6. All norms on R” are equivalent.

Proof. 1t is sufficient to prove that an arbitrary norm || || is equivalent to || [[;.
Setting @ = max {||8*|]}], we have

Ea < Z jzd 15 < alixl,

so one of our inequalities is trivial. We also have | [lz]| — [lyl| | < [z — ¥|| <
allx — yll1, so ||z is a continuous function on R™ with respect to the one-norm.
Now the unit one-sphere S = {z:[x]|; = 1} is closed and bounded and so
compact (in the one-norm). The restriction of the continuous function {z|| to
this compact set S has a minimum value m, and m cannot be zero because S
does not contain the zero vector. We thus have |[z|| > m]z|; on S, and so
lz]l > mlz]|; on R™ by homogeneity. Altogether we have found positive
constants @ and msuch that m|| ||y < || || < af [1. O

[Ixjl =
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Composing with a coordinate isomorphism, we see that all norms on any
Jfintte-dimensional vector space are equivalent.

Corollary. If M is a finite-dimensional subspace of the normed linear space
V, then M is a closed subspace of V.

Proof. Suppose that {¢,} C M and £, — «a € V. We have to show that « is in
M. Now {%{,} is a bounded subset of M, and its closure in A is therefore se-
quentially compact, by the theorem. Therefore, some subsequence converges to
apoint 3in M aswellastoa,andsoa = M. [

EXERCISES

4.1 Prove by induction that if f: Z+ — Z7 is such that f(n+ 1) > f(n) for all n,
then f(n) > n for all n.

4.2 Prove carefully that if £, —» @ as n — ©, then T, — @ as m — « for any
subsequence. The above exercise is useful in this proof.

4.3 Prove that if {z,} is an increasing sequence in R (z,.41 > z, for all n), and if
{z.} has a convergent subsequence, then {z,} converges.

4.4 Give a more detailed version of the argument that if the sequence {z,} does not
converge to a, then there is an € and a subsequence {Z,(m)} m such that p(T.cm), @) > ¢
for all m.

4.5 TFind a sequence in R having no convergent subsequence.

4.6 Find a nonconvergent sequence in R such that the set of limit points of con-
vergent subsequence consists exactly of the number 1.

4.7 Show that there is a sequence {z,} in [0, 1] such that for any y € [0, 1] there is a
subsequence z,_ converging to y.

4.8 Show that the set of limits of convergent subsequences of a sequence {z,} in a
metric space X is a closed subset of X.

4.9 Prove Theorem 4.1.

4.10 Prove that the Cartesian product of two sequentially compact metric spaces is
sequentially compact. (The proof is essentially in the text.)

4.11 A metric space is boundedly compact if every closed bounded set is sequentially
compact. Prove that the Cartesian product of two boundedly compact metric spaces is
boundedly compact (using, say, the maximum metric on the product space).

4.12 Prove that the sum A 4+ B of two sequentially compact subsets of a normed
linear space is sequentially compact.

4.13 Prove that the sum A4 4+ B of a closed set and a compact set is closed.
4.14 Show by an example in R that the sum of two closed sets need not be closed.

4.15 Let {C,} be a decreasing sequence (Crs1 C C, for all n) of nonempty closed
subsets of a sequentially compact metric space S. Prove that (17 ', is nonempty.
4.16 Give an example of a decreasing sequence {C,} of nonempty closed subsets of
a metric space such that (1P C, =
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4.17 Suppose the metric space S has the property that every decreasing sequence
{C,) of nonempty closed subsets of S has nonempty intersection. Prove that then S
must be sequentially compact. [Hint: Given any sequence {z;} C S, let C, be the
closure of {z;:1 > n}.]

4.18 Let .t be a sequentially compact subset of a nls V, and let B be obtained from .{
by drawing all line segments from points of A to the origin (that is,

B = {ta:a€ Aand t€[0,1]}).

Prove that B is compact.
4.19 Show by applying a compactness argument to Lemma 1.5 that if N is a proper

closed subspace of a finite-dimensional vector space V, then there exists e in V such
that {jaf] = ple, N) = 1.

5. COMPACTNESS AND UNIFORMITY

The word ‘ uniform’ is frequently used as a qualifying adjective in mathematics.
Roughly speaking, it concerns a “point” property P(y) which may or may not
hold at each point y in a domain A and whose definition involves an existential
quantifier. A typical form for P(y) is (Ve)(3d)Q(y, ¢, d). Thus, if P(y) is ‘f is
continuous at ¥, then P(y) has the form (Ve)(33)Q(y, €, 8). The property holds
on A if it holds for all ¥ in A, that is, if

(Vy=HIV 3R, ¢, d)].

Here d will, in general, depend both on y and c; if either y or ¢ is changed, the
corresponding d may have to be changed. Thus ¢ in the definition of continuity
depends both on € and on the point y at which continuity is being asserted. The
property is said to hold uniformly on A, or uniformly in y, if a value d can be
found that is independent of y (but still dependent on ¢). Thus the property holds
uniformly in y if

(V)3 (vy=HR(Y, ¢, d);

the uniformity of the property is expressed in the reversal of the order of the
quantifiers (Vy€4) and (3d). Thus f is uniformly continuous on A if

(Ve)(38)(Vy, 25N [p(y, 2) < 8= p(f(¥), f(2)) < .

Now 6 is independent of the point at which continuity is being asserted, but still
dependent on ¢, of course.

We saw in Section 14 of the last chapter how much more powerful the point
condition of continuity becomes when it holds uniformly. In the remainder of
this section we shall discuss some other uniform notions, and shall see that the
uniform property is often implied by the point property if the domain over which
it holds is sequentially compact.

The formal statement forms we have examined above show clearly the
distinction between uniformity and nonuniformity. However, in writing an
argument, we would generally follow our more idiomatic practice of dropping out
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the inside universal quantifier. For example, a sequence of functions {f,} C W4
converges pointwise to f: A — W if it converges to f at every point p in A, that
is, if for every point p in A and for every e there is an N such that

n>N = p(fu(p),f(p) <e

The sequence converges uniformly on A if an N exists that is independent of p,
that is, if for every € there is an N such that

n>N = p(fu(p),f(p)) <€ forevery pin A.

When p(£, n) = [[£ — nl, saying that p(f.(p), f(p)) < €forall p is the same as
saying that || f, — fll« < €. Thus f, — funiformly if and only if ||f, — fll. — 0;
this is why the norm |{|f|l» is called the uniform norm.

Pointwise convergence does not imply uniform convergence. Thus f,(z) =
z” on A = (0, 1) converges pointwise to the zero function but does not converge
uniformly.

Nor does continuity on 4 imply uniform continuity. The function f(z) =
1/x is continuous on (0, 1) but is not uniformly continuous. The function
sin (1/x) is continuous and bounded on (0, 1) but is not uniformly continuous.
Compactness changes the latter situation, however.

Theorem 5.1. If f is continuous on A and A is compact, then f is uniformly
continuous on A4.

Proof. This is one of our “automatic” negation proofs. Uniform continuity
(UC) is the property

(Ve™ ) (3870 (Vz, ¥ p(z, ) < 8 = p(f(2), f¥)) < €.

Therefore, ~UC < (3€)(V8)(3z, y)lp(r, y¥) < 6 and p(f(z), f(¥)) > €. Take
8 = 1/n, with corresponding z, and y,. Thus, for all n, p(z,, ¥,) < 1/n and
p(f(xn), f(ya)) > €, where € is a fixed positive number. Now {z,} has a con-
vergent subsequence, say z,.), — &, by the compactness of A. Since

p(yn(i)y xn(i)) < 1/’2,,
we also have y,, — z. By the continuity of f at z,
p(f@nwy), fWniy) < P(f(xnm),f(x)) + P(f(x), f(?/nm)) — 0,

which contradicts p(f(Zns), f¥Unw)) > € This completes the proof by nega-
tion.

The compactness of A does not, however, automatically convert the point-
wise convergence of a sequence of functions on 4 into uniform convergence. The
“piecewise linear” functions f,:[0, 1] — [0, 1] defined by the graph shown in
Fig. 4.1 converge pointwise to zero on the compact domain [0, 1], but the con-
vergence is not uniform. (However, see Exercise 5.4.)
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We pointed out earlier that the distance between a pair of disjoint closed
sets may be zero. However, if one of the closed sets is compact, then the distance
must be positive.

Theorem 5.2, If A and C are disjoint nonempty closed sets, one of which is
compact, then p(4,C) > 0.

Proof. The proof is by automatic contradiction, and is left to the reader.

This result is again a uniformity condition. Saying that a set 4 is disjoint
from a closed set C is saying that (Vz<4)(3r" %) (B,(x) N C = &). Saying that
p(A,C) > 0is saying that (37> %) (vzS4) ...

As a last consequence of sequential compactness, we shall establish a very
powerful property which is taken as the definition of compactness in general
topology. First, however, we need some preparatory work. If A isa subsetof a
metric space S, the r-neighborhood of A, B,{A], is simply the union of all the balls
of radius r about points of 4:

B,[A] = U{B:(@) :a € 4} = {z: (3a*)(p(z, @) < 1)}.

A subset A C S is r-dense in S if S C B,[A], that is, if each point of S is closer
than r to some point of 4.

A subset A of a metric space S is dense in S if 4 = S. This is the same as
saying that for every point p in S there are points of A arbitrarily close to p.
The set Q of all rational numbers is a dense subset of the real number system R,
because any irrational real number z can be arbitrarily closely approximated by
rational numbers. Since we do arithmetic in decimal notation, it is customary to
use decimal approximations, and if 0 < z < 1 and the decimal expansion of
z is 2= 2T a,/10"%, where each a, is an integer and 0 < a, < 10, then
> ¥ @,/10" is a rational number differing from z by less than 10™". Note that 4
is a dense subset of B if and only if 4 is r-dense in B for every positive .

A set B is said to be totally bounded if for every positive r there is a finite set
which is r-dense in B. Thus for every positive r the set B can be covered by a
finite number of balls of radius r. For example, the n — 1 numbers {7/n}7 1 are
(1/n)-dense in the open interval (0, 1) for each n, and so (0, 1) is totally bounded.
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Total boundedness is a much stronger property than boundedness, as the
following lemma, shows.

Lemma 5.1. If the normed linear space V is infinite-dimensional, then its
closed unit ball B; = {¢:]|£]] < 1} cannot be covered by a finite number
of balls of radius 2.

Proof. Since V is not finite-dimensional, we can choose a sequence {a,} such
that o, 1 is not in the linear span M, of {ay, ..., a,}, for each n. Since M, is
closed in V, by the corollary of Theorem 4.6, we can apply Lemma 1.5 to find
a vector £, in M, such that ||£,]l = 1 and p(&,, M,_;) > % for all n > 1.
We take £; = a;/]ja1]], and we have a sequence {£,} C B such that

if m # n. Then no ball of radius § can contain more than one £, proving the
lemma. 0

For a concrete example, let V be ([0, 1]), and let f,, be the “peak” function
sketched in Fig. 4.2, where the three points onthe base are 1/(2n + 2), 1/(2n+ 1),
and 1/2n. Then f,4; is “disjoint” from f, (that is, fo41fn = 0), and we have
Ifzlile = 1 for all m and ||fn — fmlle = 1if n 5% m. Thus no ball of radius % ean
contain more than one of the functions f,, and accordingly the closed unit ball in
V cannot be covered by a finite number of balls of radius .

Lemma 5.2. Every sequentially compact set A is totally bounded.

Proof. If A is not totally bounded, then there exists an r such that no finite
subset F is r-dense in A. We can then define a sequence {p,} inductively by
taking p; as any point of 4, py as any point of 4 not in B,(p;), and p,, as any
point of A not in B, {7 ps] = U3 ! B:(p:). Then {p,} is a sequence in 4
such that p(p;, p;) = r for all ¢ # j. But this sequence can have no convergent
subsequence. Thus, if 4 is not totally bounded, then 4 is not sequentially com-
pact, proving the lemma. O

Corollary. A normed linear space V is finite-dimensional if and only if its
closed unit ball is sequentially compact.

Proof. This follows from Theorem 4.4 in one direction and from the above two
lemmas in the other direction. O

Lemma 5.3. Suppose that A is sequentially compact and that {E;:7 € I}
is an open covering of A (that is, {E;} is a family of open sets and 4 C J; E;).
Then there exists an r > 0 with the property that for every point p in 4 the
ball B.(p) is included in some E;.

Proof. Otherwise, for every r there is a point p in A such that B,(p) is not a sub-
set of any E;. Taker = 1/n, with corresponding sequence {p,}. Thus By/,(ps)
is not a subset of any E;. Since A4 is sequentially compact, {p,} has a convergent
subsequence, Py, — p as m — . Since {E;} covers A, some E; contains p,
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and then B.(p) C E; for some € > 0, since E; is open. Taking m large enough so
that 1/m < €/2 and also p(ppmy, p) < €/2, we have

Bl/n(m)(pn(M)) CBdp) C E;,

contradicting the fact that By, (p,) is not a subset of any E;. The lemma has
thus been proved. [

Theorem 5.3. If § is an open covering of a sequentially compact set A4,
then some finite subfamily of § covers A.

Proof. By the lemma immediately above there exists an r > 0 such that for
every p in 4 the ball B,(p) lies entirely in some set of &, and by the first lemma
there exist py, . .., pn in A such that A C J} B,(p;). Taking corresponding sets
E; in § such that B.(p,) CE; for : = 1,...,n, we clearly have A C U7 E;. U

In general topology, a set 4 such that every open covering of 4 includes a
finite covering is said to be compact or to have the Heine-Borel property. The
above theorem says that in a metric space every sequentially compact set is
compact. We shall see below that the reverse implication also holds, so that the
two notions are in fact equivalent on a metric space.

Theorem 5.4, If A is a compact metric space, then A is sequentially
compact.

Proof. Let {x,} be any sequence in 4, and let § be the collection of open balls B
such that B contains only finitely many z;. If § were to cover 4, then by com-
pactness A would be the union of finitely many balls in F, and this would clearly
imply that the whole of 4 contains only finitely many z;, contradicting the fact
that {z;} is an infinite sequence. Therefore, F does not cover A, and so thereis a
point z in A such that every ball about = contains infinitely many of the z,.
More precisely, every ball about x contains z; for infinitely many indices . It can
now be safely left to the reader to see that a subsequence of {x,} converges to z. [J

EXERCISES

5.1 Show that f.(z) = z™ does not converge uniformly on (0, 1).

5.2 Show that f(z}) = 1/z is not uniformly continuous on (0, 1).

5.3 Define the notion of a function X: X X ¥ — Y being uniformly Lipschitz in its
second variable over its first variable.

5.4 Let S be a sequentially compact metric space, and let {f,] be a sequence of
continuous real-valued functions on S that decreases pointwise to zero (that is, {f.(p)}
is a decreasing sequence in R and f,(p) — 0 as n — « for each pin S). Prove that the
convergence is uniform. (Try to apply Exercise 4.15.)

5.5 Restate the corollaries of Theorems 15.1 and 15.2 of Chapter 3, employing the
weaker hypotheses that suffice by virtue of Theorem 5.1 of the present section.
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5.6 Prove Theorem 5.2.

5.7 Prove that if .1 is an r-dense subset of a set X in a normed linear space V, and
if B is an s-dense subset of a set ¥ C V, then 4 4+ Bis (r + s)-dense in X + Y. Con-
clude that the sum of two totally bounded subsets of V is totally bounded.

5.8 Suppose that the n points {p;} ] are r-dense in a metric space X. Let A4 be any
subset of X. Show that A has a subset of at most n points that is 2r-dense in .i.
Conclude that any subset of a totally bounded metric space is itself totally bounded.

5.9 Prove that the Cartesian product of two totally bounded metric spaces is totally
bounded.

5.10 Show that if a metric space X has a dense subset A that is totally bounded, then
X is totally bounded.

5.11 Show that if two continuous mappings f and g from a metric space X to a metric
space Y are equal on a dense subset of X, then they are equal everywhere.

5.12 Write out in explicit quantified form involving the existence of balls the state-
ment that the interiors of the sets {A4;} cover the metric space /4. Then show that the
conclusion of Lemma 5.3 is another uniformity assertion.

5.13 Reprove the theorem that a continuous function on a compact domain is
bounded on the basis of Theorem 5.3.

5.14 Reprove the theorem that a continuous function on a compact domain is
uniformly continuous from Theorem 5.3.

6. EQUICONTINUITY

The application of sequential compactness that we shall make in an infinite-
dimensional context revolves around the notion of an equicontinuous family of
functions. If A and B are metric spaces, then a subset § C B4 is said to be
equicontinuous at py in A if all the functions of F are continuous at po and if
given €, there is a § which works for them all; i.e., such that

p(p,po) < 8 = p(f(p),f(po)) < € forevery fing.

The family F is uniformly equiconiinuous if § is also independent of po, and so is
dependent only on e. Our quantifier string is thus (Ve)(38)(Vp, ¢54)(Vf<).

For example, given m > 0, let § be a collection of functions f from (0, 1) to
(0, 1) such that f’ exists and |f’| < mon (0, 1). Then |f(z) — f(¥)| < mlx — ¥,
by the ordinary mean-value theorem. Therefore, given any €, we can take
d = ¢/m and have

e —yl <8 = |fl@) —fy)| < e

for all z, y € (0, 1) and all fe F. The collection § is thus uniformly equicon-
tinuous.

Theorem 6.1. If A and B are totally bounded metric spaces, and if § is a
uniformly equicontinuous subfamily of B4, then § is totally bounded in the
uniform metric.



(c) ketabton.com: The Digital Library

216 COMPACTNESS AND COMPLETENESS 47

Proof. Given e > 0, choose § so that forall fin Fand all py, pain A4, p(p1, pa) <
5§ = p(f(py), f(p2)) < €/4. Let D be a finite subset of A which is 5-dense in 4,
and let E be a finite subset of B which is (¢/4)-dense in B. Let G be the set E? of
all funetions on D into E. @ is of course finite; in fact, #G = n™, where m = #D
and n = #E. Finally, for each g € G let F, be the set of all functions f € F such
that

p(f(p), 9(p)) < €/4  for every p € D.

We claim that the collections §, cover § and that each §, has diameter at most .
We will then obtain a finite e-dense subset of § by choosing one function from
each nonempty F,, and the theorem will be proved.

To show that every f € F is in some F,, we simply construct a suitable ¢.
For each p in D there exists a ¢ in E whose distance from f(p) is less than e/4.
If we choose one such ¢ in E for each p in D, we have a function ¢ in G such that
fedg,

The final thing we have to show is that if f, A € §,, then p(f, k) < e. Since
p(h, 9) < €/4 on D and p(f, g) < €/4 on D, it follows that

p(f(0), h(p)) < €/2  forevery peD.

Then for any p’ € A we have only to choose p € D such that p(p’, p) < 8, and
we have

p(f(p"), k(")) < p(f®"), f®)) + p(f(p), K(p)) + p(h(p), R{(p"))
<€/4+€/2+¢/4=c¢€ [

The above proof is a good example of a mathematical argument that is
completely elementary but hard. When referring to mathematical reasoning, the
words ‘sophisticated’ and ‘difficult’ are by no means equivalent.

7. COMPLETENESS

If x, — a as n — oo, then the terms x, obviously get close to each other as n
gets large. On the other hand, if {z,} is a sequence whose terms get arbitrarily
close to each other as n — oo, then {z,} clearly ought to converge to a limit.
It may not, however; the desired limit point may be missing from the space.
If a metric space S is such that every sequence which ought to converge actually
does converge, then we say that S is complete. We now make this notion precise.

Definition. {x,} is a Cauchy sequence if for every € there is an N such that
m>Nandn > N = p(@m, 1, < €
Lemma 7.1. If {z,} is convergent, then {z,} is Cauchy.

Proof. Given €, we choose N such that n > N = p(x,, a) < €/2, where a is
the limit of the sequence. Then if m and n are both greater than N, we have

P(@m, 22) < p(am @) + pla, xx) < €/2+€/2=¢€ [
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Lemma 7.2. If {r,} is Cauchy, and if a subsequence is convergent, then
{z,} itself converges.

Proof. Suppose that z,;, — aasi — . Given ¢, we take N so thatm, n > N=
Py, zm) < €. Because x,u) — @ as ¢ — oo, we can choose an ¢ such that
n(z) > N and p(z,u), @) < €. Thusif m > N, we have

P@m, @) < P(Tm, Trii)) + P(Tnay, @) < 26,
and so £, — a. 0

Actually, of course, if m, n > N = p(z,, x,) < € and if z, — a, then for
any m > N it is true that p(z,, @) < €. Why?

Lemma 7.3. If 4 and B are metric spaces, and if T is a Lipschitz mapping
from A to B, then T carries Cauchy sequences in 4 into Cauchy sequences in
B. This is true in particular if A and B are normed linear spaces and T is an
element of Hom(4, B).

Proof. Let {z,} be a Cauchy sequence in 4, and set y, = T(x,). Given ¢,
choose N so that m, n > N = p(xm, x,) < €/C, when C is a Lipschitz constant
for F. Then

m,n >N = pUm, yn) = p(T (@), T(®a)) < Cp(@m, Tn) < Ce/C = e. [
This lemma has a substantial generalization, as follows.

Theorem 7.1. If A and B are metric spaces, {z,} is Cauchy in A4, and
F: A — B is uniformly continuous, then {F(x,)} is Cauchy in B.

Proof. The proof is left as an exercise.

The student should try to acquire a good intuitive feel for the truth of these
lemmas, after which the technical proofs become more or less obvious.

Definition. A metric space A is complete if every Cauchy sequence in A
converges to a limit in A. A complete normed linear space is called a Banach
space.

We are now going to list some important examples of Banach spaces. In
each case a proof is necessary, so the list becomes a collection of theorems.

Theorem 7.2. R is complete.

Proof. Let {x,} be Cauchy in R. Then {z,} is bounded (why?) and so, by
Theorem 4.3, has a convergent subsequence. Lemma 7.2 then implies that
{x,} is convergent. [J

Theorem 7.3. If A is a complete metric space, and if f is a continuous
bijective mapping from A to a metric space B such that f~! is Lipschitz
continuous, then B is complete. In particular, if ¥ is a Banach space, and if
T in Hom(V, W) is invertible, then W is a Banach space.
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Proof. Suppose that {y,} is a Cauchy sequence in B, and set z; = f~(y,) for
all 2. Then {z;} is Cauchy in A, by Lemma 7.3, and so converges to some z in 4,
since 4 is complete. But then y, = f(z,) — f(x), because f is continuous.
Thus every Cauchy sequence in B is convergent and B is complete. [

The Banach space assertion is a special case, because the invertibility of 7'
means that 77! exists in Hom(W, V) and hence is a Lipschitz mapping.

Corollary. If p and ¢ are equivalent norms on V and <V, p> is complete,
then soi1s <V, ¢>.

Theorem 7.4. If V| and V, are Banach spaces, then so is V; X V.

Proof. If {<&,, n,>} is Cauchy, then so are each of {£,} and {7, (by
Lemma 7.3, since the projections m; are bounded). Then §¢, — « and 9, — 8
for some a € Vyand B €V, Thus <&, 7,> — <a,8> in Vy X V,. (Sec
Theorem 3.4.) U

Corollary 1. If {V,] 7 are Banach spaces, then so is [T, V.
Corollary 2. Every finite-dimensional vector space is a Banach space
(in any norm).

Proof. R™ is complete (in the one-norm, say) by Theorem 7.2 and Corollary 1
above. We then impose a one-norm on V by choosing a basis, and apply the
corollary of Theorem 7.3 to pass to any other norm. [

Theorem 7.5. Let W be a Banach space, let 4 be any set, and let (4, W)
be the vector space of all bounded funetions from A to W with the uniform
norm ||flle = lub {||f(a)||:a € A}. Then ®(4, W) is a Banach space.

Proof. Let {f.] be Cauchy, and choose any a € A. Since {|f,(a) — fn(a)|| <
Ifn — fallw, it follows that {f.(a)} is Cauchy in W and so convergent. Definc
g: A — W by g(a) = lim f,(a) for each a € A. We have to show that g is
bounded and that f, — ¢.

Given €, we choose N so that m, n > N = [|f,, — falle < €. Then

[fm(@) — g(@)]| = lim [ifu(a) — fa(@)]] < e
Thus, if m > N, then ||[f.(a) — g(a)|| < eforalla € 4, and hence [[f,, — gll. <
€. This implies both that f,, — ¢ € ®(4, W), and so
and that f,, — ¢ in the uniform norm. [

Theorem 7.6. If V is a normed linear space and W is a Banach space, then
Hom(V, W) is a Banach space.

The method of proof is identical to that of the preeceding theorem, and we
leave it as an exercise. Boundedness here has a different meaning, but it is used
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in essentially the same way. One additional fact has to be established, namely,
that the limit map (corresponding to ¢ in the above theorem) is linear.

Theorem 7.7. A closed subset of a complete metric space is complete. A
complete subset of any metric space is closed.

Proof. The proof is left to the reader.

It follows from Theorem 7.7 that a complete metric space A is absolutely
closed, in the sense that no matter how we extend 4 to a larger metric space
B, A is always a closed subset of B. Actually, this property is equivalent to
completeness, for if A is not complete, then a very important construction of
metric space theory shows that 4 can be completed. That is, we can construct
a complete metric space B which includes A. Now, if 4 is not complete, then
the closure of A in B, being complete, is different from A4, and A4 is not absolutely
closed.

See Exercise 7.21 through 7.23 for a construction of the completion of a
metric space. The completion of a normed linear space is of course a Banach
space.

Theorem 7.8. In the context of Theorem 7.5, let 4 be a metric space, let
C(4, W) be the space of continuous functions from A to W, and set

®e(4, W) = &4, W) N e(4, W).

Then ®€ is a closed subspace of ®.

Fig. 4.3

I
i
i
I
I
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Proof. We suppose that {f,} C ¢ and that [|f, — g]l« — 0, where g € ®.
We have to show that ¢ is continuous. This is an application of a much used
“up, over, and down” argument, which can be schematically indicated as in
Fig. 4.3.

Given €, we first choose any # such that |[f, — ¢ll» < €¢/3. Consider now
any ¢ € A. Since f, is continuous at a, there exists a § such that

p(x,a) < § = an(x) “_fn(a)“ < €/3.
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Then

plx,a) < & = [lglx) — g@)] < llglx) — fo@| + [[fn(@) — Fula)]]
+ {|fula) — g(a)|] < €/3 +€/3+¢€/3 =e

Thus ¢ is continuous at a for every a € 4, and so g € ®€. [

This important classical result is traditionally stated as follows: The limat of
a uniformly convergent sequence of continuous functions is continuous.

Remark. The proof was slightly more general. We actually showed that if
f» — f uniformly, and if each f, is continuous at a, then f is continuocus at a.

Corollary. ®€(4, W) is a Banach space.

Theorem 7.9. If A is a sequentially compact metric space, then A is com-
plete.

Proof. A Cauchy sequence in A has a subsequence converging to a limit in 4,
and therefore, by Lemma, 7.2, itself converges to that limit. Thus 4 is complete. [

In Section 5 we proved that a compact set is also totally bounded. It can be
shown, conversely, that a complete, totally bounded set A is sequentially com-
pact, so that these two properties together are equivalent to compactness.

The crucial fact is that if 4 is totally bounded, then every sequence in A
has a Cauchy subsequence. If A is also complete, this Cauchy subsequence will
converge to a point of A. Thus the fact that total boundedness and complete-
ness together are equivalent to compactness follows directly from the next
lemma.

Lemma 7.4. If A is totally bounded, then every sequence in 4 has a Cauchy
subsequence.

Proof. Let {p.} be any sequence in A. Since 4 can be covered by a finite
number of balls of radius 1, at least one ball in such a covering contains infinitely
many of the points {p,}. More precisely, there exists an infinite set M, C Z+
such that the set {p., : m € M} lies in a single ball of radius 1. Suppose that
My, ..., M, CZ" have been defined so that M, ; C M,;fori = 1,...,n — 1,
M, is infinite, and {p,, : m € M} isa subset of a ball of radius 1 /ifori = 1,...,n.
Since 4 can be covered by a finite family of balls of radius 1/(n + 1), at least
one covering ball contains infinitely many points of the set {p, : me M,}. More
precisely, there exists an infinite set M, C M, such that {pn:me M, }
is a subset of a ball of radius 1/(n + 1). We thus define an infinite sequence
{M,} of subsets of ZT having the above properties.

Now choose m; € M1, my € M, so that me > m,, and, in general, m, 1 €
M, 41 so that m,4; > m,. Then the subsequence {p,_ }. is Cauchy. For
given €, we can choose n so that 1/n < €/2. Then,j > n=m;ym;e M, =
0(Pm;y Pm;) < 2(1/n) < €. This proves the lemma, and our theorem is a
corollary. 0
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Theorem 7.10. A metric space S is sequentially compact if and only if S is
totally bounded and complete.

The next three sections will be devoted to applications of completeness to
the calculus, but before embarking on these vital matters we should say a few
words about infinite series. As in the ordinary calculus, if {£,} is a sequence in a
normed linear space V, we say that the series > §; converges and has the sum «,
and write 3.7 ¢; = a, if the sequence of partial sums converges to . This means
that o, — aasn — oo, where g, is the finite sum 37 ¢; for each n. We say that
>~ & converges absolutely if the series of norms > ||£;]| converges in R. This is
abuse of language unless it is true that every absolutely convergent series con-
verges, and the importance of the notion stems from the following theorem.

Theorem 7.11. If V is a Banach space, then every absolutely convergent
series in V is convergent.

Proof. Let 3_&; be absolutely convergent. This means that 3|/ ;]| converges in
R, i.e., that the sequence {s,} converges in R, where s, = >_7 ||&]]. If m < n,

then N
2 E
m—+1
Sinece {s;} is Cauchy in R, this inequality shows that {g;} is Cauchy in V and

therefore, because V is complete, that {o,} is convergent in V. That is, 3 ¢; is
convergent in V. [

n

< 20 &l = 80 — sm.

m+1

llon — onll =

The reader will be asked to show in an exercise that, conversely, if a normed
linear space V is such that every absolutely convergent series converges, then V
is complete. This property therefore characterizes Banach spaces.

We shall make frequent use of the above theorem. For the moment we
note just one corollary, the classical Weierstrass comparison test.

Corollary. If {f,} is a sequence of bounded real-valued (or W-valued, for
some Banach space W) functions on a common domain A4, and if there is a
sequence {M,} of positive constants such that 3 M, is convergent and
Ifalle £ M, for each n, then 3 f, is uniformly convergent.

Proof. The hypotheses imply that 3" {[f,|l. converges, and so 3 f, converges in
the Banach space ®(A, W) by the theorem. But convergence in &(A, W) is
uniform convergence. (]

EXERCISES

7.1 Prove that a Cauchy sequence in a metric space is a bounded set.
7.2 Let V be a normed linear space. Prove that the sum of two Cauchy sequences
in V is Cauchy.

7.3 Show also that if {£,} is Cauchy in V and {a.} is Cauchy in R, then {a,.£.} is
Cauchy in V.
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7.4 DProve that if {£,} is a Cauchy sequence in a normed linear space V, then
€. 1s a Cauchy sequence in R.

7.5 Prove that if {z., and [y., are two Cauchy sequences in a metrie space S,
then [p(xn, y.)} is a Cauchy sequence in R.

7.6 Prove the statement made after the proof of Lemma 7.2.

7.7 The rational number system is an incomplete metric space. Prove this by
exhibiting a Cauchy sequence of rational numbers that does not converge to a rational
number.

7.8 Prove Theorem 7.1.

7.9 Deduce a strengthened form of Theorem 7.3 from Theorem 7.1,
7.10 Write out a careful proof of Theorem 7.6, modeled on the proof of Theorem 7.5.
7.11 Prove Theorem 7.7.

7.12  Let the metric space X have a dense subset ¥ such that every Cauchy sequence
in Y is convergent in X. Prove that X is complete.

7.13 Show that the set W of all Cauchy sequences in a normed linear space V is
itself a vector space and that a seminorm p can be defined on W by p({£.}) = lim ||&.].
(Put this together from the material in the text and the preceding problems.)

7.14 Continuing the above exercise, for each £ € V, let £ be the constant sequence
all of whose terms are £. Show that 8: £+ £°is an isometric linear injection of V into 1}
and that §{V] is dense in W in terms of the seminorm from the above exercise.

7.15 Prove next that every Cauchy sequence in 8[V] is convergent in W. Put Exer-
cises 4.18 of Chapter 3 and 7.12 through 7.14 of this chapter together to conclude that
if N 4s the set of null Cauchy sequences in W, then W/N is a Banach space, and that
£+ £°1s an isometrie linear injection from V to a dense subspace of W/N. This con-
stitutes the standard completion of the normed linear space V.

7.16 We shall now sketch a nonstandard way of forming the completion of a metric
space S. Choose some point pg in S, and let V be the set of real-valued functions on S
such that f(pg) = 0 and fis a Lipschitz funetion. For fin V define ||f]| as the smallest
Lipsehitz constant for f. That is,

Al = ‘12\;13 {5y — 1Dl /p(p, 9}

Prove that 17 is a normed linear space under this norm. (V actually is complete, but
we do not need this fact.)

7.17 Continuing the above exercise, we know that the dual space V* of all bounded
linear functionals on V is complete by Theorem 7.6. We now want to show that § can
be isometrically imbedded in V*; then the closure of 8 as a subset of V will be the
desired completion of S. For each p € S, let 6,: V — R be “evaluation at p”. That is,
0,(f) = f(p). Show that 6, € V* and that |6, — 0,| < p(p, @).

7.18 In order to conclude that the mapping 8: p > 8, is an isometry (i.e., is distance-
preserving), we have to prove the opposite inequality |8, — 8,]l > p(p, ¢). To do this,
choose p and consider the special function f(z) = p(p, 2) — p(p, po). Show that f is
in V and that ||f]l = 1 (from an early lemma in the chapter). Now apply the definition
of |6, — 8, and conclude that 8 is an isometric injection of § into V*. Then 8[3] is
our constructed completion.




(c) ketabton.com: The Digital Library

48 A FIRST LOOK AT BANACH ALGEBRAS 223

7.19 Prove that if a normed linear space V has the property that every absolutely
convergent series converges, then V is complete. (Let {a.) be a Cauchy sequence.
Show that there is a subsequence {a, ) ; such thatif & = a.,, — aa, then ||&f] < 27
Conclude that the subsequence converges and finish up.)

7.20 The above exercise gives a very useful criterion for V' to be complete. Use it to
prove that if V is a Banach space and N is a closed subspace, then V/N is a Banach
space (see Exercise 4.14 of Chapter 3 for the norm on V/N).

7.21 Prove that the sum of a uniformly convergent series of infinitesimals (all on the
same domain) is an infinitesimal.

8. A FIRST LOOK AT BANACH ALGEBRAS

‘When we were considering the implicit-function theorem and the inverse-function
theorem in. the last chapter, we saw how useful it is to know that if a transfor-
mation 7 has an inverse 7!, then so does S whenever ||S — 7| is small enough,
and that the mapping 7'+ T~! is continuous on the open set of all invertible
elements. When the spaces in question are finite-dimensional, these facts can
be made to follow from the continuity of the determinant function 7 +— A(T)
from Hom V to R. It is also possible to produce them by arguing directly in
terms of upper and lower bounds for 7" and its close approximations S. But the
most natural, most elegant, and—in the case of Banach spaces—easiest way to
prove these things is to show that if ¥ is a Banach space and T in Hom V has
norm less than one, then the sum of the geometric series 3.5 7" is the inverse of
I — T, just as in the elementary calculus. But in making this argument, the
fact that T is a linear transformation has little importance, and we shall digress
for a moment to explore this situation.

L2t us summarize the norm and algebraic properties of Hom V when V is a
Banach space. First of all, we know that Hom V is also a Banach space. Second,
it is an algebra. That is, it possesses an associative multiplication operation
(composition) that relates to the linear operations according to the following
laws:

S(Ty+ Ty) = ST+ ST,
(S1+82)T = 8, T+ ST,
¢(ST) = (S)T = S(cT).

Finally, multiplication is related to the norm by
STl < {8 T and  |If = 1.

This list of properties constitutes exactly the axioms for a Banach algebra.

Just as we can see certain properties of functions most clearly by forgetting
that they are functions and considering them only as elements of a vector space,
now it turns out that we can treat certain properties of transformations in
Hom(¥V) most simply by forgetting the complicated nature of a linear transfor-
mation and considering it merely as an element of an abstract Banach algebra 4.
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The most important simple thing we can do in a Banach algebra that we
couldn’t do in a Banach space is to consider power series. The following theorem
shows that the geometric series, in particular, plays the same central role here
that it plays in elementary calculus. Since we are not thinking of the elements of
A as transformations, we shall designate them by lower-case letters; ¢ is the
identity of A.

Theorem 8.1. If A is a Banach algebra, and if z in A has norm less than one,
then (e — x) is invertible and its inverse is the sum of the geometric series
in z:
(e —x)7t=>a"
0
Also, fle — (¢ — )7 '] < r/(1 — 1), where r = ||z}

Proof. Since [|z”]] < ||z||* = r™, the series > z" is absolutely convergent when
izl < 1 by comparison with the ordinary geometric series > #™. It is therefore
convergent, and if y = >_5 2", then

(e —x)y=lim (e —z) D> a"'=lim (e — z"t) = ¢,

n—0 V]

since [lz]|**! < #"*! — 0. Thatis, y = (¢ — x)~!. Finally,

ix” Sir"——*r/(1~r). 0
1 1

Theorem 8.2. The set 9 of invertible elements in a Banach algebra A is
open and the mapping x + ™! is continuous from 9% to M. In fact, if y~*
exists and m = [jy7!||, then (y — h)~! exists whenever ||h]] < 1/m and
[y — W~ — g7 < m?Rl/(1 — miR]).

Proof. Set £ = y~'h. Then (y — h) = y(e — ), where [lz]| = [y~ h]] <
m/|/h}}, and so by the above theorem y — h will be invertible, with (y — h) ™! =
(e — )7y~ provided ||| < 1/m. Then also

ly™' =@ — w7 < lle—(e— )7 m,

le — (¢ — )7 =

and this is bounded above by
mr/(1 — 1) < m®|[h]l/(1 — mih]),
by the last inequality in the above theorem. [

Corollary. If V and W are Banach spaces, then the invertible elements in
Hom(V, W) form an open set, and the map T'— T~! is continuous on this
domain.

Proof. Suppose that 77! exists, and set m = [|[T7!|l. Thenif |7 — S| < 1/m,
wehave | — TS < [T IT — Sl < Landso T™!8 =1 — (I — T7'S)
is an invertible element of Hom V. Therefore, S = T(T~18) is invertible and
S™! = (T718)7'T~1. The continuity of S+ S~! is left to the reader. O
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We saw above that the map z + (¢ — z) ™! from the open unit ball B{(0) in
a Banach algebra A to A4 is the sum of the geometric power series. We can define
many other mappings by convergent power series, at hardly any greater effort.

Theorem 8.3. Let A be a Banach algebra. Let the sequence {a,} C 4 and
the positive number 8 be such that the sequence {||a,||8"} is bounded. Then
> anz™ converges for z in the ball B;(0) in 4, and if 0 < s < §, then the
series converges uniformly on B,(0).

Proof. Set r = s/8, and let b be a bound for the sequence {|a,|[6"}. On the
ball B,(0) we then have {la,z”|| < [laslls” = [|an]|8"r™ < br™, and the series
therefore converges uniformly on this ball by comparison with the geometric
series bY_ 7™, since r < 1. J

The series of most interest to us will have real coefficients. They are included
in the above argument because the product of the vector x and the scalar ¢ is
the algebra product ({e)z. In addition to dealing with the above geometric series,
we shall be particularly interested in the exponential function e¢® = >} 5 z"/nl.
The usual comparison arguments of the elementary calculus show just as easily
here that this series converges for every z in A and uniformly on any ball.

It is natural to consider the differentiability of the maps from A to A defined
by such convergent series, and we state the basic facts below, starting with a
fundamental theorem on the differentiability of a limit of a sequence.

Theorem 8.4. Let {F"} be a sequence of maps from a ball B in a normed
linear space V to a normed linear space W such that F* converges pointwise
to a map F on B and such that {dF}} converges for each « and uniformly over
a. Then F is differentiable on B and dFs = lim dF} for each 8 in B.

Proof. Fix 8 and set T = lim dFfg. By the uniform convergence of {dF"},
given €, there is an N such that |dF% — dFY|| < e for all » > N and for all «
in B. It then follows from the mean-value theorem for differentials that

[ (AF3(8) — AF§(8)) — (dF3(8) — dFF(9)] < 2¢€llg]

for all n > N and all £ such that 8+ £ € B. Letting n — o and regrouping,
we have

1(aFs(5) — T(9) — (AFF () — dFF (®)] < 2¢]4]
for all such £ But, by the definition of de,Y there is a 6 such that
laFg (&) — dF5 (9] < el
when ||¢]] < 8. Putting these last two inequalities together, we see that
&l < & = [[AFg(8) — T(B] < 3el¢].
Thus F is differentiable at g and dFg = T. O

The remaining proofs are left as a set of exercises.
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Lemma 8.1. Multiplication on a Banach algebra A4 is differentiable (from
A X A to A). If we let p be the product function, so that p(x, y) = ay,
then dp<ap>(x, ¥y) = ay + zb.

Lemma 8.2. Let A be a commutative Banach algebra, and let p be the
monomial function p(x) = ax™ Then p is everywhere differentiable and
dpy(x) = nay™ 'z

Lemma 8.3. If {|ja,|l7"] is a bounded sequence in R, then {nfa,||s"} is
bounded for any 0 < s < r, and therefore 3" na,z™ ! converges uniformly
on any ball in A smaller than B,(0).

Theorem 8.5. If A is a commutative Banach algebra and {a,} C A4 is such
that {||a.|l#"] is bounded in R, then F(z) = 3.§ a,x™ is defined and differ-
entiable on the ball B,(0) in 4, and

dF,(x) = (i nanz/"‘l) - .
1

It is natural to call the element 37 na,y™ ! the derivative of F at y and to
designate it F'(y), although this departs from our rule that derivatives are
vectors obtained as limits of difference quotients. The remarkable aspect of the
above theorem is that for this kind of differentiable mapping from an open
subset of A to A the linear transformation dF, is multiplication by an element
of A: dF (x) = F'(y) - x.

In particular, the exponential function exp (z) = ¢* = > § 2"/n! is its own
derivative, since 37 n2® "1 /nl = 3% 2™/m!, and from this fact (see the exer-
cises) or from direct algebraic manipulation of the series in question, we can
deduce the law of exponents e*¥ = ¢%¥. Remember, though, that this is on a
commutalive Banach algebra. The function z — ¢* = 3 3 2™/n! can be defined
just as easily on any Banach algebra 4, but it is not nearly as pleasant when 4
is noncommutative. However, one thing that we can always do, and often
thereby save the day, is to restrict the exponential mapping to a commutative
subalgebra of A, say that generated by a single element z. For example, we ean
consider the parametrized are ¥(f) = €' (z fixed) into any Banach algebra A,
and, because its range lies in the commutative subalgebra X generated by z, we
can apply Theorem 7.2 of Chapter 3 to conclude that ¥ is differentiable and that

Y'(t) = d exp,, (x) = ze'®.
This can also easily be proved directly from the law of exponents:
AT (h) = ez gir — glr(gh — 1),
and since it is clear from the series that (¢** — 1)/h — x as b — 0, we have that

Y(f) = lim avyh) _ xe'”.
h—0 h
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EXERCISES

8.1 TFinish the proof of the corollary of Theorem 8.2.

8.2 Let .1 be a Banach algebra, and let {a,} C R and z € .1 be such that > az’
converges. Suppose also that z satisfies a polynomial indentity p(z) = > g b’ = 0,
where {b;) C R and b, ¢ 0. Prove that the element )} a;z’ is a polynomial in z of
degree < n — 1. (Let I be the linear span of {x%}§~}, and show first that z' € M
for all 7.)

8.3 Let .1 be any Banach algebra, let z be a fixed element in .1, and let X be the
smallest closed subalgebra of .1 containing . Prove that X is a commutative Banach
algebra. (The set of polynomials p(x) = D8 a.x’ is the smallest algebra containing .
Consider its closure in X.)

8.4 Prove Lemma 8.1. [Hint: <z, y > — zy is a bounded bilinear map.]

8.5 Prove Lemma 8.2 by making a direet A-estimate from the binomial expansion,
as in the elementary calculus.

8.6 Prove Lemma 8.2 by induction from Lemma 8.1.

8.7 Let .1 be any Banach algebra. Prove that p: x> 28 is differentiable and that
dpe(x) = za? 4+ axa + aZz.

8.8 Prove by induction that if ¢(z) = z7*, then ¢ is differentiable and

n—1

dg.(z) = Z a‘zatn—1-9,
i=0

Deduce Lemma 8.2 as a corollary.

8.9 Let .l beany Banach algebra. Prove thatr: 2+ 2! is everywhere differentiable
on the open set U of invertible elements and that

dre(z) = — a~lza~ L.

[Hint: Examine the proofs of Theorems 8.1 and 8.2.]

8.10 Let 4 be an open subset of a normed linear space V, and let /7 and ¢ be mappings
from A to a Banach algebra X that are differentiable at a. Prove that the product
mapping F@ is differentiable at @ and that d(FG,) = Fla) dG, + dF G(a). Does it
follow that d(F2)q = 2F (a) dFo?

8.11 Continuing the above exercise, show that if X is a commutative Banach algebra,
then d(F*), = aF*"1(a) dF,.

8.12 Let F: A — X be a differentiable map from an open set .1 of a normed linear
space to a Banach algebra X, and suppose that the element F(£) is invertible in X
for every £ in A. Prove that the map G: £ [F(£)]~! is differentiable and that
dG.(8) = — F(a)~1 dF (£)F(a). Show also that if F is a parametrized arc (.(1=1C R),
then G'{a) = —F(a) ™! - F'(a) - F(a) L.

8.13 Prove Lemma 8.3.

8.14 Prove Theorem 8.5 by showing that Lemma 8.3 makes Theorem 8.4 applicable.

8.15 Show that in Theorem 8.4 the convergence of F" to F needs only to be assumed
at one point, provided we know that the codomain space 17" is a Banach space.
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8.16 We want to prove the law of exponents for the exponential function on a com-
mutative Banach algebra. Show first that (exp (—z))(exp z) = ¢ by applying Exercise
7.13 of Chapter 3, the above Exercise 8.10, and the fact that d exp, (x) = (exp a)z.

8.17 Show that if X is a commutative Banach algebra and FF: X — X is a differ-
entiable map such that dF,(§) = £F(a), then F(£) = Bexp £ for some constant S.
[Consider the differential of F(£&) exp (—§).]

8.18 Now set F(£) = exp ({+ ») and prove from the above exercise that
exp (§+ 1) = exp (&) exp (n).

You will also need the fact that exp 0 = 1.

8.19 Let z be a nilpotent element in a commutative Banach algebra X. That is,
z? = 0 for some positive integer p. Show by an elementary estimate based on the
binomial expansion that if ||z]| < 1, then |z + z|[* < knP|lz||"~? for n > p. The
series of positive terms Y nor* converges for r < 1 (by the ratio test). Show, therefore,
that the series for log (1 — (z + 2)) and for {1 — (z + 2)) ! converge when {|z|| < 1.

8.20 Continuing the above exercise, show that F(y) = log (1 — y) is defined and
differentiable on the ball {ly — z|l < 1 and that dFs(z) = —(1 — a)~!-z. Show,
therefore, that exp {log (1 — y)) = 1 — y on this ball, either by applying the inverse
mapping theorem or by applying the composite function rule for differentiating.
Conclude that for every nilpotent element 2z in X there exists a u in X such that
expu = 1 — 2.

8.21 Let X,,..., X, be Banach algebras. Show that the product Banach space
X = ]I} X:becomes a Banach algebra if the product xy = <z,...,2,><y1,...,¥yn>
is defined as <z1y1, ..., Z.y»> and if the maximum norm is used on X.

8.22 In the above situation the projections w; have now become bounded algebra
homomorphisms. In fact, just as in our original vector definitions on a product space,
our definition of multiplication on X was determined by the requirement that =;(xy) =
w:(x)m;(y) for all . State and prove an algebra theorem analogous to Theorem 3.4 of
Chapter 1.

8.23 Continuing the above discussion, suppose that the series > a,x” converges in X,
with sum y. Show that then Y (a,):(x:)" converges in X, to y; for each 7, where, of

course, y = <¥y1,...,¥Y»>. Conclude that e = <e*1,...,e*> for any x =
<Zi,...,Z,> in X,

8.24 Define the sine and cosine functions on a commutative Banach algebra, and
show that sin’ = cos, cos’ = —sin, sin? + cos? = e.

9. THE CONTRACTION MAPPING FIXED-POINT THEOREM

In this section we shall prove the very simple and elegant fized-point theorem for
contraction mappings, and then shall use it to complete the proof of the implicit-
function theorem. Later, in Chapter 6, it will be the basis of our proof of the
fundamental existence and uniqueness theorem for ordinary differential equa-
tions. The section concludes with a eomparison of the iterative procedure of the
fixed-point theorem and that of Newton’s method.
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A mapping K from a metric space X to itself is a contraction if it is a Lipschitz
mapping with constant less than 1;that is, if thereisa constant C with0 < C < 1
such that p(K(z), K(y)) < Cp(z,y) for all z, y € X. A fixed point of K is, of
course, a point x such that K(z) = z.

A contraction K can have at most one fixed point, since if K(z) = z and
K(y) = y, then p(z, y) = p(K(x), K(y)) < Cp(z, y),and so (1 — C)p(x, y) < 0.
Since C < 1, this implies that p(z, y) = O and z = .

Theorem 9.1. Let X be a nonempty complete metric space, and let
K: X — X be a contraction. Then K has a (unique) fixed point.

Proof. Choose any z¢ in X, and define the sequence {z,}§ inductively by setting
z1 = K(2o), z2 = K(z1) = K*(xo), and z, = K(zn_1) = K"(x¢). Set § =
p(x1, To). Then p(zs, 21) = p(K(z1), K(zo)) < Cp(z1, 2o) = €3, and, by induc-
tion,

p(xn-{»-ly xn) = p(K(xn); K(In—l)) .<_ Cp(xm xn—-l) .<_ C- Cn_l 8= Cna-

It follows that {z,} is Cauchy, for if m > n, then

m—1 m—1 .
P(@my 22) < 2 p(xspr, ) < 2 C8 < C"8/(1 — O),

and C” — 0 as n — oo, because C < 1. Since X is complete, {z,} converges to
some ¢ in X, and it then follows that K(a) = lim K(z,) = lim 2,41 = a, so
that a is a fixed point. [

In practice, we meet mappings K that are contractions only near some
particular point p, and we have to establish that a suitable neighborhood of p
is carried into itself by K. We show below that if K is a contraction on a ball
about p, and if K doesn’t move the center of p very far, then the theorem can
be applied.

Corollary 1. Let D be a closed ball in a complete metric space X, and let
K:D — X be a contraction which moves the center of D a distance at
most (1 — C)r, where r is the radius of D and C is the contraction constant.
Then K has a unique fixed point and it is in D.

Proof. We simply check that the range of K is actually in D. If p is the center
of D and x is any point in D, then

p(K(@),p) < p(K(), K(p)) + p(K(p), p)
<Cplx,p)+A—Cr LCr+ 1A —Cyr=r10

Corollary 2. Let B be an open ball in a complete metric space X, and let
K: B — X be a contraction which moves the center of B a distance less than
(1 — C)r, where r is the radius of B and C is the contraction constant.
Then K has a unique fixed point.

Proof. Restrict K to any slightly smaller closed ball D concentrie with B, and
apply the above corollary. 0
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Corollary 3. Let K be a contraction on the complete metric space X, and
suppose that K moves the point z a distance d. Then the distance from z to
the fixed point is at most d/(1 — C), where C is the contraction constant.

Proof. Let D be the closed ball about z of radius r = d/(1 — C), and apply
Corollary 1 to the restriction of K to D. It implies that the fixed point is in D. [

We now suppose that the contraction K contains a parameter s, so that K
is now a funection of two variables K(s, z). We shall assume that K is a con-
traction in z uniformly over s, which means that p(K(s, z), K(s, ¥)) < Cp(z, )
for all z, y, and s, where 0 < C < 1. We shall also assume that K is a con-
tinuous funection of s for each fixed z.

Corollary 4. Let K be a mapping from S X X to X, where X is a complete
metrie space and S is any metric space, and suppose that K(s, 2) is a con-
traction in x uniformly over s and is continuous in s for each x. Then the
fixed point p, is a continuous function of s.

Proof. Given €, we use the continuity of K in its first variable around the point
<t, py> to choose 3, so that if p(s, #) < 3§, then the distance from K(s, p;) to
K(t, p;) is at most €. Since K(I, p;) = p;, this simply says that the contraction
with parameter value s moves p; a distance at most €, and so the distance from
p: to the fixed point p, is at most ¢/(1 — C) by Corollary 3. That is, p(s, t) <
8 = p(ps, pr) < €/(1 — C), where C is the uniform contraction constant, and
the mapping s — p; is accordingly continuous at ¢. [

Combining Corollaries 2 and 4, we have the following theorem.

Theorem 9.2. Let B be a ball in a complete metric space X, let S be any
metric space, and let K be a mapping from S X B to X which is a contraction
in its second variable uniformly over its first variable and is eontinuous in its
first variable for each value of its second variable. Suppose also that K
moves the center of B a distance less than (1 — C)r for every s in S, where r
is the radius of B and C is the uniform contraction constant. Then for each s
in S there is a unique p in B such that K(s, p) = p, and the mapping
s +— p is continuous from S to B.

We can now complete the proof of the implicit-function theorem.

Theorem 9.3. Let V, W, and X be Banach spaces, let A X B be an open
subset of V X W, and let G: A X B — X be continuous and have a con-
tinuous second partial differential. Suppose that the point <a, 8> in
A X B is such that G(a, 8) = 0 and dG%, s> is invertible. Then there are
open balls M and N about « and 8, respectively, such that for each §in M
there is a unique n in N satisfying G(§ 5) = 0. The function F thus
uniquely defined near < a, 8> by the condition G(§, F(§)) = 0 is continuous.

Proof. Set T = dG%, 5> and K(&,7) = 1 — T~ 1(G(% 71)). Then K is a con-
tinuous mapping from 4 X B to W such that K{(a, 8) = 8, and K has a con-



(c) ketabton.com: The Digital Library

4.9 THE CONTRACTION MAPPING FIXED-POINT THEOREM 231

tinuous second partial differential such that dK%, s> = 0. Because dK%, , is
a continuous function of <u, ¥>, we can choose a product ball M X N about
<a, > on which dK%, , is bounded by %, and we can then decrease the ball M
if necessary so that for u in M we also have ||K(u, 8) — 8]l < r/2, where r is the
radius of the ball N. The mean-value theorem for differentials implies that K is
a contraction in its second variable with constant 1. The preceding theorem
therefore shows that for each £ in M there is a unique 5 in N such that K(£, 9) =
7 and the mapping F: £ — 5 is continuous. Since K(£, n) = ¢ if and only if
G(§ ) = 0, we are done. 0

Theorems 8.2 and 9.3 complete the list of ingredients of the implicit-function
theorem. (However, see Exercise 9.8.)

We next show, in the other direction, that if a contraction depending on a
parameter is continuously differentiable, then the fixed point is a continuously
differentiable function of the parameter.

Theorem 9.4. Let V and W be Banach spaces, and let K be a differentiable
mapping from an open subset A X B of V X W to W which satisfies the
hypotheses of Theorem 9.2. Then the function F from A to B uniquely
defined by the equation K (&, F(§)) = F(§) is differentiable.

Proof. The inequality ||K(% v') — K(%, 7)|| < Clln’ — 9”’]| is equivalent to
[dK%, 65| < C for all <a,B> in A X B. We now define ¢ by G(£ 3) =
n — K(¢&, 1), and observe that dG? = I — dK? and that dG? is therefore
invertible by Theorem 8.1. Since G(£, F(£)) = 0, it follows from Theorem 11.1
of Chapter 3 that F is differentiable and that its differential is obtained by
differentiating the above equation. [

Corollary. If K is continuously differentiable, then so is F.

* We should emphasize that the fixed-point theorem not only has the implicit-
function theorem as a consequence, but the proof of the fixed-point theorem
gives an iterative procedure for actually finding the value of F(§£), once we
know how to compute 77! (where T = dG%,>). In fact, for a given value of
£ in a small enough ball about <a, 8> consider the function G(§,-). If we
set K(¢, 1) = n — TT1G(%, n), then the inductive procedure

ni+1 = K(§ n:)
becomes
(ig1 — m) = —T7'G(& n0). 9.1)

The meaning of this iterative procedure is easily seen by studying the graph of
the situation where V = W = R'. (See Fig. 4.4.) As was proved above, under
suitable hypotheses, the series 3_|[n:41 — 7| converges geometrically.

It is instructive to compare this procedure with Newton’s method of elemen-
tary calculus. There the iterative scheme (9.1) is replaced by

(nix1 — n) = STIG(E, ), (9.2)
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=

where S; = dGiE,,,i>. (See Fig. 4.5.) As we shall see, this procedure (when it
works) converges much more rapidly than (9.1), but it suffers from the dis-
advantage that we must be able to compute the inverses of an infinite number of
linear transformations S;.

Fig. 4.5
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Let us suppress the £ which will be fixed in the argument and consider a map
@ defined in some neighborhood of the origin in a Banach space. Suppose that @
has two continuous differentials. For definiteness, we assume that G is defined
in the unit ball, B, and we suppose that for each £ € B the map d@, is invertible
and, in fact,

a6z < K, [d*G.]| < K.
Let 2o = 0 and, assuming that x, has been defined, we set
Tpg1 = Tp — S,TIG(.Z”),

where S, = dG,,. We shall show that if [[G(0)]] is sufficiently small (in terms
of K), then the procedure is well defined (that is, |[x,41]] < 1) and converges
rapidly. In faect, if 7 is any real number between one and two (for instance
T = $), we shall show that for some ¢ (which can be made large if ||G(0)]] is
small)

l2n — 2u—all < €7 (*)
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Note that if we can establish (x) for large enough ¢, then |jz,]| < 1 follows.

In fact,
—c(r—1)
e

J ® ©
—erht - — -
”xj” S Zl P S ‘VI: e crh S ; e en(r—1) __ gy ,

which is < 11if ¢ is large. Let us try to prove () by induction. Assuming it true
for n, we have

[Znt1 — @all = (187G lzn)]]
< K|[G(2ney — Siti1G(xa))]]
< K{|G@n—1) — Gz, ,S721G@n_1)| + Kllan — za_1l|®}
by Taylor’'s theorem. Now the first term on the right of the inequality vanishes,

and we have
[€ns1 — 2ol < K2||2n — 2p_y]|® < K22

For the induetion to work we must have

K26—2crn S e—crn'H
or
K2 S 66(2—7)7". (**)

Since 7 < 2, this last inequality can be arranged by choosing ¢ sufficiently
large. We must still verify () for n» = 1. This says that

ST GO < e
or
—

% (3%%)

cTr

1GO) <

In summary, for 1 < 7 < 2 choose ¢ so that K2 < 277 and

e—c(‘r—l)
oo =L
Then if (**%) holds, the sequence z, converges exponentially, that is, (x) holds.
If x=limz; then G(z) = lim G(z,) = lim Sp(xpy1 — z,) = 0. This is
Newton’s method.

As a possible choice of ¢ and 7, let 7 = £, and let ¢ be given by K? = ¢
so that () just holds. We may also assume that K > 2%% 5o that e3°/4 > 43/4
or e > 4, which guarantees that e™*/2 < 1 implying that e™*/2/(1 — ¢7/?) <
1. Then (***) becomes the requirement G(0) < K°.

We end this section with an example of the fixed-point iterative procedure in
its simplest context, that of the inverse-mapping theorem. We suppose that
H(0) = 0 and that dHj! exists, and we want to invert H near zero, i.e., solve
the equation H(n) — £ = 0 for 4 in terms of £ Our theory above tells us that
the 5 corresponding to ¢ will be the fixed point of the contraction K(g, ) =
n— T7'H(n) + T7(%), where T = dH,. In order to make our example as

3c/4
y
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simple as possible, we shall take H from R2 to R? and choose it so that dHy = I.
Also, in order to avoid indices, we shall use the mongrel notation x = <z, y>,
u= <uy,v>.
Consider the mapping x = H(u) defined by == u -+ %y = u®+u
The Jacobian matrix
[ 1 21)}
3u? 1

is clearly the identity at the origin. Moreover, in the expression K(x, u) =
x + u — H(u), the difference H(u) — u is just the function J(u) = <2 u®>.
This cancellation of the first-order terms is the practical expression of the fact
that in forming K(£, 1) = 5 — T7'G(%, 9), we have acted to make dK? = 0 at
the “center point” (the origin here). We naturally start the iteration with
ug = 0, and then our fixed-point sequence proceeds

u; = K(x,up) = K(x,0),...,u, = K(x,u,_;).
Thus ug = 0 and u, = K(x,u,_3) = x — J{u,_,), giving

Uy = =, vy = Y,
u2:x_y2y 02:?/—_1:3?
ug =z — (y — %% vz =1y — (z — 9%
uy=z—ly— @ -y wu=y—[z— @y —2HP.

We are guaranteed that this sequence u, will converge geometrically provided

the starting point x is close enough to 0, and it seems clear that these two

sequences of polynomials are computing the Taylor series expansions for the

inverse functions u{x, y) and v(x, y). We shall ask the reader to prove this in an

exercise. The two Taylor series start out

u(z, y) =z —y> — 2y’ + .-+,
vz, y) =y — x>+ 3%+ .- -

EXERCISES

9.1 Let B be a compact subset of a normed linear space such that B C B for all
r€[0,1]. Suppose that F:B — B is a Lipschitz mapping with constant 1 (i.e.,
F(E) — F(m)|| £ l|lE — n| for all £, 7€ B). Prove that F has a fixed point. [Hint:
Consider first G = rF for 0 < r < 1.}

9.2 Give an example to show that the fixed point in the above exercise may not be
unique.

9.3 Let X be a compact metric space, and let K: X — X “reduce each nonzero
distance”. That is, p(K(zx), K(y)) < p(z,y) if z #* y. Prove that K has a unique
fixed point. (Show that otherwise glb {p(K(x), z)} is positive and achieved as a
minimum. Then get a contradiction.)

9.4 Let K be a mapping from S X X to X, where X is a complete metric space and S
is any metric space, and suppose that K(s, z} is a contraction in s uniformly over z and
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is Lipschitz continuous in £ uniformly over x. Show that the fixed point p, is a Lipschitz
continuous function of s. [Hint: Modify the ¢ é-beginning of the proof of Corollary
4 of Theorem 9.1.]

9.5 Let D be an open subset of a Banach space V, and let K: D — V be such that
I — K is Lipschitz with constant 3.
a) Show that if B,(a) C D and 8 = K{a), then B.2(8) C K[D]. (Apply a corollary
of the fixed-point theorem to a certain simple contraction mapping.) -
b) Conclude that K is injective and has an open range, and that K—! is Lipschitz
with constant 2.

9.6 Deduce an improved version of the result in Exercise 3.20, Chapter 3, from the
result in the above exercise.

9.7 In the context of Theorem 9.3, show that dG%, ,» isinvertible if |[dK%, ,»|| < 1.
(Do not be confused by the notation. We merely want to know that 8 is invertible if
1 —T7 1o 8| < 1)

9.8 There is a slight discrepancy between the statements of Theorem 11.2 in Chapter
3 and Theorem 9.3. In the one case we assert the existence of a unique continuous
mapping from a ball M, and in the other case, from the ball A1 to the ball N. Show
that the requirement that the range be in N can be dropped by showing that two
continuous solutions must agree on A. (Use the point-by-point uniqueness of
Theorem 9.3.)

9.9 Compute the expression for dF, from the identity G(£, F(£)) = 0 in Theorem
9.4, and show that if K is continuously differentiable, then all the maps involved in the
solution expression are continuous and that a+— dF, is therefore continuous.

9.10 Going back to the example worked out at the end of Section 9, show by induction
that the polynomials ¥, — u,—1 and v, — v,_1 contain no terms of degree less than =.

9.11 Continuing the above exercise, show therefore that the power series defined by
taking the terms of degree at most n from u, is convergent in a ball about 0 and that its
sum is the first component u(z, y) of the mapping inverse to H.

9.12 The above conclusions hold generally. Let J = <K, L> be any mapping
from a ball about 0 in R2 to R2? defined by the convergent power series

K(z,t) = X aijgy?,  L(z,y) = X iy’

in which there are no terms of degree 0 or 1. With the conventions x = <z, y> and
u = <u,v>, consider the iterative sequence

up =0, u, = x — J(ua—1).

Make any necessary assumptions about what happens when one power series is sub-
stituted in another, and show by induction that w, — u.—: contains no terms of
degree less than n, and therefore that the u, define a convergent power series whose
sum is the function u(z, y) = <u(z, y), v(z, y) > inverse to H in a neighborhood of 0.
[Remember that J(n) = H(n) — 7.]

9.13 Let A be a Banach algebra, and let = be an element of A of norm less than 1.
Show that
e—o7 = [T a+%.

i=1
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This means that if 7, is the partial product [[f (1 + 22", then m, — (¢ — z) .
[Hint: Prove by induection that (¢ — 2)m,_; = e — 22".]

This is another example of convergence at an exponential rate, like Newton's
method in the text.

10. THE INTEGRAL OF A PARAMETRIZED ARC

In this section we shall make our final application of completeness. We first,
prove a very general extension theorem, and then apply it to the construction of
the Riemann integral as an extension of an elementary integral defined for step
funetions.

Theorem 10.1. Let U be a subspace of a normed linear space V, and let T'
be a bounded linear mapping from U to a Banach space W. Then T has a
uniquely determined extension to a bounded linear transformation S from
the closure U to W. Moreover, ||S]| = || T|l.

Proof. Fix a € U and choose {£,} C U so that £, — «. Then {¢,} is Cauchy and
{T(£,)} is Cauchy (by the lemmas of Section 7), so that {T({,)} con-
verges to some 3 € W. If {4,} is any other sequence in U converging to «,
then & — 9, — 0, T(En) — T(’?n) = T(fn - ﬂn) — 0, and so T(’In) — B also.
Thus 8 is independent of the sequence chosen, and, clearly, 8 must be the value
S(a) at a of any continuous extension S of T. If @ € U, then 8 = lim T'(a,) =
T(e) by the continuity of 7. We thus have S uniquely defined on U by the
requirement that it be a continuous extension of 7.

It remains to be shown that S is linear and bounded by || 7'||. Forany «, 8 U
we choose {£,}, {9.) C U, so that £, > « and 4, — 8. Then z¢, + yn, —
z¥+ yn, so that

S(za+yB) = lim T(xé, + yna) = xlim T(§,) +y lim T(9,) = 28(a) + yS(B).
Thus S is linear. Finally,

Sl = lim [T(&)]] < (T lim [[£a]] = [T} - l[ef].
Thus ||T]| is a bound for 8, and, since S includes T, ||Sl| = ||T|. O

The above theorem has many applications, but we shall use it only once, to
obtain the Riemann integral [?f(t) dt of a continuous function f mapping a
closed interval [a, b] into a Banach space W as an extension of the trivial integral
for step functions. If W is a normed linear space and f:[a, b] — W is a con-
tinuous function defined on a closed interval [a, b] C R, we might expect to be
able to define fa” f(®) dt as a suitable vector in W and to proceed with the integral
calculus of vector-valued functions of one real variable. We haven’t done this
until now because we need the completeness of W to prove that the integral
exists!

At first we shall integrate only certain elementary functions called step
functions. A finite subset A of [a, b] which contains the two endpoints @ and b
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will be called a partition of [a, b]. Thus A is (the range of) some finite sequence
{t;}5, wherea =ty < t; < --- < t, = b,and A subdivides [a, b] into a sequence
of smaller intervals. To be definite, we shall take the open intervals (t;_,, ¢;),
i=1,...,n, as the intervals of the subdivision. If A and B are partitions and
A C B, we shall say that B is a refinement of A. Then each interval (s;_y, s;) of
the B-subdivision is included in an interval (¢;_;, ¢;) of the A-subdivision; ¢;_,
is the largest element of A which is less than or equal to s;_;, and ¢; is the smallest
greater than or equal to s;. A step function is simply a map f: [e, ] —» W which
is constant on the intervals of some subdivision A = {t;}5. That is, there exists
a sequence of vectors {a;}7 such that f(§) = «; when ¢ € (£;_4, £;). The values
of f at the subdividing points may be among these values or they may be different.

For each step function f we define fab f@@) dt as 37—y a; At;, where f = o; on
(t;—1, t;) and Af; = & — §;_4. If f were real-valued, this would be simply the
sum of the areas of the rectangles making up the region between the graph of f
and the t-axis. Now f may be desecribed as a step funection in terms of many
different subdivisions. Ior example, if f is constant on the intervals of A, and
if we obtain B from A by adding one new point s, then f is constant on the
(smaller) intervals of B. We have to be sure that the value of the integral of f
doesn’t change when we change the describing subdivision. In the case just
mentioned this is easy to see. The one new point s lies in some interval (¢,_, t;),
defined by the partition A. The contribution of this interval to the A-sum is
a;(t; — t;_1), while in the B-sum it splits into e;({; — s) + ai(s — #;_;). But
this is the same vector. The remaining summands are the same in the two sums,
and the integral is therefore unchanged. In general, suppose that f is a step
function with respect to A and also with respect to C. Set B = A U, the
“common refinement” of 4 and C. We can pass from A to B in a sequence of
steps at each of which we add one new point. As we have seen, the integral
remains unchanged at each of these steps, and so it is the same for A as for B.
It is similarly the same for C and B, and so for 4 and C. We have thus shown
that fab f is independent of the subdivision used to define f.

Now fix [a, b] and W, and let & be the set of all step functions from [a, b]
to W. Then & is a vector space. For, if fand g in & are step functions relative to
partitions A and B, then both functions are constant on the intervals of C =
A U B, and therefore zf 4 yg is also. Moreover, if C = {t;}§, and if on (¢;_y, t;)
we havef = a;and ¢ = §;, so that 2f + yg = xa; -+ yB; there, then the equation

> (va; + yBy) Aty = (Z a; Ati) +y <Z Bi Aii)
i=1 1 1
is just fab (f +yg) ==z fa"f—f— Y fab g. The map f— fabf 1s thus linear from & to

W. Finally,
b
| s

Zj) a; Aty < i fladlat; < [[flle(d — a),
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where [[fllo = lub {{{f(O)]] : t € [a, b]} = max {ja;ll : 1 <7 < n}. That is, if
we use on & the uniform norm defined from the norm of W, then the linear
mapping f+ fab fis bounded by (b — a). If W is complete, this transformation
therefore has a unique bounded linear extension to the closure & of & in
®([a, b], W) by Theorem 10.1. But we can show that & includes the space
©([a, b], W) of all continuous functions from [a, b] to W, and the integral of a
continuous funetion is thus uniquely defined.

Lemma 10.1. €([a, b], W) C &.

Proof. A continuous function f on [a, b] is uniformly continuous (Theorem 5.1).
That is, given €0, there exists 6 such that {s — | < § = ||f(s) — f(®)] < e
Now take any partition A = {t,} on [a, b] such that At; = ¢, — {,_; < & forall
7, and take a; as any value of fon (t,_y, £;). Then ||f(t) — a.|l < €on [t;_y, t.].
Thus, if ¢ is the step function with value «; on (¢;_y, t;] and g(a) = a;, then
(If — glloe < e Thus fisin &, as desired. [

Our main theorem is a recapitulation.

Theorem 10.2. If W is a Banach space and V = €([a, b], W) under the
uniform norm, then there exists a J € Hom(V, W) uniquely determined by
setting J(f) = lim J? f,,, where {f,} is any sequence in & converging to f
and [?f, is the integral on & defined above. Moreover, ||[J|| < (b — a).

If fis elementary from [a, b] to W and ¢ € [a, b], then of course fis elementary
on each of [a, ¢] and [¢, b]. 1If ¢ is added to a subdivision 4 used in defining f, and
if the sum defining fab f with respect to B = A U {c} is broken into two sums
at ¢, we clearly have fab f= ﬁf f+ fcb f. This same identity then follows for any
continuous function f on [a, b], since [P f = lim [2f, = lim (J fn + [ fa) =
lim [ fp +Yim [0 fo = [+ [0 F.

The fundamental theorem of the calculus is still with us.

Theorem 10.3. If f € &([a, b], W) and F: [a, b] — W is defined by F(z) =
fa’ () dt, then F’ exists on (a, b) and F’'(z) = f(x).

Proof. By the continuity of f at zq, for every e there exists a § such that
[f(xe) — f@)l| < e

whenever |[r — zo| < 4. But then
| (o) = 10) at] < ez — o,

and since fzf, flxo) dt = f(xg)(x — o) by the definition of the integral for an
elementary function, we see that

o) — ([ 0 50 dt/@ — 20))| < e

Since JZ f(t) dt = F(x) — F(xo), this is exactly the statement that the differ-
ence quotient for F converges to f(z¢), as was to be proved. U
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EXERCISES

10.1 Prove the following analogue of Theorem 10.1. Let A be a subset of a metric
space B, let C be a complete metric space, and let F: A — C be uniformly continuous.
Then F extends uniquely to a continuous map from 4 to C.

10.2 In Exercises 7.16 through 7.18 we have constructed a completion of S, namely,
8[S] in V*. Prove that this completion is unique to within isometry. That is, supposing
that ¢ is some other isometric imbedding of 8§ in a complete space X, show that the
identification of the two images of S by ¢ o 6~1 (from 8[S] to ¢[S]) extends to an
isometrie bijection from 6[S] to ¢[S]. [Hint: Apply the above exercise.]

10.3 Suppose that S is a normed linear space X and that X is a dense subset of a
complete metric space Y. This means, remember, that every point of Y is the limit of a
sequence lying in the subset X. Prove that the vector space structure of X extendsin a
unique way to make Y a Banach space. Since we know from Exercise 7.18 that a metric
space can be completed, this shows again that a normed linear space can always be
completed to a Banach space.

10.4 In the elementary caleulus, if f is continuous, then
b
[ 10 dt = 16 — a)
for some z in (a, b). Show that this is not true for vector-valued continuous functions f
by considering the arc f: [0, 7] — R2 defined by
Ft) = <sint, cost>.

10.5 Show that integration commutes with the application of linear transformations.
That is, show that if f is a continuous function from [a, d] to a Banach space W', and if
T € Hom(W, X), where X is a Banach space, then

/: T(f(t)) dt = T[/abf(t) dt].

[Hint: Make the computation directly for step functions.]
10.6 State and prove the theorem suggested by the following identity:

[ <0,00> = < [ 10, [ 0.

(Apply the above exercise.)

10.7 Let W be any normed linear space, {a;}Ta finite set of vectors in 1, and
{fi}1 a corresponding set of real-valued continuous functions on [a, b]. Define the
arc Y by

@) = 2 filba.
1

Prove that 2 7(f) dt exists and equals

b
Z [/ Fi®) dt:l ;.
1 a
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10.8 Let f be a continuous function from R? to a Banach space W. Describe how
one might set up a theory of a double integral

/ f (s, ) ds dt,

IxJ
where I X J is a closed rectangle.
10.9 Prove that if f, converges uniformly to f, then

/a " 1) dt — / ") dt.

This is trivial if you have understood the definition and properties of the integral.

10.10 Suppose that {f,} is a sequence of smooth ares from [a, b] to a Banach space TV
such that 2.7 f(¢) is uniformly convergent. Suppose also that X7 fn(a) is convergent.
Prove that then Y f,(¢) is uniformly convergent, that f = >_{ f» is smooth, and that
' =37 fr. (Use the above exercise and the fundamental theorem of the calculus.)

10.11 Prove that even if W is not a Banach space, if the arc f:[a, b] — W has a
continuous derivative, then [ f/ exists and equals f(b) — f(a).

10.12 Let X be a normed linear space, and set (I, £) = (§) for ¢ € X and [ € X*.
Now let f and ¢ be continuously differentiable functions (arcs) from the closed interval
[a, b] to X and X*, respectively. Prove the integration by parts formula:

b b
(9(®), 18)) — {g(@), f(a)) = / @), g @) dt +/a ('@, g®) dt.

[Hint: Apply Theorem 8.4 from Chapter 3.]

10.13 State the generalization of the above integration by parts formula that holds
for any bounded bilinear mapping w: V X W — X, where X is a Banach space.

10.14 Let t— [, be a fixed continuous map from a closed interval [a, b] to the dual W*
of a Banach space 1. Suppose that for any continuous map ¢ from [a, b] to W

b b
[ g dt =0 = / L(g®) dt = o.

Show that there exists a fixed L € W* such that

/ab L{gt)) dt = L (/b g(®) dt)

for all continuous ares g: [a, b]] — W. Show that it then follows that [, = L for all ¢.
10.15 Use the above exercise to deduce the general Euler equation of Section 3.15.

11. THE COMPLEX NUMBER SYSTEM

The complex number system C is the third basic number field that must be
studied, after the rational numbers and the real numbers, and the reader surely
has had some contact with it in the past.

Almost everybody views a complex number £ as being equivalent to a pair
of real numbers, the “real and imaginary parts” of £, and the complex number
system C is thus viewed as being Cartesian 2-space R? with some further struc-
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ture. In particular, a complex-valued function is simply a certain kind of vector-
valued function, and is equivalent to an ordered pair of real-valued functions,
again its real and imaginary parts.

What distinguishes the complex number system C from its veetor substratum
R? is the presence of an additional operation, complex multiplication. The
vector operations of R? together with this complex multiplication operation
make C into a commutative algebra. Moreover, it turns out that <1, 0> is the
unique multiplicative identity in C and that every nonzero complex number £
has a multiplicative inverse. These additional facts are summarized by saying
that C is a field, and they allow us to use C as a new sealar field in vector space
theory. In fact, the whole development of Chapters 1 and 2 remains valid when
R is replaced everywhere by C. Scalar multiplication is now multiplication by
complex numbers. Thus C" is the vector space of ordered n-tuples of complex

numbers < £, ..., £ >, and the produet of an n-tuple by a complex scalar o
is defined by a<éy, ..., > = <afy,...,af,>, where af; is complex
multiplication.

It is time to come to grips with complex multiplication. As the reader prob-
ably knows, it is given by an odd looking formula that is motivated by thinking
of an element & = <z, o> as being in the form z, -+ 7zs, where 7> = —1,
and then using the ordinary laws of algebra. Then we have

tn = (x1 + @2)(y1 + Ty2)
= 21y1 + @12 + @Y1 + Zx2ys = (X1y1 — Tay2) + 1(T1y2 + T2y1),

and thus our definition is
<2y, o> <Y, Y2 > = <T1Y1 — TaY2, TiY2 + TaY1>.

Of course, it has to be verified that this operation is commutative and satisfies
the laws for an algebra. A straightforward check is possible but dull, and we
shall indicate a neater way in the exercises.

The mapping x +— <z, 0> is an isomorphic injection of the field R into the
field C. It clearly preserves sums, and the reader can check in his mind that it
also preserves products. It is conventional to identify « with its image <z, 0>,
and so to view R as a subfield of C.

The mysterious 7 can be identified in C as the pair <0, 1>, since then
2= <0,1><0,1> = <—1,0>, which we have identified with —1. With
these identifications we have <z,y> = <z,0> + <0,y> = <z,0> +
<0,1> <y, 0> = z + 7y, and this is the way we shall write complex numbers
from now on.

The mapping z + @y +—> 2 — ¢y is a field isomorphism of C with itself.
That is, it preserves both sums and products, as the reader can easily check.
Such a self-isomorphism is called an automorphism. The above automorphism is
called complex conjugation, and the image x — 7y of { = x - 7y is called the
conjugate of ¢, and is designated . We shall ask the reader to show in an exercise
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that conjugation is the only automorphism of C (except the identity automor-
phism) which leaves the elements of the subfield R fixed.

The Euclidean norm of §{ = z + iy = <z, y> is called the absolute value
of ¢, and is designated |¢[, so that [¢| = |z + 1y] = (2% + y®)Y2 This is
reasonable because it then turns out that || = {¢] |¥|. This can be verified by
squaring and multiplying, but it is much more elegant first to notice the relation-
ship between absolute value and the conjugation automorphism, namely,

F = [¢]?
[(z+ i)z —dy) = 2° — (@)® = 2 +y*). Then [7|* = (V) = D) =
[¢1217]%, and taking square roots gives us our identity. The identity ¢T = |¢]?
also shows us that if ¢ 5 0, then {/|¢]? is its multiplicative inverse.

Because the real number system R is a subfield of the complex number
system C, any vector space over C is automatically also a vector space over R:
multiplication by complex scalars includes multiplication by real scalars. And
any complex linear transformation between complex vector spaces is auto-
matically real lincar. The converse, of course, does not hold. For example, a
real linear mapping T from RZ to R%is not in general complex linear from C to C,
nor does a real linear S in Hom R* become a complex linear mapping in Hom C2
when R* is viewed as C2. We shall study this question in the excrcises.

The complex differentiability of a mapping F between complex vector spaces
has the obvious definition AF, = T -+ o, where T is complex linear, and then
F is also real differentiable, in view of the above remarks. But ¥ may be real
differentiable without being complex differentiable. It follows from the dis-
cussion at the end of Secvion 8 that if {a,} C Cand {|a,|8"} is bounded, then the
series D a,{" converges on the ball Bs(0) in the (real) Banach algebra C, and
F(§) = 2.8 an¢" is real differentiable on this ball, with dFg(¢) = (X5 ne.™¢ =
F'(8) - . But multiplication by F’(8) is obviously a complex linear operation
on the one-dimensional complex vector space C. Therefore, complex-valued
functions defined by convergent complex power series are automatically com-
plex differentiable. But we can go even further. In this case, if { £ 0, we can
divide by ¢ in the defining equation

AFg(§) = F'(8) - ¢ +e(5)
to get the result that

M‘;A(Q — F'(B) as {—0.
That is, F’(8) is now an honest derivative again, with the complex infinitesimal ¢
in the denominator of the difference quotient.

The consequences of complex differentiability are incalculable, and we shall
mostly leave them as future pleasures to be experienced in a course on functions
of complex variables. See, however, the problems on the residue calculus at the
end of Chapter 12 and the proof in Chapter 11, Exercise 4.3, of the following
fundamental theorem of algebra.
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Theorem. KEvery polynomial with complex coefficients is a product of
linear factors.

A weaker but equivalent statement is that every polynomial has at least one
(complex) root. The crux of the matter is that 22 -~ 1 cannot be factored over R
(i.e., it has no real root), but over C we have 2% + 1 = (z -+ 2)(x —- %), with the
two roots &£ <.

For later use we add a few more words about the complex exponential func-
tionexp ¢ =€ = X 2¢"/nl. If { = x + 4y, we have ¢ = "% = e%%, and
eV =35 ()" /nl= 1 —y?/2l+y*/4!l — - ) +ily — ¥ /31y /Bl —- - ) =
cos y + 2 sin y. Thus ¢* % = e*(cos y -+ 7 sin 3y). That is, the real and imaginary
parts of the complex-valued function exp (xr + iy) are e cosy and e”siny,
respectively.

EXERCISES

11.1 Prove the associativity of complex multiplication directly from its definition.
11.2 Prove the distributive law,

a(E+n) = af+ an,
for complex numbers.

11.3 Show that scalar multiplication by a real number a, a<z,y> = <az,ay>,in
C = R2is consistent with the interpretation of a as the complex number <a, 0> and
the definition of complex multiplication.

11.4 Let § be an automorphism of the complex number field leaving the real numbers
fixed. Prove that 8 is either the identity or complex conjugation. [Hint: (8(3))2 =
6(1%) = 8(—1) = —1. Show that the only complex numbers z + 7y whose squares are
—1 are =1, and then finish up.]

11.5 If weremember that C isin particular the two-dimensional real vector space R2,
we see that multiplying the elements of C by the complex number a + b must define
a linear transformation on R2. Show that its matrix is
la —b
| b a

11.6 The above exercise suggests that the complex number system may be like the
set 4 of all 2 X 2 real matrices of the form

[a —b

1 b a

Prove that A is a subalgebra of the matrix algebra R2%Z (that is, 4 is closed under
multiplication, addition, and scalar multiplication) and that the mapping

[Z —Z}—»a—!-ib

is a bijection from A to C that preserves all algebra operations. We therefore can
conclude that the laws of an algebra automatically hold for C. Why?
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11.7 In the above matrix model of the complex number system show that the abso-
lute value identity [{Y] = |¢| [¥] is & determinant property.

11.8 Let 11" be a real vector space, and let V be the real vector space W X W.
Show that there is a § in Hom V such that 62 = —I. (Think of C as being the real
vector space R? = R X R under multiplication by 7.)

11.9 Let V be a real vector space, and let 8 in Hom V satisfy 82 = —1. Show that V'
becomes a complex vector space if 1a 1s defined as 8(«). If the complex vector space 17
is made from the real vector space 11" as in this and the above exercise, we shall call
V the complexification of 1. We shall regard 1 itself as being a real subspace of 1
(actually "X {0}), and then V = W @ 11",

11.10 Show that the complex vector space C* is the complexification of R*. Show
more generally that for any set .1 the complex vector space C4 is the complexification
of the real vector space R4.

11.11 Let V be the complexification of the real vector space . Define the operation
of complex conjugation on V. That is, show that there is a real linear mapping ¢ such

that ¢? = I and ¢(ta) = —ip(a). Show, conversely, that if V is a complex vector
space and ¢ is a conjugation on V [a real linear mapping ¢ such that ¢? = I and
¢(ta) = —ip{a)], then V is (isomorphic to) the complexification of a real linear space

W. (Apply Theorem 5.5 of Chapter 1 to the identity ¢2 — I = 0.)

11.12 TLet W be a real vector space, and let V be its complexification. Show that
every T in Hom 1" “extends” to a complex linear S in Hom V which commutes with the
conjugation ¢. By S extending T we mean, of course, that S| ("X {0}) = T.
Show, conversely, that if S in Hom ¥V commutes with conjugation, then S is the
extension of a T in Hom W.

11.13 In this situation we naturally call S the complexification of T. Show finally
that if S is the complexification of T, then its null space X in V is the direct sum
X = N @ N, where N is the null space of Tin V. Remember that we are viewing 1’
as W @ .

11.14 On a complex normed linear space V the norm is required to be complex homo-
geneous:

Ml = [N - fleel

for all complex numbers A, Show that the natural definitions of || |1, || ll2, and || ||»
on C™ have this property.

11.15 If a real normed linear space W is complexified to V = W @ 21}, there is no
trivial formula which converts the real norm for W into a complex norm for V. Show
that, nevertheless, any product norm on V (which really is 11" X W) can be used to
generate an equivalent complex norm. [Hint: Given <&, 7> € V, consider the set of
numbers {{|(z -+ fy) < &, 1> : |z + ty| = 1}, and try to obtain from this set a single
number that works.]

11.16 Show that every nonzero complex number has a logarithm. That is, show that
if u 4 4v £ 0, then there exists an z + 1y such that e*t% = u 4 4v. (Write the equation
e*(cos y + Tsiny) = u -+ v, and solve by being slightly clever.)

11.17 The fundamental theorem of algebra and Theorem 5.5 of Chapter 1 imply
that if V is a complex vector space and 7 in Hom V satisfies p(T) = 0 for a polynomial
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p, then there are subspaces {V,;} 7 of V, complex numbers {\;} 7, and integers {m;) T such
that V = @} V,, V; is T-invariant for each, and (T — N\, T)™i = 0 on V, for each 1.
Show that this is so. Show also that if V is finite-dimensional, then every T in Hom V
must satisfy some polynomial equation p(t) = 0. (Consider the linear independence or
dependence of the vector I, T, T2, ..., T"*, ..., in the vector space Hom V.)
11.18 Suppose that the polynomial p in the above exercise has real coeflicients. Use
the fact that complex conjugation is an automorphism of C to prove that if X is a root
of p, then so is X.

Show that if V is the complexification of a real space W and T is the complexifica-
tion of B € Hom W, then there exists a real polynomial p such that p(T) = 0.
11.19 Show that if W is a finite-dimensional real vector space and B € Hom W is an
isomorphism, then there exists an .1 € Hom W such that B = ¢4 (that is, log R exists).
This is a hard exercise, but it can be proved from Exercises 8.19 through 8.23, 11.12,
11.17, and 11.18.

*12. WEAK METHODS

Our theorem that all norms are equivalent on a finite-dimensional space suggests
that the limit theory of such spaces should be accessible independently of norms,
and our earlier theorem that every linear transformation with a finite-dimen-
sional domain is automatieally bounded reinforces this impression. We shall look
into this question in this section. In a sense this effort is irrelevant, since we
can’t do without norms completely, and since they are so handy that we use
them even when we don’t have to.

Roughly speaking, what we are going to do is to study a vector-valued map ¥
by studying the whole collection of real-valued maps {{ F:l e V*].

Theorem 12.1. If V is finite-dimensional, then ¢, — £in V (with respect to
any, and so every, norm) if and only if {(¢,) — I(§) in R for each [ in V*.

Proof. If ¢, — £ and 1 € V* then I(¢,) — I(£), since [ is automatically con-
tinuous. Conversely, if I(¢,) — I(£) for every I in V* then, choosing a basis
{8:}7 for V, we have €;(£,) — €;(§) for each functional ¢; in the dual basis, and
this implies that &, — & in the associated one-norm, since Ig, — &ll, =

T lei(tn) — ()] — 0. 0

Remark. If V is an arbitrary normed linear space, so that V* = Hom(V, R)
is the set of bounded linear functionals, then we say that £, — £ weakly if
I(£,) — U(&) for each I € V* The above theorem can therefore be rephrased to
say that in a finite-dimensional space, weak convergence and norm convergence are
equivalent notions.

We shall now see that in a similar way the integration and differentiation of
parametrized ares can all be thrown back to the standard caleulus of real-valued
functions of a real variable by applying functionals from V* and using the
natural isomorphism of V** with V. Thus, if f € €([a, b], V) and A & V*, then
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Ao fee([a, b], R), and so the integral ff A o fexists from standard calculus. If we
vary A, we can check that the map A — fab A o f is linear, hence is in V** and
therefore is given by a uniquely determined vector « € V' (by duality; scc
Chapter 2, Theorem 3.2.). That is, there exists a unique a € V such tha!
Ma) = fab X o f for every A € V*, and we define this « to be [? f. Thus integra
tion is defined so as to commute with the application of linear functionals
J2 £ is that vector such that

x(/abf):/bx(f(z))dz forall A e V*.

Similarly, if all the real-valued functions {A o f: XA € V*} are differentiablc
at xy, then the mapping A — (A o f)' () is linear by the linearity of the derivative
in the standard calculus:

((erhi 4 cahg) o f) = (ex(Ay o f) + 2z o)) = c1(A o )" + calhs o f).
Therefore, there is again a unique a € V such that
Ao f)(xo) = Na)  forall xeV*

and if we define this « to be the derivative f'(x4), we have again defined an oper-
ation of the calculus by commutativity with linear functionals:

(Ao f)@o) = (X o f)(xo).

Now the fundamental theorem of the calculus appears as follows.

If F{z) = fa’f, then (A o F)(z) = ff Ao f by the weak definition of the
integral. The fundamental theorem of the standard calculus then says that
(A o F) existsand (A o F)'(2) = (A o f)(z) = A(f(x)). By the weak decfinition o
the derivative we then have that F’ exists and F'(z) = f(x).

The one conclusion that we don’t get so easily by weak methods is the norm
inequality [[[2f]l < (b — a)[|fll.- This requires a theorem about norms on
finite-dimensional spaces that we shall not prove in this course.

Theorem 12.2. ||oz**[] = ”al! foreach a € V.

What is being asserted is that lub [a**(\) /||| = |le|l. Since a**(\) = A(a),
and since |A(a)] < ||\l - lla]| by the definition of ||A]|, we see that

tub fo**(N)|/[IA] < flel.

Our problem is therefore to find A € V* with {[A\|| = 1 and [A(a)] = [laf. If we
multiply through by a suitable constant (replacing « by ca, where ¢ = 1/|lal)),
we can suppose that |Jal| = 1. Then « is on the unit spherical surface, and the
problem is to find a functional A € V* such that the affine subspace (hyperplanc)
where A = 1 touches the unit sphere at « (so that Ma) = 1) and otherwise
lies outside the unit sphere (so that [A(£)] < 1 when (¢l = 1, and hence
IIN] < 1). It is clear geometrically that such “tangent planes” must exist, but
we shall drop the matter here.
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If we assume this theorem, then, since
')‘ (/abf)l = /ab NJ®) d" < (b — a) max {\(f(®))| : ¢ € [a, b]}

< (0 — o)\ max {[7@®I}  (from [Ma)] < [N - [le]])
= (& — Il [l

Ll =1 9] = b p ([ A)in < 6 = ol

the extreme members of which form the desired inequality.

we get
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CHAPTER b5

SCALAR PRODUCT SPACES

In this short chapter we shall look into what is going on behind two-norms, and
we shall find that a wholly new brauch of linear analysis is opened up. Thes
norms can be characterized abstractly as those arising from scalar product.

They are the finite and infinite-dimensional analogues of ordinary geometric
length, and they carry with them practically all the concepts of Euelidean
geometry, such as the notion of the angle between two vectors, perpendiculariiy
(orthogonality) and the Pythagorean theorem, and the existence of many
rigid motions.

The impact of this extra structure is particularly dramatic for infinite
dimensional spaces. Infinite orthogonal bases exist in great profusion and can
be handled about as easily as bases in finite-dimensional spaces, although the
basis expansion of a vector i1s now a convergent infinite series, £ = > T 2.,
Many of the most important series expansions in mathematics are examples ol
such orthogonal basis expansions. For example, we shall see in the next chapto
that the Fourier series expansion of a continuous function fon [0, 7] is the basix
expansion of f under the two-norm ||file = (JF2)2 for the particular orthog
onal basis {«a,} T = {sin nt] T. If a vector space is complele under a scalar produc!
norm, it is called a Hilbert space. The more advanced theory of such spaces i
one of the most beautiful parts of mathematics.

1. SCALAR PRODUCTS
A scalar product on a real veetor space 17 is a real-valued function from V X |
to R, its value at the pair < §, > ordinarily being designated (¢, 3), such that
a) (& 7) is linear in ¢ when 9 1s held fixed;
b) (& n) = (9,8 (symmetry);
c) (&¢&) > 0if £ # 0 (positive definiteness).
If (¢) 1s replaced by the weaker condition
¢y (& >0forallseV,

then (&, ) 1s called a semzscalar product.
Two important examples of scalar products are

n

(x,y) = Z T3l when V = R"
1

248
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[}
—

and ,
(f,9) = [a ) gtydt  when V= e(la, b)).

On a complex vector space (b) must be replaced by
b)) (&) = (n, £) (Hermitian symmetry),
where the bar denotes complex conjugation. The corresponding examples are
(z, w) = X" 2aw; when V = C" and (f,¢) = [2fg when V is the space of
continuous complex-valued functions on [a, b]. We shall study only the real case.
It follows from (a) and (b) that a semiscalar product is also linear in the
second variable when the first variable is held fixed, and therefore is a symmetric
bilinear functional whose associated quadratic form ¢(§) = (&, £) is positive
definite or positive semidefinite {(¢) or (¢’); see the last section in Chapter 2].
The definiteness of the form ¢ has far-reaching consequences, as we shall begin
to see at once.

Theorem 1.1. The Schwarz inequality
I(E; 77)1 S (Ey 5)1/2(777 77)1/2

is valid for any semiscalar product.

Proof. We have 0 < (¢ — tn, £ — tn) = (& §) — 2t(&, 1) + t%(n, n) for every
t € R. Since this quadratic in ¢ is never negative, it cannot have distinet roots,
and the usual (b2 — 4ac)-formula implies that 4(¢ 7)2 — 4(& (9, ) <0,
which is equivalent to the Schwarz inequality. O

We can also proceed directly. If (9, 5) > 0, and if we set t = (&, 1)/(9, )
in the quadratic inequality in the first line of the proof, then the resulting
expression simplifies to the Schwarz inequality. If (n, ) = 0, then (¢, 9) must
also be 0 (or else the beginning inequality is clearly false for some £), and now
the Schwarz inequality holds trivially.

Corollary. If (£ 5) is a scalar product, then ||£] = (& £)Y2 is a norm.
Proof

e+ 2>= (E+n £+ )
= [[£)2 4+ 2(& n) + In]|® < [1E)% -+ 2/l llnll + a2 (by Schwarz)
= (& + IInlD?

proving the triangle inequality. Also, [lc&| = (c&, cH)V2 = (c%(¢ £))Y2 =
le[ 1£]l. O

Note that the Schwarz inequality [(£, #)] < [|£]] l|nl] is now just the state-
ment that the bilinear functional (£, ) is bounded by one with respect to the
scalar product norm.

A normed linear space V in which the norm is a scalar product norm is
called a pre-Hilbert space. If V is complete in this norm, it is a Hilbert space.
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The two examples of scalar produects mentioned earlier give us the real explana-
tion of our two-norms for the first time:

nxiuz(ix%)“ for xR

and
£l = (/abf2)1/2 for f e e(a, b))

are scalar product norms.

Since the scalar product norm on R™ becomes Euclidean length under a
Cartesian coordinate correspondence with Euclidean n-space, it is conventional
to call R” itself Euclidean n-space E™ when we want it understood that the
scalar product norm is being used.

Any finite-dimensional space V is a Hilbert space with respect to any scalar
product norm, because its finite dimensionality guarantees its completeness.
On the other hand, we shall see in Exercise 1.10 that €([a, b]) is incomplete in the
two-norm, and is therefore a pre-Hilbert space but not a Hilbert space in this
norm. (Remember, however, that €([a, b]) 4s complete in the uniform norm
[Iflo) It is important to the real uses of Hilbert spaces in mathematics that any
pre-Hilbert space can be completed to a Hilbert space, but the theory of infinite-
dimensional Hilbert spaces is for the most part beyond the scope of this book.

Scalar product norms have in some sense the smoothest possible unit
spheres, because these spheres are quadratic surfaces.

It is orthogonality that gives the theory of pre-Hilbert spaces its special
flavor. Two vectors a and 8 are said to be orthogonal, written @ L 8, if (o, 8) = 0.
This definition gets its inspiration from geometry; we noted in Chapter 1 that
two geometric vectors are perpendicular if and only if their coordinate triples x
and y satisfy (x, y) = 0. It is an interesting problem to go further and to show
from the law of cosines (c2 = a2 -+ b2 — 2ab cos 6) that the angle 8 between two
geometric vectors is given by (x,y) = |Ix|| lly]] cos 8. This would motivate us
to define the angle § between two vectors £ and # in a pre-Hilbert space by
(& 7) = ||&|| ||nl] cos 8, but we shall have no use for this more general formu-
lation.

We say that two subsets A and B are orthogonal, and we write 4 L B, if
a 1 gforevery ain A and 8in B; forany subset A weset AT = {8 V:8 L A}.

Lemma 1.1. If 8isorthogonal to the set 4, then 8is orthogonal to L(A), the
closure of the linear span of A. It follows that B is a closed subspace for
every subset B.

Proof. The first assertion depends on the linearity and continuity of the scalar
product in one of its variables; it will be left to the reader. As for A = B, it
includes the closure of its own linear span, by the first part, and so is a closed
subspace. [
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Lemma 1.2. In any pre-Hilbert space we have the parallelogram law,
o -+ 811% + fla — 8117 = 2(/lll® + 11811,
and the Pythagorean theorem,
alpg ifandonlyif fla+8]% = llal|® -+ [8]%

If {a;}7 is a (pairwise) orthogonal collection of vectors, then
p
7 2 n 2
2oail =22 lledll®
1 1

Proof. Since |la + 8)|2 = ||laf2 + 2(e, B) -+ ||8]|2, by the bilinearity of the
scalar product [la -+ 8]|%, we see that |ja -+ 8]|2 = |la||?> + ||8]|% if and only if
(e, B) = 0, which is the Pythagorean theorem. Writing down the similar
expansion of @ — B]|? and adding, we have the parallelogram law. The last
statement follows from the Pythagorean theorem and Lemma 1.1 by induction.
Or we can obtain this statement directly by expanding the scalar product on the
left and noticing that all “mixed terms” drop out by orthogonality. U

The reader will notice that the Schwarz inequality has not been used in this
lemma, but it would have been silly to state the lemma before proving that
1€l = (& £)Y? is a norm.

If {a;}} are orthogonal and nonzero, then the identity |7 zia4]|? =

7 x2]|;]|? shows that 3% 2;a; can be zero only if all the coefficients x; are zero.
Thus,

Corollary. A finite collection of (pairwise) orthogonal nonzero vectors is
independent. Similarly, a finite collection of orthogonal subspaces is
independent.

EXERCISES

1.1 Complete the second proof of Theorem 1.1.
1.2 Reexamine the proof of Theorem 1.1 and show that if £ and 5 are independent,
then the Schwarz inequality is strict.

1.3 Continuing the above exercise, now show that the triangle inequality is strict
if £and 5 are independent.

1.4 a) Show that the sum of two semiscalar products is a semiscalar product.

b) Show that if (u, ») is a semiscalar product on a vector space TV and if T is a
linear transformation from a vector space V to W, then [, 9] = (Tu, Tv) is a
semiscalar product on V.

¢) Deduce from (a) and (b) that

(4, 9) = Sl + [ g0 at

is a semiscalar product on ¥V = @I([a, b]). Prove that it is a scalar product.
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1.5 If ais held fixed, we know that f(&) = (&, «) is continuous. Why? Prove mon
generally that (£, 9) is continuous as a map from V X V to R.

1.6 Let V be a two-dimensional Hilbert space, and let {a1, a2} be any basis for }

Show that a scalar product (£, ) has the form
(&) = ax1y1 + bz1yz + x2y1) + cxoye,
where b2 < ac. Here, of course, { = z1a;1 + z2a2, 1 = y1a1 + yoaz.

1.7 Prove that if w(x,y) = ar1y1 + b(x1yz + z2y1) + cxeye and b2 < ac, then o
is a scalar product on R2,

1.8 Let w(&, ) be any symmetric bilinear functional on a finite-dimensional vecto
space V, and let (&) = w(§, &) be its associated quadratic form. Show that for an
choice of a basis for V7 the equation ¢(£§) = 1 becomes a quadratic equation in the
coordinates {z;] of &

1.9 Prove in detail that if a vector 3 is orthogonal to a set A in a pre-Hilbert spacc,

then 8 is orthogonal to L{4).
1.10 We know from the last chapter that the Riemann integral is defined for the sct
& of uniform limits of real-valued step functions on {0, 1] and that & includes all the
continuous funetions. Given that & is the step function whose value is 1 on [0, 3] and
0 on [}, 1], show that |[f — k||2 > O for any continuous function f. Show, however,
that there is a sequence of continuous functions {f,] such that [[f, — k]2 — 0. Show,
therefore, that €([0, 1]) is incomplete in the two-norm, by showing that the abovc
sequence (f,) is Cauchy but not convergent in €({0, 1]).

2. ORTHOGONAL PROJECTION

One of the most important devices in geometric reasoning is “dropping a per-
pendicular” from a point to a line or a plane and then using right triangle
arguments. This device is equally important in pre-Hilbert space theory. If M
is a subspace and « is any element in V, then by “the foot of the perpendicular
dropped from o« to M” we mean that vector u in M such that (« — u) L 2],
if such a u exists. (See Fig. 5.1.) Writing « as u + (« — u), we see that the
existence of the “foot” uin M for each ain V is equiv-

alent to the direct sum decomposition V=M @ M*.

Now it is precisely this direct sum decomposition

that the completeness of a Hilbert space guarantees,

as we shall shortly see. We start by proving the 0
geometrically intuitive fact that u is the foot of the M
perpendicular dropped from « to M if and only if u
is the point in M closest to a.

a

Fig. 5.1

Lemma 2.1. If u is in the subspace M, then (¢ — u) L M if and only-if u is
the unique point in M closest to «, that is, u is the “best approximation” to
ain M.

Proof. If (@ —u) L M and ¢ is any other point in M, then [la — £||% =
@ —w) 4+ — BI* = lla — p® + e — &l* > lle — ull®. Thus g is the
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unique point in M closest to «. Conversely, suppose that u is a point in M closest
to e, and let ¢ be any nonzero vector in M. Then || — ul|2 < |[(a — ) + t£]|2,
which becomes 0 < 2t(a — u, £) -+ #2]|£]|2 when the right-hand scalar product is
expanded. This can hold for all ¢ only if (@ — u, £) = 0 (otherwise let { = 7).
Therefore, (¢ — ) L M. O

On the basis of this lemma it is clear that a way to look for u is to take a
sequence u, in M such that @ — p,| — ple, M) and to hope to define p as its
limit. Here is the crux of the matter: We can prove that such a sequence {u,} is
always Cauchy, but its limit may not exist if M is not complete!

Lemma 2.2, If {u,} is a sequence in the subspace M whose distance from
some vector a converges to the distance p from « to M, then {u,} is Cauchy.

Proof. By the parallelogram law, ”/-‘n — I~‘m”2 = “(a — ) — (@ — P‘m)“2 -
2(lle — pall? + lle — umll® — l|12a — (un -+ um)||%. Since the first term on the
right converges to 4p? as n, m — 0, and since the second term is always
< —4p? (factor out the 2), we see that {u, — uml/|2 = 0asnm — ». 0

Theorem 2.1. If M is a complete subspace of a pre-Hilbert space V, then
V = M ® M In particular, this is true for any finite-dimensional sub-
space of a pre-Hilbert space and for any closed subspace of a Hilbert space.

Proof. This follows at once from the last two lemmas, since now p = lim u,
exists, || — ul| = pla, M), and so (@ — p) L M. O

If V = M @ M*, then the projection on M along M~ is called the orthogonal
projection on M, or simply the projection on M, since among all the projections on
M associated with the various complements of M, the orthogonal projection is
distinguished. Thus, if M is a complete subspace of V, and if P is the projection
on M, then P(£) is at once the foot of the perpendicular dropped from ¢ to M
(which is where the word “projection” comes from) and also the best approxi-
mation to £ in M (Lemma 2.1).

Lemma 2.3. If {M,}7 is a finite collection of complete, pairwise orthogonal
subspaces, and if for a vector « in V, o; is the projection of « on M; for
i=1,...,n, then 37 ; is the projection of & on @t M.
Proof. We have to show that @« — 3.7 «; is orthogonal to @t M, and it is
sufficient to show it orthogonal to each M; separately. But if ¢ € M}, then
(@ — 2T e §) = (@ — o, £), since (a;, §) = 0 for? # j,and (@ — @, §) =0
because «; is the projection of @ on M;. Thus (¢ — 27 oy, £) = 0. U
Lemma 2.4. The projection of ¢ on the one-dimensional span of a single
nonzero vector 5 is ((£, 1)/]/9}l%)n.

Proof. Here u must be of the form zn. But (¢ — zn) L n if and only if
0= (t—=znm)=(n—z)? o z= (/>0
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We call the number (£, )/|[n]|% the n-Fourier coeficient of £. If 5 is a unit
(normalized) vector, then this Fourier coefficient is just (£, ). It follows from
Lemma 2.3 that if {;}7 is an orthogonal collection of nonzero vectors, and if
{z;}7 are the corresponding Fourier coefficients of a vector £, then 37 z,¢; is the
projection of £ on the subspace M spanned by {¢;}7. Therefore, £ — 37 z;0; L M,
and (Lemma 2.1) 3.7 x;¢; is the best approximation to £in M. If £isin M, then
both of these statements say that £ = 3.7 2,0, (This can of course be verified
directly, by letting & = 3> 7 a;¢; be the basis expansion of ¢ and computing
(5 ) = 1 ailes ¢05) = ajllejll?)

If an orthogonal set of vectors {¢;} is also normalized (J|¢:f| = 1), then we
call the set orthonormal.

Theorem 2.2. If {¢;}T is an infinite orthonormal sequence, and if {z,}7 arc
the corresponding Fourier coefficients of a vector £, then

>t < |g)? (Bessel’s inequality),
1

and £ = Y7 xy¢; if and only if 37 22 = [|£]|2 (Parseval’s equation).

Proof. Setting ¢, = 2.7 2;¢; and & = (¢ — 0,) + 0,, and remembering that
¢ —o0, 1o, wehave

1812 = e — anu2+>j:j

Therefore, 31 xZ < || £]|2 for all n, proving Bessel’s inequality, and ¢, — £ (that
is, || — o,]| = 0) if and only if 3% 22 — || £||, proving Parseval’s identity. O

We call the formal series 3~ x;0; the Fourier series of ¢ (with respect to the
orthonormal set {¢;}). The Parseval condition says that the Fourier series of ¢
converges to £ if and only if |[£]|? = X7 22

An infinite orthonormal sequence {p;}T is called a basis for a pre-Hilbert
space V if every element in V is the sum of its Fourier series.

Theorem 2.3. An infinite orthonormal sequence {¢;}7 is a basis for a pre-
Hilbert space V if (and only if) its linear span is dense in V.

Proof. Let ¢ be any element of V, and let {z;} be its sequence of Fourier
coefficients. Since the linear span of {¢;} is dense in V, given any ¢, there is a
finite linear combination 2 7 y.p; which approximates ¢ to within e. But
>_T ;0 1s the best approximation to £ in the span of {¢;}7, by Lemmas 2.3 and
2.1, and so

< € for any m > n.

‘f — > Tips
1
That is, £ = X7 x;¢;. O

Corollary. If V is a Hilbert space, then the orthonormal sequence {¢;}7
is a basis if and only if {¢;}t = {0}.
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Proof. Let M be the closure of the linear span of {¢;}$. Since V= M + M*,
and since M+ = {¢;} 1, by Lemma 1.1, we see that {¢;}1 = {0} if and only if
V = M, and, by the theorem, this holds if and only if {¢;} is a basis. 0

Note that when orthogonal bases only are being used, the coeflicient of a
vector ¢ at a basis element 8 is always the Fourier coefficient (g, 8)/||8/%.
Thus the g-coefficient of ¢ depends only on 8 and is independent of the choice
of the rest of the basis. However, we know from Chapter 2 that when an arbi-
trary basis containing 8 is being used, then the 8-coefficient of ¢ varies with the
basis. This partly explains the favored position of orthogonal bases.

We often obtain an orthonormal sequence by “orthogonalizing” some given
sequence.

Lemma 2.5. If {e;} is a finite or infinite sequence of independent vectors,
then there is an orthonormal sequence {¢;} such that {e;}} and {¢;}]. have
the same linear span for all n.

Proof. Since normalizing is trivial, we shall only orthogonalize. Suppose, to be
definite, that the sequence is infinite, and let M, be the linear span of
{@1,...,a,}. Let u, be the orthogonal projection of «, on M,_;, and set
¢n = an — i, (and ¢; = a;). This is our sequence. Wehavep, e M, C M,_,
if 2 <m=n, and ¢, L M,_;, so that the vectors ¢; are mutually orthogonal.
Also, ¢n # 0, since ay is not in M, _;. Thus {¢;}} is an independent subset of
the n-dimensional vector space M,, by the corollary of Lemma 1.2, and so
{@;}7 spans M,,. [

The actual calculation of the orthogonalized sequence {¢,} can be carried
out recursively, starting with ¢; = a;, by noticing that since u,, is the projection
of &, on the span of ¢y, . .., ¢n_1, it must be the vector X771 ¢,¢;, where c; is
the Fourier coefficient of a, with respect to .

Consider, for example, the sequence {z™}§ in €([0, 1]). We have ¢; =
a; = 1. Next, po = ag — o = = — ¢+ 1, where

¢ = (az, e0)/lerl® = fo 2+ 1/fy )2 = %
Then ¢3 = a3 — (c2¢2 + c1¢1), where
1 4 1 2 L
Cl:fox 'l/fo 1)*= 3

1 1
2=l 2@ =D/ - D'=GE - D/ =1
Thus the first three terms in the orthogonalization of {x"}§ in €([0, 1]) are 1,

x— %2> — (x — %) — %= 22— r-+ 1 This process is completely elemen-
tary, but the calculations obviously become burdensome after only a few terms.

We remember from general bilinear theory that if for 8 in V we define
85: V — R by 65(&) = (&, B), then 65 € V* and 8: 8 — 63 is a linear mapping
from V to V*. If (£, n) is a scalar product, then 65(8) = {|8]|> > 0if 8 > 0, and
so 0 is injective. Actually, 4 is an 7sometry, as we shall ask the reader to show in

and
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an exercise. If V is finite-dimensional, the injectivity of 6 implies that 6 is an
isomorphism. But we have a much more startling result:

Theorem 2.4. 6 is an isomorphism if and only if V is a Hilbert space.

Proof. Suppose first that V is a Hilbert space. We have to show that ¢ is sur-
jective, i.e., that every nonzero F in V* is of the form 63. Givensuch an F, let N
be its null space, let « be a vector orthogonal to N (Theorem 2.1), and consider
B = ca, where ¢ is to be determined later. Every vector £in V is uniquely a sum
£ = z8+ 7, where 9 is in N. [This only says that V /N is one-dimensional, which
presumably we know, but we ean check it directly by applying F and seeing that
F(t — zB) = 0if and only if x = F(¢)/F(8).] But now the equations

F(§) = F@B + 1) = 2F(B) = zcF(a)
and

95(8) = (£, 8) = @B+ 7,8 = z[Bl|* = zc?|al®

show that 65 = F if we take ¢ = F(a)/|la|%

Conversely, if 6 is surjective (and assuming that it is an isometry), then it is
an isomorphism in Hom(V, V*), and sinee V* is complete by Theorem 7.6,
Chapter 4, it follows that V is complete by Theorem 7.3 of the same chapter.
We are finished. 0

EXERCISES

2.1 In the proof of Lemma 2.1, if (¢ — u, £) £ 0, what value of ¢ will contradict
the inequality 0 < 2t(a — g, &) + 2] £]|2?

2.2 Prove the “only if” part of Theorem 2.3.

2.3 Let {M;} be an orthogonal sequence of complete subspaces of a pre-Hilbert
space V, and let P; be the (orthogonal) projection on M;. Prove that {P;£} is Cauchy
for any £in V.

2.4 Show that the functions {sin nt} 5—; form an orthogonal collection of elements in
the pre-Hilbert space C({0, 7]) with respect t_()jhe) standard scalar product (f, g) =
JT 70 g@®) dt. Show also that [jsin nt]|z = V7/2.

2.5 Compute the Fourier coefficients of the function f(f) = ¢ in ([0, n]) with
respect to the above orthogonal set. What then is the best two-norm approximation
to ¢ in the two-dimensional space spanned by sin ¢ and sin 2¢? Sketch the graph of this
approximating function, indicating its salient features in the usual manner of calculus
curve sketching.

2.6 The “step” function f defined by f(t) = n/2 on [0, 7/2] and f(t) = 0 on (x/2, =]
is of course discontinuous at 7/2. Nevertheless, calculate its Fourier coeflicients with
respect to {sin nt},=; in €([0, 7]) and graph its best approximation in the span of
{sin nt) 3.

2.7 Show that the functions {sin nt] 5—; U {cos nt} 5= form an orthogonal collection
of elements in the pre-Hilbert space @([—m, w]) with respect to the standard scalar
product (f, 9) = SZ: 7(1) g(¢) dt.



(c) ketabton.com: The Digital Library

53 SELF-ADJOINT TRANSFORMATIONS 257

2.8 Calculate the first three terms in the orthogonalization of {z*}§ in €([—1, 1]).

2.9 Use the definition of the norm of a bounded linear transformation and the
Schwarz inequality to show that ||fg]] < ||Bl] [where 85(§) = (£,8)]. In order to
conclude that 8+ 8z is an isometry, we also need the opposite inequality, ||6s] > |I8]l-
Prove this by using a special value of £.
2.10 Show that if V is an incomplete pre-Hilbert space, then V has a proper closed
subspace M such that 31 = {0}. [Hint: There must exist F € V* not of the form
F(§) = (% a).] Together with Theorem 2.1, this shows that a pre-Hilbert space Visa
Hilbert space if and only if V = M @ M for every closed subspace M.
2.11 The isometry 0: a+> 6, [where 0,(§) = (§, «)] imbeds the pre-Hilbert space V
in its conjugate space V*. We know that V* is complete. Why? The closure of V as
a subspace of V* is therefore complete, and we can hence complete V as a Banach
space. Let H be its completion. It is a Banach space including (the isometric image of)
V as a dense subspace. Show that the scalar product on V extends uniquely to H and
that the norm on H is the extended scalar produet norm, so that H is a Hilbert space.
2.12 Show that under the isometric imbedding « +— 6, of a pre-Hilbert space V into
V* orthogonality is equivalent to annihilation as discussed in Section 2.3. Discuss the
connection between the properties of the annihilator A° and Lemma 1.1 of this chapter.
2,13 Prove that if C'is a nonempty complete convex subset of a pre-Hilbert space V,
and if « is any vector not in C, then there is a unique u € €' closest to «. (Examine the
proof of Lemma 2.2.)

3. SELF-ADJOINT TRANSFORMATIONS

Definition. If V is a pre-Hilbert space, then T in Hom V is self-adjoint if
(Tee, B) = («, TB) for every o, 8 € V. The set of all self-adjoint transforma-
tions will be designated SA.

Self-adjointness suggests that T ought to become its own adjoint under the
injection 8 of V into V'*. We check thisnow. Since (@, 8) = 85(c), we can rewrite
the equation (T, 8) = (a, TB) as 05(Ta) = 6rg(x), and again as (T*(8g))(a) = &F(To()
684 by the definition of T*. This holds for all « and B if and only if T*(8g) =
brg forallB e V, or T* o § = 6 o T, which is the asserted identification.

Lemma 3.1. If V is a finite-dimensional Hilbert space and {¢;}7 is an
orthonormal basis for V, then T € Hom(V) is self-adjoint if and only if the
matrix {{;;} of T’ with respect to {¢;} is symmetric (t = t*).

Proof. If we substitute the basis expansions of & and 8 and expand, we see that
(a, TB) = (Ta, B) for all « and B if and only if (¢, Te;) = (T, ¢;) for all ¢
and 7. But To; = 3 %= trier, and when this is substituted in these last scalar
products, the equation becomes ¢;; = t;;. That is, T is self-adjoint if and only if
t=1t* [

A self-adjoint T is said to be nonnegative if (T%, £) > 0 for all £ Then
[£, 7] = (T'g, n) is a semiscalar produet!
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Lemma 3.2. If T is a nonnegative self-adjoint transformation, then
T < ITIY3(TE Y2 for all & Therefore, if (Tt £) = 0, then
T§¢ = 0, and, more generally, if (T¢,, £,) — 0, then T(&,) — 0.

Proof. If T is nonnegative as well as self-adjoint, then [£, 9] = (T 9) is a
semiscalar product, and so, by Schwarz’s inequality,

(TE n)] = (£ 1] < & 830, q]M2 = (T¢, YTy, Y2

Taking 7 = T¢, the factor on the right becomes (T(T%), T¢)Y2, which is less
than or equal to || T']|V2|| T £, by Schwarz and the definition of ||T|[. Dividing by
[T &lf, we get the inequality of the lemma. [

If @ # 0 and T(a) = ca for some ¢, then « is called an eigenvector (proper
vector, characteristic vector) of T, and ¢ is the associated eigenvalue (proper
value, characteristic value).

Theorem 3.1. If V is a finite-dimensional Hilbert space and T is a self-
adjoint element of Hom V, then V has an orthonormal basis consisting
entirely of eigenvectors of T.

Proof. Consider the function (T'¢, £). It is a continuous real-valued function
of £ and on the unit sphere § = {£:||£]| = 1} it is bounded above by [T
(by Schwarz). Set m = lub {(T¢, £) : ||£]l = 1}. Since S is compact (being
bounded and closed), (T'¢, £) assumes the value m at some point « on S. Now
m — T is a nonnegative self-adjoint transformation (Check this!), and (Te, a) =
m is equivalent to ((m — T)a, @) = 0. Therefore, (m — T)a = 0 by Lemma
3.2, and Ta = ma. We have thus found one eigenvector for T. Nowset V; =V,
a; = o, and m; = m, and let V, be {a;}t. Then T[V,] C Vg, for if ¢ L oy,
then (T¢, ai) = (¢ Tar) = m(§, a1) = 0.

We can therefore repeat the above argument for the restriction of 7' to the
Hilbert space V, and find «y in Vy such that |zl = 1 and T(as) = maas,
where mo = lub {(T', £) : ||&] = 1 and £ € V). Clearly, ms < m;. We then
set Vg = {oy, as}* and continue, arriving finally at an orthonormal basis
{a;}7 of eigenvectors of 7. [

Now let Ay, . .., A, be the distinct values in the list mq, . . . , m,, and let 3/;
be the linear span of those basis vectors a; for which m; = A;. Then the sub-
spaces M ; are orthogonal to each other, V = &7 M, each M, is T-invariant,
and the restriction of T to A ; is A; times the identity. Since all the nonzero
vectors In M ; are eigenvectors with eigenvalue A;, if the «;’s spanning Af; are
replaced by any other orthonormal basis for M ;, then we still have an ortho-
normal basis of eigenvectors. The ;s are therefore not in general uniquely
determined. But the subspaces M; and the eigenvalues \; are unique. This will
follow if we show that every eigenvector is in an ;.

Lemma 3.3. In the context of the above discussion, if £ = 0and T(§) = z¢
for some z in R, then ¢ € M; (and so x = );) for some j.
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Proof. Since V = @ M;, we have £ = X | & with ¢ € M;. Then

Yati=at=T0® =LTE =2 N&  and 3@ MWE=0.
1 1 1
Since the subspaces M; are independent, every component (x — \;) £ is 0. But
some £; # 0, since ¢ % 0. Therefore, x = A;, §, = 0 for ¢ # j, and

t=¢¢€ Mj. ad
We have thus proved the following theorem.

Theorem 3.2, If V is a finite-dimensional Hilbert space and T is a self-
adjoint element of Hom V, then there are uniquely determined subspaces
{V}] of V, and distinet scalars {)\;}}, such that {V;} is an orthogonal
family whose sum is V and the restriction of T to V; is \; times the identity.

If V is a finite-dimensional vector space and we are given T € Hom V, then
we know how to compute related mappings such as T2 and T ! (if it exists)
and vectors Ta, T la, ete., by choosing a basis for ¥V and then computing matrix
products, inverses (when they exist), and so on. Some of these computations,
particularly those related to inverses, can be quite arduous. One enormous
advantage of a basis consisting of eigenvectors for T is that it trivializes all of
these calculations.

To see this, let {8,} be a basis of V consisting entirely of eigenvectors for T,
and let {r,} be the corresponding eigenvalues. To compute 7§, we write down
the basis expansion for £ £ = Y7 x:8;, and then T¢ = 3} r:8;.. TZ has the
same eigenvectors, but with eigenvalues {r?}. Thus T?%a = Y} r2z;8;. T~ !
exists if and only if no r; = 0, in which case it has the same eigenvectors with
eigenvalues {1/r;}. Thus T71t = 37 (x;/r)Be. If P(t) = 3.3 ant™ is any
polynomial, then P(T) takes B8; into P(r;)8;. Thus P(T)t = X7 P(r)x:B:.
By now the point should be amply clear.

The additional value of orthonormality in a basis is already clear fom the
last section. Basically, it enables us to compute the coefficients {z;} of & by
scalar products: z; = (§, B:).

This is a good place to say a few words about the general eigenvalue problem
in finite-dimensional theory. Our complete analysis above was made possible by
the self-adjointness of 7' (or the symmetry of the matrix t). What we can say
about an arbitrary 7' in Hom V is much less satisfactory.

We first note that the eigenvalues of T’ can be determined algebraically, for A
is an eigenvalue if and only if T — A[ is not injective, or, equivalently, is singu-
lar, and we know that T — AT issingular if and only if its determinant A(T — A\I)
is 0. If we choose any basis for V, the determinant of T — A is the determinant
of its matrix t — Xe, and our later formula in Chapter 7 shows that this is a
polynomial of degree » in A. It is easy to see that this polynomial is independent
of the basis; it is called the characteristic polynomial of T. Thus the eigenvalues
of T are exactly the roots of the characteristic polynomial of 7.
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However, T need not have any eigenvectors! Consider, for example, a 90°
rotation in the Cartesian plane. This is the map T: <z, y> +— <—y,x>.
Thus T(8') = 8% and T(8%) = —&?, so the matrix of T is

!
[

and the characteristic polynomial of T is the determinant of this matrix: N -- 1.
Since this polynomial is irreducible over R, there are no eigenvalues.

Note how different the outcome is if we consider the transformation with the
same matrix on complex 2-space C2. Here the scalar field is the complex number
system, and T is the map <zj, 25> + < —25,2;> from C2 to C2. But now
M 1= (A4 9 — 1), and T has eigenvalues ==1! To find the eigenvectors
for 1, we solve T(z) = 7z, which is the equation < —z,, 2;> = <1z, 122>, or
29 = —i1z;. Thus <1, —z> (or 7<1, —2> = <4, 1>) is the unique eigen-
vector for 7 to within a scalar multiple.

We return to our real theory. If 77& Hom V and n = d(V), so that
d(Hom V) = n?, then the set of n? -+ 1 vectors {T%}%* in Hom V is dependent.
But this is exactly the same as saying that p(T) = 0 for some polynomial p of
degree <n?2. That is, any T in Hom V satisfies a polynomial identity p(T) = 0.
Now suppose that r is an eigenvalue of T and that T(§) = £ Then p(T)(§) =
p(r) ¢ =0, and so p(r) = 0. That is, every eigenvalue of T is a root of the
polynomial p. Conversely, if p(r) = 0, then we know from the remainder
theorem of algebra that ¢ — r is a factor of the polynomial p(¢), and therefore
(t — 7)™ will be one of the relatively prime factors of p. Now suppose that p is
the minimal polynomial of 7' (see Exercise 3.5). Theorem 5.5, Chapter 1, tells
us that (T — »I)™ is zero on a corresponding subspace N of V and therefore, in
particular, that 7" — »I is not injective when restricted to N. That is, » is an
eigenvalue. We have proved:

Then the matrix of T — A is

Theorem 3.3. The cigenvalues of T are zeros (roots) of every polynomial
p(t) such that p(T') = 0, and are exactly the roots of the minimal polynomial.

EXERCISES

3.1 Use the defining identity (T'E, n) = (¢ T) to show that the set S.1 of all self-
adjoint elements of Hom 17 is a subspace. Prove similarly that if S and T are self-
adjoint, then ST is self-adjoint if and only if ST = TS. Conclude that if T is
self-adjoint, then so is p(T) for any polynomial p.

3.2 Show that if T is sclf-adjoint, then § = T2 is nonnegative. Show, therefore,
that if T is self-adjoint and @ > 0, then T2 +4- al cannot be the zero transformation.

3.3 Let p(t) = {24 bt + ¢ be an irreducible quadratic polynomial (b% < 4¢), and
let T be a self-adjoint transformation. Show that p(7) # 0. (Complete the square
and apply earlier exercises.)
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3.4 Let T be self-adjoint and nilpotent (7™ = 0 for some n). Prove that T = 0.
This can be done in various ways. One method is to show it first for » = 2 and then
for n = 2™ by induction. Finally, any n can be bracketed by powers of 2, 27 <
n < 2m+1 .

3.5 Let V be any vector space, and let T be an element of Hom V. Suppose that there
is a polynomial ¢ such that ¢(7) = 0, and let p be such a polynomial of minimum
degree. Show that p is unique (to within a constant multiple). It is called the minimal
polynomial of T. Show that if we apply Theorem 5.5 of Chapter 1 to the minimal
polynomial p of T, then the subspaces N; must both be nontrivial.

3.6 It is a corollary of the fundamental theorem of algebra that a polynomial with
real coefficients can be factored into a product of linear factors (¢ — r) and irreducible
quadratic factors (24 bt -+ ¢). Let T be a self-adjoint transformation on a finite-
dimensional Hilbert space, and let p(f) be its minimal polynomial. Deduce a new
proof of Theorem 3.1 by applying to p(¢) the above remark, Theorem 5.5 of Chapter 1,
and Exercises 3.1 through 3.4.

3.7 Prove that if T is a self-adjoint transformation on a pre-Hilbert space V, then
its null space is the orthogonal complement of its range: N(T) = (R(T))+. Coneclude
that if ¥ is a Hilbert space, then a self-adjoint 7 is injective if and only if its range is
dense (in V).

3.8 Assuming the above exercise, show that if V is a Hilbert space and T is a self-
adjoint element of Hom V that is bounded below (as well as bounded), then T is sur-
jective.

3.9 Let T be self-adjoint and nonnegative, and set m = lub {(T¢, & : [i&] = 1}.
Use the Schwarz inequality and the inequality of Lemma 3.2 to show that m = {|T.

3.10 Let V be a Hilbert space, let T be a self-adjoint element of Hom V, and set
m = lub {(T¢ &) :||¢|]| = 1}. Show that if ¢ > m, then a — T (=al — T) is in-
vertibleand |[{(¢ — T) 7| < 1/{a — m). (Apply the Schwarz inequality, the definition
of m, and Exercise 3.8.)

3.11 Let P be a bounded linear transformation on a pre-Hilbert space V that is a
projection in the sense of Chapter 1. Prove that if P is self-adjoint, then P is an
orthogonal projection. Now prove the converse.

3.12 TLet V be a finite-dimensional Hilbert space, let 7 in Hom V be self-adjoint,
and suppose that S in Hom V commutes with 7. Show that the subspaces MM ; of
Theorem 3.1 and Lemma 3.3 are invariant under S.

3.13 A self-adjoint transformation T on a finite-dimensional Hilbert space V is said
to have a simple spectrum if all its eigenvalues are distinet. By this we mean that all
the subspaces M ; are one-dimensional. Suppose that T is a self-adjoint transformation
with a simple spectrum, and suppose that S commutes with T’. Show that S is also
self-adjoint. (Apply the above exercise.)

3.14 Let H be a Hilbert space, and let o[£, 1] be a bounded bilinear form on H X H.
That is, there is a constant b such that

[wl£, 7] < bl|&]| |n]] forall & qeH.

Show that there is a unique T in Hom V such that w[&, 5] = (£, Tn). Show that T is
self-adjoint if and only if o is symmetric.
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4. ORTHOGONAL TRANSFORMATIONS

Assuming that V is a Hilbert space and that therefore 6: V — V* is an isomor-
phism, we can of course replace the adjoint 7* € Hom V* of any T € Hom V
by the corresponding transformation 87! o T* o § € Hom V. In Hilbert space
theory it is thés mapping that is called the adjoint of 7" and is designated T*.
Then, exactly as in our discussion of a self-adjoint T', we see that

(Ta, B) = (a, T*B) forall «,8€V

and that T* is uniquely defined by this identity. Finally, T is self-adjoint if and
only if T = T*.

Although it really amounts to the above way of introducing 7* into Hom V,
we can make a direct definition as follows. For each 5 the mapping £ — (T§, »)
is linear and bounded, and so is an element.of V*, which, by Theorem 2.4, is
given by a unigue element 8, in V according to the formula (T, 7) = (& 8,).
Now we check that » — 8, is linear and bounded and is therefore an element of
Hom V which we call T*, ete.

The matrix calculations of Lemma 3.1 generalize verbatim to show that the
matrix of 7* in Hom V is the transpose t* of the matrix t of 7.

Another very important type of transformation on a Hilbert space is one
that preserves the scalar product.

Definition. A transformation 7 € Hom V is orthogonal if (Te, TB) =
(a, B) forall @, B € V.

By the basic adjoint identity above this is entirely equivalent to (@, T*T8) =
(e, B8), for all , 8, and hence to T*T = I. An orthogonal T is injective, since
ITa||? = {|al|?, and is therefore invertible if V is finite-dimensional. Whether V
is finite-dimensional or not, if T ¢s invertible, then the above condition becomes
T* = T7L

If T € Hom R”, the matrix form of the equation T*T = I is of course
t*t = e, and if this is written out, it becomes

Z triti; = 6§ for all 1,7,
k=1

which simply says that the columns of ¢ form an orthonormal set (and hence a
basis) in R”. We thus have:

Theorem 4.1. A transformation 7' € Hom R” is orthogonal if and only if
the image of the standard basis {6}% under T is another orthonormal basis
(with respect to the standard scalar product).

The necessity of this condition is; of course, obvious from the scalar-product-
preserving definition of orthogonality, and the sufficiency can also be checked
directly using the basis expansions of o and 8.

We can now state the eigenbasis theorem in different terms. By a diagonal
matrix we mean a matrix which is zero everywhere except on the main diagonal.
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Theorem 4.2. Let t = {t;;} be a symmetric n X n matrix. Then there
exists an orthogonal n X n matrix b such that b~'tb is a diagonal matrix.

Proof. Since the transformation T € Hom R” defined by t is self-adjoint, there
exists an orthonormal basis {b‘}? of eigenvectors of T, with corresponding
eigenvalues {r;}3. Let B be the orthogonal transformation defined by B(&") =
b/, j=1,...,n (The n-tuples b’ are the columns of the matrix b = {b,;}
of B) Then (B~!o T o B)(8) = r;8". Since (B~ 1o T o B)(§’) is the jth
column of b~ 'tb, we see that s = b~ 'tb is diagonal, with s;; = r;. 0

For later applications we are also going to want the following result.

Theorem 4.3. Any invertible 7 € Hom V on a finite-dimensional Hilbert
space V can be expressed in the form T = RS, where R is orthogonal and S
is self-adjoint and positive.

Proof. For any T, T*T is self-adjoint, since (T*T)* = T*T** = T*T. Let
{¢:}} be an orthonormal eigenbasis, and let {r;}7 be the corresponding eigen-
values of T*T. Then 0 < |[Tol|2 = (T*Tey, ¢i) = (T30, ;) = r; for each 4.
Since all the eigenvalues of T*T are thus positive, we can define a positive square
root 8 = (T*T)Y2 by Se; = (r)Y%p;, ¢ =1,2,...,n It is clear that 8% =
T*T and that S is self-adjoint.

Then A = ST~ ! is orthogonal, for (ST a, ST~18) = (T la, S2T18) =
(T, T*TT™18) = (T a, T*B) = (TT 'a,B) = (o, B). Since T = A™1S,
we set R = A~! and have the theorem. [

It is not hard to see that the above factorization of T is unique. Also, by
starting with TT*, we can express T in the form 7 = SR, where S is self-adjoint
and positive and R is orthogonal.

We call these factorizations the polar decompositions of T, since they func-
tion somewhat like the polar coordinate factorization z = re® of a complex
number.

Corollary. Any nonsingular n X n matrix t can be expressed as t = udy,
where u and v are orthogonal and d is diagonal.

Proof. ¥rom the theorem we have t = rs, where r is orthogonal and s is sym-
metric. By Theorem 4.2, s = bdb™!, where d is diagonal and b is orthogonal.
Thus t = rs = (rb)db™ = udv, where u=rb and v= b™! are both
orthogonal. U

EXERCISES

4.1 Let V be a Hilbert space, and suppose that S and T in Hom V satisfy

(T¢,m) = (¢ 8y forall & 9.
Write out the proof of the identity S = =10 T* o 4.
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4.2 Write out the analogue of the proof of Lemma 3.1 which shows that the matrix
of T* is the transpose of the matrix of 7.

4.3 Once again show that if (¢, 7)) = (§, ¢) for all &, then n = ¢. Conclude that if
S, T in Hom V are such that (£, Ty) = (¢, Sn) for all 4, then T = 8.

4.4 Let {a, b} be an orthonormal basis for R2, and let t be the 2 X 2 matrix whose
columns are a and b. Show by direct calculation that the rows of t are also ortho-
normal.

4.5 State again why it is that if V is finite-dimensional, and if S and T in Hom V
satisfy 8o T' = I, then T isinvertibleand S = 7—1. Now let V be a finite-dimensional
Hilbert space, and let T be an orthogonal transformation in Hom V. Show that 7* iy
also orthogonal.

4.6 Let t be an n X n matrix whose columns form an orthonormal basis for R”.
Prove that the rows of t also form an orthonormal basis. (Apply the above exercise.)

4,7 Show that a nonnegative self-adjoint transformation S on a finite-dimensional
Hilbert space has a uniquely determined nonnegative self-adjoint square root.

4.8 Prove that if V is a finite-dimensional Hilbert space and T € Hom V, then the
“polar decomposition” of 7, T = RS, of Theorem 4.3 is unique. (Apply the above
exercise.)

5. COMPACT TRANSFORMATIONS

Theorem 3.1 breaks down when V is an infinite-dimensional Hilbert space.
A self-adjoint transformation T does not in general have enough eigenvectors
to form a basis for ¥, and a more sophisticated analysis, allowing for a “con-
tinuous spectrum” as well as a “discrete spectrum”, is necessary. This en-
riched situation is the reason for the need for further study of Hilbert space
theory at the graduate level, and is one of the sources of complexity in the
mathematical structure of quantum mechanies.

However, there is one very important special case in which the eigenbasis
theorem is available, and which will have a startling application in the next
chapter.

Definition. Let V and W be any normed linear spaces, and let S be the unit
ball in V. A transformation T in Hom(V, W) is compact if the closure of
T[S} in W is sequentially compact.

Theorem 5.1. Let V be any pre-Hilbert space, and let 7 € Hom V be self-
adjoint and compact. Then the pre-Hilbert space R = range (7') has an
orthonormal basis {¢;} consisting entirely of eigenvectors of T, and the
corresponding sequence of eigenvalues {r,} converges to 0 (or is finite).

Proof. The proof is just like that of Theorem 3.1 except that we have to start a
little differently. Set m = [T = lub {||T(&|l : ||&| = 1}, and choose a se-
quence {£,} such that [[£,]l = 1 for all » and | T(£,)]] — m. Then

((m2 — Tz)sm En) =m? — “T(gn>n2 — 0,
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and since m? — T? is a nonnegative self-adjoint transformation, Lemma 3.2
tells that (m? — T%)(¢,) — 0. But since T is compact, we can suppose (passing
to a subsequence if necessary) that {T¢,} converges, say to 8. Then T2¢, — T8,
and so m2t, — T8 also. Thus ¢, — T8/m? and 8 = lim T¢, = T2(8)/m?
Since [|8]] = lim [|[T(£,)]| = m, we have a nonzero vector 8 such that 7%(8) =
m?B. Set a = /]8].

We have thus found a vector a such that ||a|| = 1and 0 = (m? — T?)(a) =
(m — T)(m + T)(a). Then either (m + T)(a) = 0, in which case T{(a) =
—me, or (m+ T)(a) = ¥ = 0 and (m — T)Y = 0, in which case TY = m7.
Thus there exists a vector ¢; (a or v/[|Y]|) such that {j¢1]| = 1 and T'(e;) =
7191, where |r;] = m. We now proceed just as in Theorem 3.1.

For notational consistency we set my = m, V; = V, and now set V, =
{e1}t.  Then T[V,]C Vs, since if a L ¢;, then (Ta, ¢;) = (a, Tps) =
r1(a, ¢1) = 0. Thus T [ V3 is compact and self-adjoint, and if my = || T [ V3|,
there exists ¢s with ||ez]] = 1 and T'(¢s) = 7209, where [ry| = m2. We continue
inductively, obtaining an orthonormal sequence {¢,} CV and a sequence
{r.} C R such that T¢, = 7,0, and |r,| = [T [ V,.||, where

Vn = {‘Pl) sty ‘Pn—-l}l'

We suppose for the moment, since this is the most interesting case, that
r, # 0 for all n> Then we claim that |r,| — 0. For |r,| is decreasing in any case,
and if it does not converge to 0, then there exists a b > 0 such that |»,| > b
for all n. Then [[T(p)) — T(e)|® = llrigs — riei|? = Trigdl® + lrjeill* =
ré + r? > 2b2 for all ¢ > j, and the sequence {T(¢;)} can have no convergent
subsequence, contradicting the compactness of T. Therefore [r,} | 0.

Finally, we have to show that the orthonormal sequence {¢;} is a basis for R.
If 8= T(a), and if {b,} and {a,} are the Fourier coefficients of 8 and «,
then we expect that b, = r,a,, and this is easy to check: b, = (B, ¢n) =
(T(a), ¢n) = (&, T(en)) = (a, Tnen) = Tula, @n) = Tnay. This is just saying
that T(anesn) = bnen, and therefore 8 — 3.7 byo; = T(a — > 7 a;0;). Now
o — 3.7 a;¢; is orthogonal to {¢;}1 and therefore is an element of V,, 11, and the
norm of T on V4 is [r,41]. Moreover, |a — 2.7 a;e:ll < |lal, by the Pytha-
gorean theorem. Altogether we can conclude that

Hﬁ - Zj bie;

and since 7,41 — 0, this implies that 8 = 3¢ b;¢;. Thus {e;} is a basis for
R(T). Also, since T is self-adjoint, N(T) = R(T)* = {¢;}*+ = N7 V..

If some r; = 0, then there is a first n such that r, = 0. In this
case |[T | V,|| = |ra] = 0, so that V,, C N(T). But ¢; € R(T) if ¢ < n, since
then ¢; = T(¢;)/r:, and so N(T) = R(T)* C {¢1, .., ¢n—1}T = V,. There-
fore, N(T) = V, and R(T) is the span of {¢;}7" L O

< fragaf - el
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CHAPTER 6

DIFFERENTIAL EQUATIONS

This chapter is not a small differential equations textbook; we leave out far too
much. We are principally concerned with some of the theory of the subject,
although we shall say one or two practical things. Our first goal is the funda-
mental existence and uniqueness theorem of ordinary differential equations,
which we prove as an elegant application of the fixed-point theorem. Next we
look at the linear theory, where we make vital use of material from the first two
chapters and get quite specific about the process of actually finding solutions.
So far our development is linked to the ¢nitial-value problem, conecerning the
existence of, and in some cases the ways of finding, a unique solution passing
through some initially prescribed point in the space containing the solution
curves. However, some of the most important aspects of the subject relate to
what are called boundary-value problems, and our last and most sophisticated
effort will be directed toward making a first step into this large area. This will
involve us in the theory of Chapter 5, for we shall find ourselves studying self-
adjoint operators. In fact, the basic theorem about Fourier series expansions
will come out of recognizing a certain right inverse of a differential operator to be
a compact self-adjoint operator.

1. THE FUNDAMENTAL THEOREM

Let A be an open subset of a Banach space W, let I be an open interval in R, and
let F: 1 X A — W be continuous. We want to study the differential equation

da/dt = F(t, a).

A solution of this equation is a function f: J — A, where J is an open subinterval
of I, such that f'(¢) exists and

F') = F(t,11))
for every ¢ in J. Note that a solution f has to be continuously differentiable, for
the existence of f’ implies the continuity of f, and then f'(t) = F(¢, f(t)) is
continuous by the continuity of F.

We are going to see that if F has a continuous second partial differential,
then there exists a uniquely determined “local” solution through any point

<t0, OL()> el x A.
266
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In saying that the solution f goes through <tg, a¢>, we mean, of course, that
ag = f(tp). The requirement that the solution f have the value ag when ¢t = ¢,
is called an initial condition. »

The existence and continuity of dF%,.» implies, via the mean-value
theorem, that F(i, «) is locally uniformly Lipschitz in «. By this we mean that
for any point <tg, ag> in I X A thereis a neighborhood M X N and a constant
b such that [|[F(t, &) — F(t, 7)]] < blj¢ — n|| for all £ in M and all £ » in N.
To see this we simply choose balls M and N about ¢y and g such that dF%, . is
bounded, say by b, on M X N, and apply Theorem 7.4 of Chapter 3. This is the
condition that we actually use below.

Theorem 1.1. Let A be an open subset of a Banach space W, let I be an
open interval in R, and let F be a continuous mapping from I X 4 to W
which is loecally uniformly Lipschitz in its second variable. Then for any
point <itg, @p> in I X A, for some neighborhood U of ag and for any
sufficiently small interval J containing ¢y, there is a unique function f from
J to U which is a solution of the differential equation passing through the
point <o, ag>.

Proof. If fis a solution on J through <{g, a¢>, then an integration gives

J© = ft0) = [ F(s,(5)) ds,
so that
5O = a0+ [ F(s, ) ds

for t € J. Conversely, if f satisfies this “integral equation”, then the funda-
mental theorem of the caleculus implies that f’(f) exists and equals F(t, (1))
on J, so that fis a solution of the differential equation which clearly goes through
<tg, ag> . Now for any continuous f: J — A we can define g:J — W by

g@=%+ﬁF@m»®

and our argument above shows that f is a solution of the differential equation if
and only if f is a fixed point of the mapping K: f — ¢. This suggests that we try
to show that K is a contraction, so that we can apply the fixed-point theorem.

We start by choosing a neighborhood L X U of <#, ag> on which F(, @)
is bounded and Lipschitz in « uniformly over . Let J be some open subinterval
of L containing ¢y, and let V' be the Banach space ®C(J, W) of bounded con-
tinuous functions from J to W. Our later calculation will show how small we
have to take J. We assume that the neighborhood U is a ball about «g of radius
r, and we consider the ball of functions W = B, (&) in V, where &g is the con-
stant function with value ag. Then any fin U has its range in U, so that F (¢, f(£))
is defined, bounded, and continuous. That is, K as defined earlier maps the ball
U into V.
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We now calculate. Let F be bounded by m on L X U and let § be the length
of J. Then

1K (@) — aplle = lub {‘

/t: F(s, ag) ds“ ‘te J} < ém )

by the norm inequality for integrals (see Section 10 of Chapter 4). Also, if f;
and f, are in U, and if ¢ is a Lipschitz constant for F on L X U, then

1K () = K)o = lub {|| [*F (s, 11(9)) — F (s, 7266)) |}

< 8lub {[F(s,71(s)) — F(s, f2())I}
< delub {{If1(s) — fas) I}

8cfifi — fallw- @)
From (2) we see that K is a contraction with constant C = éc if é¢ < 1, and

from (1) we see that K moves the center @, of the ball U a distance less than
(1 —C)rif ém < (1 — 8c)r. This double requirement on § is equivalent to

I

r

5<m—§—cr

?

and with any such & the theorem follows from a corollary of the fixed-point
theorem (Corollary 2 of Theorem 9.1, Chapter 4). [

Corollary. The theorem holds if F: 7 X A — W is continuous and has a
continuous second partial differential.

We next show that any two solutions through <{o, ag> must agree on the
intersection of their domains (under the hypotheses of Theorem 1.1).

Lemma 1.1. Let ¢; and g, be any two solutions of dea/dt = F (i, a) through
<tg, ag>. Then gy(t) = go(t) for all ¢ in the intersection J = J; N Jy of
their domains.

Proof. Otherwise there is a point s in J such that ¢{(s) # ga(s). Suppose that
$ > to, and set C = {t:t > ¢y and ¢:(t) # g2(t)} and z = glb C. The set C
is open, since g; and ¢, are continuous, and therefore z is not in €. That is,
g1(x) = go(x). Call this common value « and apply the theorem to <z, a>.
With r such that B,(a) C A, we choose 8§ small enough so that the differential
equation has a unique solution ¢ from (x — §, x + §) to B,(a) passing through
<z, a> , and we also take & small enough so that the restrictions of ¢; and g2 to
(x — 8, z + 8) have ranges in B,(«). But then ¢, = g, = ¢ on this interval
by the uniqueness of g, and this contradicts the definition of z. Therefore,
g1 = ¢» on the intersection of their domains. [

This lemma allows us to remove the restriction on the range of f in the
theorem.

Theorem 1.2. Let A, I, and F be as in Theorem 1.1. Then for any point
<tg, @g> in I X A and any sufficiently small interval neighborhood J of ¢g,
there is a unique solution from J to A passing through <tg, g >.
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ap|————

Fig. 6.1

Global solutions. The solutions we have found for the differential equation
da/dt = F(t, o) are defined only in sufficiently small neighborhoods of the initial
point o and are accordingly called local solutions. Now if we run along to a
point <¢;, oy > near the end of such a local solution and then consider the local
solution about <t;, a; >, first of all it will have to agree with our first solution
on the intersection of the two domains, and secondly it will in general extend
farther beyond ¢; than the first solution, so the two local solutions will fit together
to make a solution on a larger {-interval than either gives separately. We can
continue in this way to extend our original solution to what might be called a
global solution, made up of a patchwork of matching local solutions. These
notions are somewhat vague as described above, and we now turn to a more
precise construction of a global solution.

Given <tg, 09> CI X A, let § be the family of all solutions through
<to, ag>. Thus g € ¥ if and only if ¢ is a solution on an interval J C I, tq € J,
and ¢g(tg) = ao. Lemma 1.1 shows exactly that the uniont f of all the functions ¢
in F is itself a function, for if <t¢;,a;> €g; and <i;,as> € ¢go, then a; =
91(t) = g2(t) = as.

Moreover, f is a solution, because around any z in its domain f agrees with
some g € F. By the way f was defined we see that f is the unique maximum
solution through <iy, ag>. We have thus proved the following theorem.

Theorem 1.3. Let F: I X A — V be a function satisfying the hypotheses of
Theorem 1.1. Then through each <tg, ag> in I X A there is a uniquely
determined maximal solution to the differential equation da/dt = F(¢, ).

In general, we would have to expect a maximal solution to “run into the
boundary of A” and therefore to have a domain interval J properly included in 7,
as Fig. 6.1 suggests.

t Remember that we are taking a function to be a set of ordered pairs, so that the
union of a family of functions makes precise sense.
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However, if 4 is the whole space W, and if F (¢, @) is Lipschitz in « for each ¢,
with a Lipschitz bound ¢(f) that is continuous in ¢, then we can show that each
maximal solution is over the whole of 7. We shall shortly see that this condition
is a natural one for the linear equation.

Theorem 1.4. Let W be a Banach space, and let I be an open interval in R.
Let F: I X W — W be continuous, and suppose that there is a continuous
function ¢: I — R such that

1F(t, ar) — Ft, )| < c(®)]ler — asl|

for all tin I and all &y, s in W. Then each maximal solution to the differ-
ential equation de/dt = F (¢, ) has the whole of I for its domain.

Proof. Suppose, on the contrary, that ¢ is a maximal solution whose domain
interval J has right-hand endpoint b less than that of 7. We choose a finite open
interval L containing b and such that I C I (see Fig. 6.2). Since L is compact,
the continuous function ¢(f) has a maximum value ¢ on L. We choose any ¢
in L NnJ close enough to b so that b — ¢t; < 1/¢, and we set a; = g(¢;) and
m = max [|[F(t, «;)]| on L. With these values of ¢ and m, and with any r, the
proof of Theorem 1.1 gives us a local solution f through <t;, ;> with domain
(¢; — 8,1+ &) for any & less than r/(m -+ rc) = 1/(c + (m/r)). Since we
now have no restriction on r (because A = W), this bound on & becomes
1/¢, and since we chose ¢; so that ¢; + (1/¢) > b, we can now choose 8 so that
t1 + & > b. But this gives us a contradiction; the maximal solution ¢ through
<1, oy > includes the local solution f, so that, in particular, ¢; 4 § < b.
We have thus proved the theorem. 0

75

L Fig. 6.2

Going back to our original situation, we can conclude that if the Lipschitz
control of F is of the stronger type assumed above, and if the domain J of some
maximal solution g is less than I, then the open set A cannot be the whole of W.
It is in fact true that the distance from g¢(¢) to the boundary of A approaches
zero as t approaches an endpoint b of J which is interior to 1. That is, it is now a
theorem that p(f(t), A’) — 0 ast — b. The proof is more complicated than our
argument above, and we leave it as a set of exercises for the interested reader.

The nth-order equation. let A4, Ao, ..., A, be open subsets of a Banach
space W, let I be an open interval in R,andlet G: I X A{ X Ao X--- X A, > W
be continuous. We consider the differential equation

dra/dt" = G(t, o, da/dt, . .., d" la/dt" ).
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A function f: J — W is a solution to this equation if J is an open subinterval of
I, f has continuous derivatives on J up to the nth order, f*"V[J]1 C A;, ¢ =
1,...,n and

P = G, fO,1'®, ..., F*7P0)
for t € J. An initial condition is now given by a point

<t0761762;'~->6n> EIXA1XXAn.

The basic theorem is almost the same as before. To simplify our notation, let «
be the n-tuple <ay, as,...,a,> in W*» =V, and set A = []t 4., Also let
¥ be the mapping f — <f, f,...,f® P>, Then the solution equation
becomes f™(t) = G(t, ¢f(¢)).

Theorem 1.5. Let G: I X A — W be as above and suppose, in addition,
that G(I, @) is locally uniformly Lipschitz in e«. Then for any <tq, 8> in
I x A and for any sufficiently small open interval J containing t,, there is a
unique function f from J to W such that f is a solution to the above nth-order
equation satisfying the initial condition yf{(¢) = B.

Proof. There is an ancient and standard device for reducing a single nth-order
equation to a system of first-order equations. The idea is to replace the single
equation

da/dt" = G, a, da/dt, . .., d" la/dt"1)

by the system of equations

dal/dt = g,
daz/dt = Qg,
dotn_y/dt = an,

do,/dt = G, ay, ag, . . ., an),

and then to recognize this system as equivalent to a single first-order equation
on a different space. In fact, if we define the mapping F = <F!,... F">
from I X A to V. = W" by setting Fi(t, ) = a;41 fori=1,...,n — 1, and
F™"(t, &) = G(t, ), then the above system becomes the single equation

da/dt = F(I, ),

where F is clearly locally uniformly Lipsehitz in . Now a function f =
<fi, -+, fa> from J to V is a solution of this equation if and only if

fi :f2:
j:; :f37
f'r,t—‘l an)

f:t: G(t7f17'~ ':fn):
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that is, if and only if f, has derivatives up to order n, ¥(f;) = f and f{"(t) =
G(t, ¢f1()). The n-tuplet initial condition ¢f({;) = B is now just f(ty) = 8.
Thus the nth-order theorem for G has turned into the first-order theorem for F,
and so follows from Theorems 1.1 and 1.2 (0

The local solution through <y, 8> extends to a unique maximal solution
by Theorem 1.3 applied to our first-order problem de/dt = F(t, @), and the
domain of the maximal solution is the whole of I if G(¢, &) is Lipschitz in e with
a bound ¢(t) that is continuous and if A = W™, as in Theorem 1.4.

EXERCISES

1.1 Consider the equation da/dt = F(t,«) in the special case where W = R2.
Write out the equation as a pair of equations involving real-valued functions and real
variables.

1.2 Consider the system of differential equations
dr/dt = t+ 22+ 45, dy/dt = cos ry.
Define the function F: R3 — R2 so that the above system becomes

da/dt = F(,a),
where @« = <z, y>.

1.3 In the above exercise show that F is uniformly Lipschitz in @ on R X A4, where
A is any bounded open set in R2, Is F uniformly Lipschitz on R X R2?

1.4 Write out the above system in terms of a solution funetion f = <fi,f2>.
Write out for this system the integrated form used in proving Theorem 1.1.

1.5 The fixed-point theorem iteration sequence that we used in proving Theorem 1.1
starts off with fo as the constant function &p and then proceeds by

fult) = as+ j:F(s, fr—1(s)) ds.

Compute this sequence as far as f4 for the differential equation
dr/dt = t+z  [f'() = t+f®)]
with the initial ¢ondition f(0) = 0. That is, take fo = 0 and compute f1, f2, f3, and f4
from the formula. Now guess the solution f and verify it.
1.6 Compute the iterates fo, f1, f2, and f3 for the initial-value problem

dy/dz = z+ 2%, y(0) = 0.

Supposing that the solution f has a power series expansion about 0, what are its first
three nonzero terms?

1.7 Make the computation in the above exercise for the initial condition f(0) = —1.
1.8 Do the same for f(0) = 1.



(c) ketabton.com: The Digital Library

6.1 THE FUNDAMENTAL THEOREM 273

1.9 Suppose that W is a Banach space and that F and @ are functions from R X W#
to W satisfying suitable Lipschitz conditions. Show how the second-order system

' =Ft, &t ), & =G¢tEnE

would be brought under our standard theory by making it into a single second-order
equation.

1.10 Answer the above exercise by converting it to a first-order system and then to a
single first-order equation.

1.11 Let 6 be a nonnegative, continuous, real-valued function defined on an interval
[0, ] C R, and suppose that there are constants b and ¢ > 0 such that

ou)gcf%@dpkm forall « &[0, a).
0
a) Prove by induction that if m = ]|8]l,, then
n n i
0(x) < —-m(;f) + g JZ_:I ——(c;;) for every n.
b) Then prove that

f(x) < —clz (e —1) for all .

1.12 Let W be a Banach space, let I be an intelqval in R, and let F be a continuous
mapping from I X W to W. Suppose that [|F(t, @o)ff < b for all £ & I and that

for all £in I and all @, 8 in W. Let f be the global solution through <to, ag>, and
set 8(z) = [[fto+ =) — aoll. Prove that

e@gﬁmm+m

forxz > 0 and o+ = in I. Then use the result in the above exercise to derive a much
stronger bound than we have in the text on the growth of the solution f(¢) as ¢ goes
away from £g.

1.13 With the hypotheses on F as in the above exercise, show that the iteration
sequence for the solution through <fo, @p> converges on the whole of I by showing
inductively that if fo = @o and

fult) = a0+ [ PU65), Fae1(9)) ds,

then
b ()"
[falt) — fam1(®)] < P
From these inequalities prove directly that the solution f through <¢o, ag > satisfies

156) — o} < 2 ("0 — 1),
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2. DIFFERENTIABLE DEPENDENCE ON PARAMETERS

It is exceedingly important in some applications to know how the solution to the
system

fO=G6EIm), ft)=a

varies with the initial point <¢;, @;>. In order to state the problem precisely,
we fix an open interval J, set W = B.(ay) C V = ®C(J, W) as in the previous
section, and require a solution in U passing through <i#;, a; >, where <t;, o>
is near <tg, ag>. Supposing that a unique solution f exists, we then have a
mapping <{;, a1 > — f, and it is the continuity and differentiability of this map
that we wish to study.

Theorem 2.1. Let L X U be a neighborhood of <ty, ¢g> in the Banach
space R X W, and let F(¢, @) be a bounded continuous mapping from
L X U to W which is Lipschitz in « uniformly over {. Then there is a neigh-
borhood J X N of <ty, ag> with the following property. Forany <#;, a; >
in J X N there is a unique function f from J to U which is a solution of the
differential equation dea/dt = F(i, «) passing through <t;, @;>, and the
mapping <y, ¢y > — ffrom J X N to V is continuous.

Proof. We simply reexamine the calculation of Theorem 1.1 and take § a little
smaller. Let K(¢;, a1, f) be the mapping of that theorem but with initial point
<ty, ay >, so that g = K(t, ay, f) if and only if ¢(t) = a1 + fzi F(s, f(s)) ds for
all ¢ in J. Clearly K is continuous in <{;, ;> for each fixed f.

If N is the ball B,;2(aq), then the inequality (1) in the proof shows that
1Ky, a1, @) — @)l < llar — apll + 8m < r/2 4+ ém. The second inequality
remains unchanged. Therefore, f — K(t1, a1, f) is a map from U to ¥V whichisa
contraction with constant C = é&cif ¢ < 1, and which moves the center &, of U
a distance less than (1 — C)r if »/2+ ém < (1 — d¢)r. This new double
requirement on § is equivalent to

r
6<2(m—l—cr)’

which is just half the old value. With J of length 8, we can now apply Theorem
9.2 of Chapter 4 to the map K(¢;, a1, f) from (J X N) X U to V, and so have
our theorem. [

If we want the map <ii, a3 > +— f to be differentiable, it is sufficient, by
Theorem 9.4 of Chapter 4, to know in addition to the above that

K:(JXN)yxuau—->V
is continuously differentiable. And to deduce this, it is sufficient to suppose that
dF exists and is uniformly continuous on L X U.

Theorem 2.2. Let L X U be a neighborhood of <t4, @g> in the Banach
space R X W, and let F(t, @) be a bounded mapping from L X U to W such
that dF exists, is bounded, and is uniformly continuous on L X U. Then, in
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the context of the above theorem, the solution f is a continuously differ-
entiable function of the initial value <t¢;, a;>.

Proof. Wehave to show that the map K({, ay, f) from (J X N) X U to V is eon-
tinuously differentiable, after which we can apply Theorem 9.4 of Chapter 4, as
we remarked above. Now the mapping h +— k defined by k(f) = f,‘l his)dsisa
bounded linear mapping from V to V which clearly depends continuously on ¢,
and by Theorem 14.3 of Chapter 3 the integrand map f+— h defined by A(s) =
F(s, f(s)) is continuously differentiable on U. Composing these two maps we see
that dK%,, .,.r> exists and is continuous on J' X N X U. Now

AKZ(tl.al.f>(£) = &

so that dK? = I, and AKX, a,.7>(h) = — [T F(s, f(s)) ds, from which it
follows easily that dKX,, o,.7>(h) = —hF(t;, ft)). The three partial differentials
dK*!, dK?, and dK?® thus exist and are continuous on J X N X 4, and it follows
from Theorem 8.3 of Chapter 3 that K(i;, a1, f) is continuously differentiable
there. [

Corollary. If sis any point in J, then the value f(s) of a solution at s is a
differentiable function of its value at {.

Proof. Let f, be the solution through <{g, «>. By the theorem, a — f, is a
continuously differentiable map from N to the function space V = ®c(J, W).
But 7,: f— f(s) is a bounded linear mapping and thus trivially continuously
differentiable. Composing these two maps, we see that a — f,(s) is continuously
differentiable on N. U

It is also possible to make the continuous and differentiable dependence of
the solution on its initial value <iy, ag> into a global affair. The following is
the theorem. We shall not go into its proof here.

Theorem 2.3. Let f be the maximal solution through <{g, ag> with domain
J, and let [a, b] be any finite closed subinterval of J containing {3. Then there
exists an € > 0 such that for every <i;, a;> € BJ{<{g, ag>) the domain
of the global solution through <t;, a; > includes [a, b], and the restriction
of this solution to [a, b] is a continuous function of <ty, ay>. If F satisfies
the hypotheses of Theorem 2.2, then this dependence is continuously
differentiable.

Finally, suppose that F depends continuously (or continuously differ-
entiably) on a parameter A, so that we have F(\, t, ) on M X I X A. Now the
solution f to the initial-value problem

O =F10), fEt)=a

depends on the parameter A as well as on the initial condition f(¢;) = i, and if
the reader has fully understood our arguments above, he will see that we can
show in the same way that the dependence of f on \ is also continuous (con-
tinuously differentiable). We shall not go into these details here.
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3. THE LINEAR EQUATION

We now suppose that the function F of Section 1 is from I X W to W and con-
tinuous, and that F (¢, &) is linear in « for each fixed ¢. It is not hard to see that
we then automatically have the strong Lipschitz hypothesis of Theorem 1.4,
which we shall in any case now assume. Here this is a boundedness condition
on a linear map: we are assuming that F(¢, ) = Ti(e), where T; € Hom W,
and that |T,]| < ¢(®) for all ¢, where c(¢) is continuous on I.

As one might expect, in this situation the existence and uniqueness theory of
Section 1 makes contact with general linear theory. Let X, be the vector space
e(I, W) of all continuous functions from I to W, and let X, be its subspace
el(I, W) of all functions having continuous first derivatives. Norms will play
no role in our theorem.

Theorem 3.1. The mapping S: X; — X defined by setting g = Sf if
g(t) = f'(t) — F(t, f(t)) is a surjective linear mapping. The set N of global
solutions of the differential equation da/dt = F(t, «) is the null space of S,
and is therefore, in particular, a vector space. For each ¢y, € I the restriction
to N of the coordinate (evaluation) mapping ,: f +— f({o) is an isomorphism
from N to W. The null space M of 7, is therefore a complement of N in X,
and so determines a right inverse B of 8. The mapping f— <8, f(¢y) >
is an isomorphism from X; to X, X W, and this fact is equivalent to all
the above assertions.

Proof. For any fixed ¢ in X we set G{t, @) = F(t, o) + ¢(t) and consider the
(nonlinear) equation de/dt = G(t, «). By Theorems 1.3 and 1.4 it has a unique
maximal solution f through any initial point <ig, @y >, and the domain of f is
the whole of I. That is, for each pair <g, a> in X4 X W there is a unique f in
X such that <Sf, f(to) > = <g, a>. The mapping

<‘S; 7rt0> :f['—) <Sf7f(t0)>

is thus bijective, and since it is clearly linear, it is an isomorphism. In particular,
S is surjective. The null space N of S is the inverse image of {0} X W under the
above isomorphism; that is, m;, [ N is an isomorphism from N to W.

Finally, the null space M of m,, is the inverse image of X, X {0} under
<8, m, >, and the direct sum decomposition Xy = M @ N simply reflects the
decomposition Xo X W = (X4 X {0}) @& ({0} X W) under the inverse isomor-
phism. This finishes the proof of the theorem. [

The problem of finding, for a given ¢ in X, and a given aq in W, the unique f
in X such that S(f) = ¢ and f({y) = ay is called the initial-value problem. At
the theoretical level, the problem is solved by the above theorem, which states
that the uniquely determined f exists. At the practical level of computation, the
problem remains important.

The fact that M = M, is a complement of N breaks down the initial-value
problem into two independent subproblems. The right inverse R associated with
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M., finds b in X, such that S(h) = g and h(ty) = 0. The inverse of the isomor-
phism f— f({o) from N to W selects that k in X; such that S(k) = 0 and
k(to) = ag. Then f = h 4 k. The first subproblem is the problem of “solving
the inhomogeneous equation with homogeneous initial data”, and the second is
the problem of “solving the homogeneous equation with inhomogeneous initial
data”. In a certain sense the initial-value problem is the “direct sum” of these
two independent problems.

We shall now study the homogeneous equation da/dt = T;(a) more closely.
As we saw above, its solution space N is isomorphic to W under each projection
map m; = f+— f(f). Let ¢; be this isomorphism (so that ¢, = 7; [ N). We now
choose some fixed fy in I-—we may as well suppose that I contains 0 and take
to = 0—and set K; = ¢; o ¢y *. Then {K,} is a one-parameter family of linear
isomorphisms of W with itself, and if we set fs(t) = K.(8), then fz is the solution
of da/dt = T(e) passing through <0, 3>. We call K, a fundamental solution of
the homogeneous equation da/dt = T'(a).

Since f5(t) = Ti(fs(t)), we see that d(K;)/dt = T, K, in the sense that
the equation is true at each 8 in W. However, the derivative d(K;)/dt does not
necessarily exist as a norm limit in Hom W. This is because our hypotheses on T,
do not imply that the mapping ¢ +— T'; is continuous from I to Hom W. If this
mapping <s continuous, then the mapping <t, A > +— T; o 4 is continuous from
I X Hom W to Hom W, and the initial-value problem

dA/dt = Tyo A, Ado=1

has a unique solution 4;in €!(Z, Hom W). Because evaluation at 8 is a bounded
linear mapping from Hom W to W, 4.,(B) is a differentiable function of ¢ and

dA(B)/dt = (dA/dt)(B) = T:(A.(8)).

This implies that A4;(8) = K,(8) for all 8, so K; = A;. In particular, the
fundamental solution ¢+ K; is now a differentiable map into Hom W, and
dK;/dt = T; o K;. We have proved the following theorem.

Theorem 3.2. Let t — T be a continuous map from an interval neighbor-
hood I of 0 to Hom W. Then the fundamental solution {+— K, of the
differential equation da/dt = Ti(e) is the parametrized arc from I to
Hom W that is the solution of the initial-value problem dA/dt = T;o A,
Ag=I.

In terms of the isomorphisms K; = K(f), we can now obtain an explicit
solution for the inhomogeneous equation da/dt = T.(a) + g(t). We want f such
that

@) — T.(f@®) = 9.

Now K’'(t) = T, K(t), so that T, = K’(t) o K(t)~!, and it follows from
Exercise 8.12 of Chapter 4 and the general product rule for differentiation
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(Theorem 8.4 of Chapter 3) that the left side of the equation above is exactly

ko (& 0™ G0)).

The equation we have to solve can thus be rewritten as

L KO (0N = KO (40).

We therefore have an obvious solution, and even if the reader has found our
motivating argument too technical, he should be able to check the solution by
differentiating.

Theorem 3.3. In the context of Theorem 3.2, the function
¢
— —1
10 = K[ [ K g(s)) ds]
is the solution of the inhomogeneous initial-value problem

da/dt = Ty(a) +9(®),  f(0) = 0.

This therefore is a formula for the right inverse R of S determined by the
complement My of the null space N of S.

The special case of the constant coefficient equation, where the “coefficient”
operator T is a fixed T in Hom W, is extremely important. The first new fact,
to be observed is that if f is a solution of da/dt = T'(a), then so is f’. For the
equation f'(t) = T(f(t)) has a differentiable right-hand side, and differentiating,
we get f(t) = T(f'(¢)). That is:

Lemma 3.1. The solution space N of the constant coefficient equation
da/dt = T(a) is invariant under the derivative operator D.

Moreover, we see from the differential equation that the operator D on N
is just composition with 7. More precisely, the equation f'(t) = T(f(¢)) can be
rewritten 7, o D = T o m;, and since the restriction of m; to N is the isomor-
phism ¢, from N to W, this equation can be solved for 7. We thus have the
following lemma.

Lemma 3.2. For each fixed ¢ the isomorphism ¢; from N to W takes the
derivative operator D on N to the operator T on W. That is,

T—goDog

The equation for the fundamental solution K, is now dS/dt = T'S. In the
elementary calculus this is the equation for the exponential function, which leads
us to expect and immediately check that K; = €'”. (See the end of Section 8 of
Chapter 4.) The solution of de/dt = T(a) through <0, 3> is thus the function

etTB — i tj TJSﬁ) .
o J:
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If T satisfies a polynomial equation p(T) = 0, as we know it must if W is
finite-dimensional, then our analysis can be carried significantly further. Suppose
for now that p has only real roots, so that its relatively prime factorization is
p@) = II%(x — A\)™. Then we know from Theorem 5.5 of Chapter 1 that W
is the direct sum W = @®* W; of the null spaces W; of the transformations
(T — ;)™ and that each W is invariant under 7. This gives us a much simpler
form for the solution curve e'Tw if the point « is in one of the null spaces W.
Taking such a subspace W itself as W for the moment, we have (T — A[)™ = 0,
go that 7 = N 4 R, where R™ = 0, and the factorization e'T = e"¢'%,
together with the now finite series expansion of ¢'%, gives us

1 R’"*‘(@J,

eTo = en‘[a—{—tR(a) L o i m = D)1

Note that the number of terms on the right is the degree of the factor (t — \)™
in the polynomial p(z).

In the general situation where W = @* W;, we have a« = Y% a;, ¢! (a) =
>* e!T(a;), and each e'7(a;) of the above form. The solution of f/(t) = T(f(t))
through the general point <0, > is thus a finite sum of terms of the form
t’e'*i8,;, the number of terms being the degree of the polynomial p.

If W is a complex Banach space, then the restriction that p have only real
roots is superfluous. We get exactly the same formula but with complex values
of N\. This introduces more variety into the behavior of the solution curves
since an outside exponential factor e’ = ¢'¢*” now has a periodic factor if
v # 0.

Altogether we have proved the following theorem.

Theorem 3.4. If W is a real or complex Banach space and T € Hom W,
then the solution curve in W of the initial-value problem f'(t) = T(f(f)),
f0) =B, is

f® = 78 = 3 L ().
o J:

If T satisfies a polynomial equation (7' — A\)™ = 0, then

tm-l

ft) = l:ﬁ +tR(B) + -+ =01 Rm_l(ﬂ)] s

where R = T — M. If T satisfies a polynomial equation p(7) = 0 and p
has the relatively prime factorization p(z) = IT% (@ — A\)™, then f(¢) is a
sum of k terms of the above type, and so has the form

@) = Z tjet)\iﬁij,
2,3
where the number of terms on the right is the degree of the polynomial p,
and each 8;; is a fixed (constant) vector.
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It is important to notice how the asymptotic behavior of f(f) as t — + oo Is
controlled by the polynomial roots A;. We first restriet ourselves to the solution
through a vector « in one of the subspaces W, which amounts to supposing that
(T — A)™ = 0. Then if \ has a positive real part, so that e* = e#¢™ with
u > 0, then ||f(¢)|l — oo in exponential fashion. If X has a negative real part,
then f(t) approaches zero as t — oo (but its norm becomes infinite exponentially
fast as t — —oo0). If the real part of X is zero, then |[f(£)]| — oo like ™1 if
m > 1. Thus the only way for f to be bounded on the whole of R is for the real
part of X\ to be zero and m = 1, in which case f is periodic. Similarly, in the
general case where p(T) = [I% (T — A\,)™ = 0, it will be true that all the
solution curves are bounded on the whole of R if and only if the roots X\, are all
pure imaginary and all the multiplicities m, are 1.

EXERCISES

3.1 Let I be an open interval in R, and let W be a normed linear space. Let F({, @)
be a continuous function from I X W to W which is linear in « for each fixed . Prove
that there is a function ¢(t) which is bounded on every closed interval [a, b] included
in I and such that ||[F(¢, @)| < c¢()||e] for all @ and t. Then show that ¢ can be made
continuous. (You may want to use the Heine-Borel property: If [a, b] is covered by a
collection of open intervals, then some finite subcollection already covers [a, b.)

3.2 In the text we omitted checking that fr f™ — GQ@,f,f,...,f®1) is sur-
jective from X, to Xg. Prove that thisis so by tracking down the surjectivity through
the reduction to a first-order system.

3.3 Suppose that the coefficients a;(¢) in the operator
Tf = 2 af®
0

are all themselves in €1. Show that the null space N of T is a subspace of @*+1, State
a generalization of this theorem and indicate roughly why it is true.

3.4 Suppose that W is a Banach space, T € Hom W, and 3 is an eigenvector of 7'
with eigenvalue r. Show that the solution of the constant coeflicient equation da/di =
T(a) through <0,8> is f(t) = €'"B.

3.5 Suppose next that W is finite-dimensional and has a basis {8;}7 consisting of
eigenvectors of T, with corresponding eigenvalues 7;. Find a formula for the solution
through <0, o> in terms of the basis expansion of «.

3.6 A very important special case of the linear equation da/dt = T,(a) is when the
operator function T is periodic. Suppose, for example, that T,yy = T, for all ¢
Show that then K,y, = K{(K1)" for all ¢{ and n.

Assume next that K has a logarithm, and so can be written K; = e4 for some A
in Hom W. (We know from Exercise 11.19 of Chapter 4 that this is always possible
if W is finite-dimensional.) Show that now K, can be written in the form

K, = B(t)e'4,
where B(f) is periodic with period 1.
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3.7 Continuing the above exercise, suppose now that W is a finite-dimensional
complex vector space. Using the analysis of e!48 given in the text, show that the
differential equation da/dt = T.(a) has a periodic solution (with any period) only if
K1 has an eigenvalue of absolute value 1. Show also that if K; has an nth root of
unity as an eigenvalue, then the differential equation has a periodic solution with
period n.

3.8 Write out the special form that the formula of Theorem 3.3 takes in the constant
coefficient situation.

3.9 It is interesting to look at the facts of Theorem 3.1 from the point of view of
Theorem 5.3 of Chapter 1. Assume that S: X; — Xy is surjective and that its null
space N is isomorphic to W under the coordinate (evaluation) map 7. Prove that if M
is the nullspace of m;, in X1, then S [ M is an isomorphism onto X¢ by applying this
theorem.

4. THE nTH-ORDER LINEAR EQUATION
The nth-order linear differential equation is the equation
dra/dt™ = Q(t, a, da/dt, . . ., d" la/dt" 1),

where G(t, &) = G, ay, . . ., a,) isnow linear from V= W" to W for each ¢in I.
We convert this to a first-order equation de/dt = F(i, ) just as before, where
now F is a map from I X V to V that is linear in its second variable a, F (¢, o) =

Ti(a).

Our proof of Theorem 1.5 showed that a function f in €™ (I, W) is a solution
of the nth-order equation d"a/dt" = G(, a, ..., d" 'a/dt®"!) if and only if
the n-tuplet ¢f = <7, f’, ..., P> is a solution of the first-order equation

de/dt = F(t, @) = Ti(a). We know that the latter solutions form a vector
subspace N of (I, W"), and since the map ¥:f— <f,f’,...,f* V> is
linear from ™(I, W) to (I, W™), it follows that the set N of solutions of the
nth-order equation is a subspace of @*(I, W) and ¢ | N is an isomorphism from
"N to N. Since the coordinate evaluation ¢; = 7, [ N is an isomorphism from N
to W™ for each ¢ (Theorem 3.1), it follows that the map

ey f <fO, /@), ..., f"V@>

takes N isomorphically to W". Its null space M, is a complement of N in €, as
before. Here M, is the set of functions f in @"(I, W) such that fit) = --- =
f(n—l)(t) = 0.

We now consider the special case W = R. For each fixed ¢, G is now a linear
map from R™ to R, that is, an element of (R™)*, and its coordinate set with
respect to the standard basis is an n-tuple k = <k, ..., k,>. Since the
linear map varies continuously with ¢, the n-tuple k varies continuously with ¢.
Thus, when we take ¢ into account, we have an n-tuple k(t) = <k((1),..., k. (£) >
of continuous real-valued functions on I such that

G(t, Lly ooy CL‘n) = Z k,(t)xz
=1
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The solution space N of the nth-order differential equation
d*a/dt™ = (e, ...,d" ta/dt" " 1)

is just the null space of the linear transformation L:e™(I, R) — %I, R)
defined by

ING = 17O — kOF"PO — - — k(S @).

If we shift indices to coincide with the order of the derivative, and if we let f™
also have a coefficient function, then our nth-order linear differential operator 1.
appears as

LNHE) = an@F O + - - - + ao®) ).

Giving f™ a coeflicient function a, changes nothing provided a,(t) is never
zero, since then it can be divided out to give the form we have studied. This is
called the regular case. The singular case, where a,(f) is zero for some {, requires
further study, and we shall not go into it here.

We recapitulate what our general linear theory tells us about this situation.

Theorem 4.1. L is a surjective linear transformation from the space €*(I)
of all real-valued functions on I having continuous derivatives through
order n to the space @°(I) = e(I) of continuous functions on 7. Its null
space N is the solution space of our original differential equation. For
each ¢y in I the restriction to N of the mapping ¢;, o ¢¥: f— <f(to), - . .,
F®7P(tg) > is an isomorphism from N to R”, and the set 37, of functions
fin €™ such that f(tq) = - - - = f®V(¢,) = 0 is therefore a complement,
of N in €*(I), and determines a linear right inverse of L.

The practical problem of “solving” the differential equation L(f) = ¢ for f
when g is given falls into two parts. First we have to find the null space N of L,
that is, we have to solve the homogeneous equation L(f) = 0. Since N is an
n-dimensional vector space, the problem of delineating it is equivalent to finding
a basis, and this is clearly the efficient way to proceed. OQur first problem there-
fore is to find n linearly independent solutions {u;}7 of L{f) = 0. Our second
problem 1s to find a right inverse of L, that is, a linear way of picking one f such
that L(f) = ¢ for each g. Here the obvious thing to do is to try to make the
formula of Theorem 3.3 into a practical computation. If » is one solution of
L(f) = g, then of course the set of all solutions is the affine subspace N + v.

We shall start with the first problem, that of finding a basis {u;} 7 of solutions
to L{f) = 0. Unfortunately, there is no general method available, and we have
to be content with partial success. We shall see that we can easily solve the
first-order equation directly, and that if we can find one solution of the nth-
order equation, then we can reduce the problem to solving an equation of order
n — 1. Moreover, in the very important special case of an operator L with
constant coefficients, Theorem 3.4 gives a complete explicit solution.

The first-order homogeneous linear equation can be written in the form
Yy -+ a(t)y = 0, where the coefficient of 3’ has been divided out. Dividing by ¥
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and remembering that y’'/y = (log y)’, we see that, formally at least, a solution
is given by logy = — fa(t) dt or y = e~Je®dt 3nd we can check it by inspec-
tion. Thus the equation y’ -+ y/t = 0 has a solution y = e™°8t = 1/, as the
reader might have noticed directly.

Suppose now that L is an nth-order operator and that we know one solution
u of Lf = 0. Our problem then is to find » — 1 solutions vy, ..., v,_; inde-
pendent of each other and of u. It might even be reasonable to guess that these
could be determined as solutions of an equation of order n — 1. We try to find
a second solution v(f) in the form c()u(t), where c(t) is an unknown funetion.
Our motivation, in part, is that such a solution would automatically be inde-
pendent of « unless ¢(t) turns out to be a constant.

Now if v{t) = c(t)u(?), then v/ = cu’ + ¢'u, and generally

” L3\ o, G-
7y —
=3 @ )
If we write down L(v) = Y% a;(t)v"”(¢) and collect those terms involving c(%),
we get

n
L) = ¢(t) X aju’”’ + terms involving ¢, . . . , ¢™
0

= cL(w) + 8(¢") = 8(¢),

where S is a certain linear differential operator of order n — 1 which can be
explicitly computed from the above formulas. We claim that solving S(f) = 0
solves our original problem. For suppose that {g;}77! is a basis for the null
space of S, and set ¢;(t) = [{ g Then L(cu) = S(c}) = 8(g;) = 0 for i =
1,...,n — 1. Moreover, u,ci%,...,c,_14% are independent, for if u =
1 ke, then 1= 3777 kiei(t) and 0 = 237 kici(t) = 4 kuga(d), con-
tradicting the independence of the set {g;}.

We have thus shown that if we can find one solution # of the nth-order
equation Lf = 0, then its complete solution is reduced to solving an equation
S8f = 0 of order n — 1 (although our independence argument was a little
sketchy).

This reduction procedure does not combine with the solution of the first-
order equation to build up a sequence of independent solutions of the nth-order
equation because, roughly speaking, it “works off the top instead of off the
bottom”. For the combination to be successful, we would have to be able to
find from a given nth-order operator a first-order operator S such that N(S) C
N(L), and we can’t do this in general. However, we can do it when the coefficient
functions in L are all constants, although we shall in fact proceed differently.

Meanwhile it is valuable to note that a second-order equation Lf = 0 can
be solved completely if we can find one solution u, since the above argument
reduces the remaining problem to a first-order equation which can then be solved
by an integration, as we saw earlier. Consider, for instance, the equation
y" — 2y/t? = 0 over any interval I not containing 0, so that ao(t) = 1/t? is
continuous on I. We see by inspection that u(t) = ¢2 is one solution. Then we
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know that we can find a solution »(¢) independent of u(t) in the form v(t) = %(!)
and that the problem will become a first-order problem for ¢/. We have, in fact,
v = t% - 2tc and v’ = t% - 44’ + 2¢, so that L(v) = o’ — 2v/t% =
t2¢’" + 4tc’, and L(v) = 0 if and only if (¢")’ + (4/t)¢’ = 0. Thus

¢ = e—f4dt/t — 6_4 logt — 1/i4, c = 1/t3

(to within a scalar multiple; we only want a basis!), and v = t%({) = 1/t

(The reader may wish to check that this ¢s the promised solution.) The null

space of the operator L(f) = f — 2f/t? is thus the linear span of {t? 1/t).
We now turn to an important tractable case, the differential operator

Lf = a.f™ + an_if "V + - + aof,

where the coefficients a; are constants and a, might as well be taken to 1. What,
makes this case accessible is that now L is a polynomial in the derivative operator
D. That is, if Df = f’, so that Df = f’, then L = p(D), where p(z) =
3 a;x"
The most elegant, but not the most elementary, way to handle this equation
is to go over to the equivalent first-order system dx/dt = T(x) on R” and to
apply the relevant theory from the last section.

Theorem 4.2. If p(t) = ({ — b)", then the solution space N of the con-
stant coefficient nth-order equation p(D)f = 0 has the basis

{eb teb, ..., 1" ety

If p(®) is a polynomial which has a relatively prime factorization p(f) =
I1% p:(t) with each p,(t) of the above form, then the solution space of the
constant coefficient equation p(D)f = 0 has the basis |JB,, where B; is the
above basis for the solution space N; of p,(D)f = 0.

Proof. We know that the mapping ¢:f+— <f,f, ..., f™ V> is an isomor-
phism from the null space N of p(D) to the null space N of dx/dt — T'(x). Itis
clear that ¢ commutes with differentiation, ¢(Df) = <f’,...,f™> = Dy(f),

and since we know that N is invariant under D by Lemma 3.1, it follows (and can
easily be checked directly) that N is invariant under D. By Lemma 8.2 we have
T = ¢t o D o ¢, !, which simply says that the isomorphism ¢;: N — R™ takes
the operator D on N into the operator 7 on R"™. Altogether ¢, o ¢ takes D
on N into T on R™, and since p(D) = 0 on N, it follows that p(T) = 0 on R™.

We saw in Theorem 3.4 that if p(T) = 0 and p = (¢ — b)", then the
solution space N of dx/dt = T(x) is spanned by vectors of the form

edix, ..., T ek,

The first coordinates of the n-tuple-valued functions g in N form the space N
(under the isomorphism f = ¢~ 'g), and we therefore see that N is spanned by
the functions €%, ..., t" " 'e¥. Since N is n-dimensional, and since there are n

of these functions, the spanning set forms a basis.
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The remainder of the theorem can be viewed as the combination of the
above and the direct application of Theorem 5.5 of Chapter 1 to the equation
p(D) = 0on N, or as the carry-over to N under the isomorphism ¢! of the facts
already established for N in the last section. 0

If the roots of the polynomial p are not all real, then we have to resort to
the complexification theory that we developed in the exercises of Section 11,
Chapter 4. Except for onc final step, the results are the same. The one extra
fact that has to be applied is that the null space of a real operator 7 acting on a
real vector space Y is exactly the intersection with ¥ of the null space of the
complexification S of T acting on the complexification Z = Y @ 7Y of Y.
This implies that if p(f) is a polynomial with real cocfficients, then we get the
real solutions of p(D)f = 0 as the real parts of the complex solutions. In order
to see exactly what this means, suppose that ¢(z) = (z® — 2bz -+ ¢)™ is one of
the relatively prime factors of p(x) over R, with z? — 2bx -+ ¢ irreducible over R.
Over C, ¢q(z) factors into (z — N\)™(x — X)™, where A = b -+ iw and w? = ¢ — b
It follows from our general theory above that the complex 2m-dimensional
null space of ¢(D) is the complex span of

{eM 1M, L T IeM oM e L T e

The real parts of the complex linear combinations of these 2m functions is a
2m-dimensional real vector space spanned by the real parts of the above functions
and the real parts of ¢ times the above functions. That is, the null space of the
real operator ¢(D) is a 2m-dimensional real space spanned by

., tm—lebl ., tm—lebt

{e" cos wt, te® cos wt, . . cos wi; e sin wt, . . sin wt}.

Since there are 2m of these functions, they must be independent and must form
a basis for the real solution space of ¢(D)f = 0. Thus,

Theorem 4.3. If p(f) = (t2 & 2bt -+ ¢)™ and b? < ¢, then the solution space
of the constant coefficient 2mth-order equation p(D)f = 0 has the basis

{t'e” cos wi} 7o' U {t'e" sin wit} 77,

where w? = ¢ — b2 Tor any polynomial p(¢) with real coefficients, if p(¢) =
T1% p.(t) is its relatively prime factorization into powers of linear factors and
powers of irreducible quadratic factors, then the solution space N of
p(D)f = 0 has the basis U* B;, where B; is the basis for the null space of
p:(D) that we displayed above if p;(t) is a power of an irreducible quadratic,
and B; is the basis of Theorem 4.2 if p,(¢) is a power of a linear factor.

Suppose, for example, that we want to find a basis for the null space of
D* —1=0. Here pl) =2* — 1= (z — )=+ (@ — 2)(z +1). The
basis for the complex solution space is therefore {e, e, e®, e}, Since e* =
cos t - ¢ sin ¢, the basis for the real solution space is {e’, e, cos ¢, sin £}.
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The same problem for D® — 1 = 0 gives us

plr) =2 —1=(@&— DE*+z+1)

so that the basis for the complex solution space is
p D
(¢t e~ 10 FiyD/2 ,—1Q—iy5/2ley

and the basis for the real solution space is
{ef, 672 cos (v/3t/2), e~ % sin (\/3t/2)}.

*QOur results above suggest that the collection @ of all real-valued
solutions of constant coeflicient homogeneous linear differential equations con-
tains the functions ¢!, €™, cos wt, sin wt for all 4, r, and w, and is closed under
addition and multiplication, and is in fact the algebra generated by these functions.

We can easily prove this conjecture. We first consider sums. Suppose that
T(f) = 0 and that S(g) = 0, where S and T are two such constant coefficient
operators. Then f-+ g is in the null space of S o T because S and T commute:
BN+ g9)=E8T)H+ST)g)=STH+TWS9)=0+0=0. We
know that S and T commute because they are both polynomials in D.

In order to treat products, we first have to recognize that the linear span of
all the trigonometric functions sin at, cos bt is an algebra. In other words, any
finite product of such functions is a linear combination of such functions. This
is the role of a certain class of trigonometric identities, such as 2 sin x cos y =
sin (z + y) -+ sin (x — y), which the reader has undoubtedly had to struggle
with. (And again the mystery disappears when we are allowed to treat them
as complex exponentials.) Then we observe that any function in the algebra @ is
a finite sum of terms each of which is of the form t%™ sin wt or t%’ cos wt for
some 1, r, and w. We can exhibit an operator T having such a function in its
null space, and our finite sum of such terms will then be in the null space of the
composition of these operators T by our first argument.

We are tempted to say one more thing. The functions ¢, ¢, sin wt, cos wt,
and sums of their products ean be shown to be exactly the continuous functions
f: R — R such that the set of iranslates of f has a finite-dimensional span. That
is, if we define translation through z, K., by (K.f)(#) = f(t — z), then for
exactly the above functions f the linear span of {K.f, x € R} isfinite-dimensional.
This second characterization of exactly the same class of functions cannot be
accidental. Part of the secret lies in the fact that the constant coefficient oper-
ators T are exactly those linear differential operators that commute with trans-
lation. That is, if T is a linear differential operator, then T o K, = K, o T for
all z if and only if T has constant coefficients. Now we have noted in an early
chapter that if 708 = S o T, then the null space of T is invariant under S.
Therefore, the null space N of a constant coefficient operator T is invariant under
all translations: K, [N] C N for all z. Now we know that NV is finite-dimensional
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from our differential equation theory. Therefore, the functions in N are such
that their translates have a finite-dimensional span!

This device of gaining additional information about the null space N of a
linear operator 7' by finding operators S that commute with 7, so that N is
S-invariant, is much used in advanced mathematics. It is especially important
when we have a group of commuting operators S, as we do in the above case with
the operators S = K,.

What we have not shown is that if a continuous funetion f is such that its
translation generates a finite-dimensional vector space, then fis in the null space
of some constant coefficient operator p(D). This is delicate, and it depends on
showing that if {K,} is a one-parameter family of linear transformations on a
finite-dimensional space such that K., = K, o K, and K, — I as ¢t — 0, then
there is an § in Hom V such that K, = €5

EXERCISES

Find solutions for the following equations.

41 27 — 32+ 22 =0 42 274+ 22" — 3z =0
4.3 z/+ 22"+ 3z =0 44 24+ 2+ =0
4.5 " — 32"+ 32 —z =0 4.6 2V —z =10

4.7 2 — 2" =0 4.8 27 =0

49 gz — 2" =0
4,10 Solve the initial-value problem 2’/ + 42’ — 52z = 0,z(0) = 1,2/(0) = 2.
4.11 Solve the initial-value problem z’” + 2’ = 0, z(0) = 0,2'(0) = —1,2"(0) = 1.
4.12 TFind one solution u of the equation 4t%c’" -+ z = 0 by trying u(f) = ¢, and then
find a second solution as in the text by setting v(f) = c(t)u(f).
4.13 Solve 32" — 3t2’ -+ 3z = 0 by trying u(t) =
4.14 Solvetz” + 2’ = 0.
4.15 Solve ¢z’ + z') + 2(z"" +2) = 0.

4.16 Knowing that ¢ cos wt and ¢ sin wt are solutions of a second-order linear
differential equation, and observing that their values at 0 are 1 and 0, we know that
they are independent. Why?

4.17 Find constant coefficient differential equations of which the following functions
are solutions: 2, sin ¢, ¢2 sin ¢.

4,18 If fand g are independent solutions of a second-order linear differential equation
u” + a1v’ -+ agu = 0 with continuous coefficient functions, then we know that the
vectors <f(z), f’(z) > and <g(x), ¢’(x) > are independent at every point z. Show
conversely that if two functions have this latter property, then they are solutions
of a second-order differential equation.

4.19 Solve the equation (D — a)3f = 0 by applymg the order-reducing procedure
discussed in the text starting with the obvious solution .
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5. SOLVING THE INHOMOGENEOUS EQUATION

We come now to the problem of solving the inhomogeneous equation L(f) = g.
We shall briefly describe a practical method which works easily some of the time
and a theoretical method which works all the time, but which may be hard to
apply. The latter is just the translation of Theorem 3.3 into matrix language.

We first consider the constant coefficient equation L{f) = ¢ in the special
case where ¢ itself is in the null space of a constant coefficient operator S. A
simple example is ' — ay = €% (or ¥y’ — ay = sin bt), where g(t) = €*' is in the
null space of S = (D — b). In such a situation a solution f must be in the
null space of S o L, for S o L(f) = S(g) = 0. We know what all these functions
are, and our problem is to sclect f among them such that L(f) is the given ¢.

For the moment suppose that the polynomials L and S (polynomials in D)
have no factors in common. Then we know that L is an isomorphism on the
null space Ng of S and therefore that there exists an f in Ng such that Lf = ¢.
Since we have a basis for N g, we could construct the matrix for the action of L on
N and find f by solving a matrix equation, but the simplest thing to do is take
a general linear combination of the basis, with unknown coefficients, let L act
on it, and see what the coefficients must be to give ¢.

FFor example, to solve 4’ — ay = €, we try f(t) = ce®* and apply

L:(D — a)(ce®) = (b — a)ce® L &,

and we see that ¢ = 1/(b — a).

Again, to solve ¥y’ — ay = cos bt, we observe that cos bt is in the null space
of S = D? 4+ b? and that this null space has the basis {sin bt, cos bt}. We
therefore set f(t) = ¢y sin bt 4 ¢4 cos bt and solve (D — a)f = cos bt, getting

(—acy — beg) sin bt + (bey — ace) cos bt = cos bi,
—ac; — beg = 0,
bey —ace = 1,

and

b . a
@) = m sinbt — 55

R cos Dt.

When L and S do have factors in common, the situation is more complicated,
but a similar procedure can be proved to work. Now an extra factor ¢ must be
introduced, where 7 is the number of occurrences of the common factor in L.
For example, in solving (D — 7)2%f = €™, we have So L = (D — r)3, and so
we must set f(t) = ct%". Our equation then becomes

(D _ ’/‘)20526” = Yce’t 2 ert’
and so ¢ = 3.

For (D? 4+ 1)f = sin ¢ we have to set f(t) = t(c; sin ¢ + ¢5 cos t), and after

we work it out we find that ¢; = 0 and ¢s = —13, so that f = —3t cos i
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This procedure, called, naturally, the method of undetermined coefficients, vio-
lates our philosophy about a solution process being a linear right inverse. Indeed,
it is not a single process, applicable to any ¢ occurring on the right, but varies
with the operator S. However, when it is available, it is the easiest way to com-
pute explicit solutions.

We describe next a general theoretical method, called variation of parameters,
that ¢s a right inverse to L and does therefore apply to every g. Moreover, it
inverts the general (variable coefficient) linear nth-order operator L:

n

ILHE = 2 a:OF V().

0

We are assuming that we know the null space N of L; that is, we assume
known 7 linearly independent solutions {u;}7 of the homogeneous equation
Lf = 0. What we are going to do is to translate into this context our formula
K, J§ K;1(g(s)) ds for the solution to da/dt = T(e) + g(t). Since

vife <L f >

is an isomorphism from the solution space N of the nth-order equation L{(f) = 0
to the solution space N of the equivalent first-order system dx/dt = T,(x), it
follows that if we have a basis {u;}7 for N, then the columns of the matrix
wi; = uf~ Y form a basis for N.

Let w(t) be the matrix w;;(t) = u{~V(f). Since evaluation at ¢ is the isomor-
phism ¢; from N to R”™, the columns of w(f) form a basis for R™, for each ¢.
But K,(a) is the value at ¢ of the solution of dx/dt = T,(x) through the initial
point <0, a@>, and it follows that the linear transformation K, takes the columns
of the matrix w(0) to the corresponding columns of w(t). The matrix for K; is
therefore w(t) - w(0) ™!, and the matrix form of our formula

£0) = K.[" &)™ () ds
is therefore

£(8) = w(t) - w(0)"" - [0 "w(0) - w(s)"! - g(s) ds.

Moreover, since integration commutes with the application of a constant linear
transformation (here multiplication by a constant matrix), the middle w(0)
factors cancel, and we have the result that

£() = w(f) - /0 ‘w(s)~"L- g(s) ds

is the solution of dx/dt = T,(x) 4+ g(t) which passes through <0, 0>. Finally,
set k(s) = w(s)~!- g(s), so that this solution formula splits into the pair

£ = w0 [ ‘k(s)ds,  wi(s) - Kk(s) = g(s).
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Now we want to solve the inhomogeneous nth-order equation L(f) = ¢, and
this means solving the first-order system with g = <0, ...,0, ¢>. Therefore,
the second equation above is equivalent to

2 wi()ki(s) =0, i <m,
22 Wni(8)ki(s) = g(s).

Moreover, the solution f of the nth-order equation is the first component of the
n-tuple f (that is, f = ¢~ 'f), and so we end up with

3

n £
f@=2mmﬁh@w=;w%w
]=
where ¢;(¢) is the antiderivative fé k;(s) ds. Any other antiderivative would do
as well, since the difference between the two resulting formulas is of the form
>% amu;(t), a solution of the homogeneous equation L(f) = 0. We have proved
the following theorem.

Theorem 5.1. If {u,(¢)}7 is a basis for the solution space of the homogeneous
equation L(h) = 0, and if f({) = % c;(O)u.(t), where the derivatives c.(t)
are determined as the solutions of the equations

2 u?) =0, j=0,...,n—2

> cu R0 = 9(0),

7

then L{f) = ¢.

We now consider a simple example of this method. The equation ¢ + y =
sec z has constant coefficients, and we can therefore easily find the null space of
the homogeneous equation y”/ -+ y. A basis for it is {sin z, cos z}. But we can’t
use the method of undetermined coefficients, because sec  is not a solution of a
constant coefficient equation. We therefore try for a solution

v(x) = ¢1(x) sin z + ¢co(x) cos z.
Our system of equations to be solved is
¢i sinz - ch cosx = 0,

cicosz — chsin z = sec z.

Thus ¢y = —e¢; tan z and ¢](cos z + sin z tan z) = sec z, giving
¢; =1, ¢y = —tanz,
¢ = 2, co = log cos z,

and

v(z) = zsin z + (log cos z) cos z.
(Check it!)
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This is all we shall say about the process of finding solutions. In cases where
everything works we have complete control of the solutions of L(f) = ¢, and
we can then solve the initial-value problem. If L has order n, then we know that
the null space N is n-dimensional, and if for a given ¢ the function » is one
solution of the inhomogeneous equation L(f) = g, then the set of all solutions is
the n-dimensional plane (affine subspace) M = N + ». If we have found a
basis {u;}7 for N, then every solution of L(f) = g is of the form f = > 7 cyu; + v.
The initial-value problem is the problem of finding f such that L(f) = ¢ and
flto) = a3, f'(te) = ad,...,f " P(ty) = a2, where <a?, ..., al> = a®is the
given initial value. We can now find this unique f by using these n conditions
to determine the n coefficients ¢; in f = 3 c;u; + v. We get n equations in the n
unknowns ¢;. Our ability to solve this problem uniquely again comes back to the
fact that the matrix w;;(to) = uj‘-i—l)(to) is nonsingular, as did our success in
carrying out the variation of parameters process.

We conclude this section by discussing a very simple and important example.
When a perfectly elastic spring is stretched or compressed, it resists with a
“restoring” force proportional to its deformation. If we picture a coiled spring
lying along the z-axis, with one end fixed and the free end at the origin when
undisturbed (Fig. 6.3), then when the coil is stretched a distance z (compression
being negative stretching), the force it exerts is —cx, where ¢ is a constant rep-
resenting the stiffness, or elasticity, of the spring, and the minus sign shows
that the force is in the direction opposite to the displacement. This is Hooke's

law.
mfwa}— }A\/‘—W*— Ao

Fig. 6.3

Suppose that we attach a point mass m to the free end of the spring, pull the
spring out to an initial position zo = @, and let go. The reader knows perfectly
well that the system will then oscillate, and we want to describe its vibration
explicitly. We disregard the mass of the spring itself (which amounts to ad-
justing m), and for the moment we suppose that friction is zero, so that the
system will oscillate forever. Newton’s law says that if the force F is applied to
the mass m, then the particle will accelerate according to the equation

d%z
Here F = —cz, so the equation combining the laws of Newton and Hooke is

d’z
maﬁ—}-cx = 0.
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This is almost the simplest constant coefficient equation, and we know that the
general solution is
x = ¢y sin Qf + cg cos Q,

where @ = +/¢/m. Our initial condition was that x = aand 2’ = O when ¢t = 0.
Thus ¢ = a and ¢; = 0, so x = acosQt. The particle oscillates forever
between £ = —a and z = a. The maximum displacement a is called the
amplitude A of the oscillation. The number of complete oscillations per unit time
is called the frequency f, so f = Q/2w = +/c/2w+/m. This is the quantitative
expression of the intuitively clear fact that the frequency will increase with the
stiffness ¢ and decrease as the mass m increases. Other initial conditions are
equally reasonable. We might consider the system originally at rest and strike
it, so that we start with an initial velocity » and an initial displacement 0 at
time { = 0. Now ¢o = 0 and x = ¢; sin Qf. In order to evaluate ¢;, we remem-
ber that dx/di = v at t = 0, and since dz/dt = ¢, cos Qf, we have v = ¢,
and ¢; = v/Q, the amplitude for this motion. In general, the initial condition
would bez = aand z’ = » when ¢t = 0, and the unique solution thus determined
would involve both terms of the general solution, with amplitude to be calculated.

The situation is both more realistic and more interesting when friction is
taken into account. Frictional resistance is ideally a force proportional to the
velocity dx/dt but again with a negative sign, since its direction is opposite to
that of the motion. Qur new equation is thus

d?z dx
mﬁz——{—ka—{—cx— 0,

and we know that the system will act in quite different ways depending on the

relationship among the constants m, k, and ¢. The reader will be asked to explore
these equations further in the exercises.

It is extraordinary that exactly the same equation governs a freely oscillating

electric circuit. It is now written

d*z

L

where L, R, and C are the inductance, resistance, and capacitance of the circuit,

respectively, and dz/dt is the current. However, the ordinary operation of such

a eircuit involves forced rather than free oscillation. An alternating (sinusoidal)

voltage is applied as an extra, external, “force” term, and the equation is now

de , 1

d*z

L e

This shows the most interesting behavior of all. Using the method of un-
determined coefficients, we find that the solution contains transient terms that
die away, contributed by the homogeneous equation, and a permanent part of
frequency w/2mw, arising from the inhomogeneous term a sin wt. New phenomena
called phase and resonance now appear, as the reader will discover in the exercises.

dr | = .
—i—RE—}—E—asmwt.
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EXERCISES

Find particular solutions of the following equations.

51 2/ —z =1t* 52 2/ —z =sint 53 2/ —z =sint+ ¢4
54 2+ 2z = sint 5.5 3y’ —y' =22 (Here 3’ = dy/dz.)

56 ' —y =e*

5.7 Consider the equation ¢’ + y = sec x that was solved in the text. To what

interval I must we limit our discussion? Check that the particular solution found in
the text is correct. Solve the initial-value problem for

@)+ f(z) = secz, f(O) =1, f(0) = —L

Solve the following equations by variation of parameters.

58 2+ =z =tant 59 "+ =1t 510 "+ y=1
511 y® —y = cosz 512 ¥+ 4y = sec 2z 513 ¥y’ + 4y = secx
5.14 Show that the general solution

C1sin Qt -+ Co cos Q
of the frictionless elastic equation m(d%x/dt2) 4+ cx = 0 can be rewritten in the form
Asin (% — «).

(Remember that sin (x — y) = sin 2 cosy — cos z sin y.) This type of motion along
a line is called stmple harmonic motion.

5.15 In the above exercise express A and « in terms of the initial values dz/dt = v
and z = a when { = 0.

5.16 Consider now the freely vibrating system with friction taken into account, and
therefore having the equation

m(d2z/dt%) + k{dz/dt) + cx = 0,

all coefficients being positive. Show that if k2 < 4mec, then the system oscillates forever,
but with amplitude decreasing exponentially. Determine the frequency of oscillation.
Use Exercise 5.14 to simplify the solution, and sketch its graph.

5.17 Show that if the frictional force is sufficiently large (k2 > 4mc), then a freely
vibrating system does not in fact vibrate. Taking the simplest case k2 = 4me, sketch
the behavior of the system for the initial condition dz/dt = 0 and x = a@ when ¢ = 0.
Do the same for the initial eondition dz/dt = v and z = 0 when ¢ = 0.

5.18 Use the method of undetermined coefficients to find a particular solution of the
equation of the driven electric circuit

L dt2

=+ R@-{—g = @ sin wi.
dt ¢

Assuming that B > 0, show by a general argument that your particular solution is in
fact the steady-state part (the part without exponential decay) of the general solution.
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5.19 In the above exercise show that the “current” dz/dt for yeur solution can be
written in the form

dr _ a
d /R X2
where X = Lw — 1/wC. Here o is called the phase angle.

sin (wt — a),

5.20 Continuing our discussion, show that the current flowing in the circuit will have
a maximum amplitude when the frequency of the “impressed voltage” a sin wf is
1/2x+/LC. This is the phenomenon of resonance. Show alsc that the current is in
phase with the impressed voltage (i.e., that « = 0) if and only if L = C = 0.

5.21 What is the condition that the phase a be approximately 90°? —90°?

5.22 In the theory of a stable equilibrium point in a dynamical system we end up with
two scalar products (£, 1) and ((£, 7)) on a finite-dimensional vector space V, the qua-
dratic form q(£) = 3((&, £)) being the potential energy and p(¢) = %(&, &) being the
kinetic energy. Now we know that dg.(£) = ((, £)) and similarly for p, and because of
this fact it can be shown that the Lagrangian equations can be written

d [ dE
7 <gz 1 7)) = (& m)-

Prove that a basis {8:) ] can be found for V such that this vector equation becomes the
system of second-order equations

2
d.’l:i

dt2=)\ixi, i———l,...,n,

where the constants A; are positive. Show therefore that the motion of the system is the
sum of n linearly independent simple harmonic motions.

6. THE BOUNDARY-VALUE PROBLEM

We now turn to a problem which seems to be like the initial-value problem but
which turns out to be of a wholly different character. Suppose that 7T is a second-
order operator, which we consider over a closed interval [a, b]. Some of the most
important problems in physics require us to find solutions to T'(f) = g such that
f has given values at a and b, instead of f and f’ having given values at a single
point ¢5. This new problem is called a boundary-value problem, because {a, b} is
the boundary of the domain I = [a, b]. The boundary-value problem, like the
initial-value problem, breaks neatly into two subproblems if the set

M = {f € ¢*([a, b)) : f(a) = f(b) = O}

turns out to be a complement of the null space N of 7. However, if the reader
will consider this general question for a moment, he will realize that he doesn’t
have a clue to it from our initial-value development, and, in fact, wholly new
tools have to be devised.

Our procedure will be to forget that we are trying to solve the boundary-
value problem and instead to speculate on the nature of a linear differential



(c) ketabton.com: The Digital Library

6.6 THE BOUNDARY-VALUE PROBLEM 295

operator T' from the point of view of scalar products and the theory of self-
adjoint operators. That is, our present study of T’ will be by means of the scalar
product (f, ¢) = fab fDg(t) dt, the general problem being the usual one of
solving T'f = ¢ by finding a right inverse S of T. Also, as usual, S may be deter-
mined by finding a complement M of N(T). Now, however, it turns out that if T
is “formally self-adjoint”, then suitable choices of M will make the associated
right inverses S self-adjoint and compact, and the eigenvectors of S, computed as
those solutions of the homogeneous equation 7f — rf = 0 which lie in M, then
allow (relatively) the same easy handling of S, by virtue of Theorem 5.1 of
Chapter 5, that they gave us earlier in the finite-dimensional situation.

We first consider the notion of “formal adjoint” for an nth-order linear
differential operator T. The ordinary formula for integration by parts,

/abf’g = fg]: — fabfg’,

allows the derivatives of f occurring in the sealar product (7f, g) to be shifted
one at a time to g. At the end, fis undifferentiated and ¢ is acted on by a certain
nth-order linear differential operator R. The endpoint evaluations, like the
above fg]’, that accumulate step by step can be described as

BUpli= X ki@fO@yV@,
0<i4j5<n
where the coefficient functions k;;(x) are linear combinations of the coefficient
functions a;(x) and their derivatives. Thus

(Tf, 9) = (f, Rg) + B(f, 9)le-

The operator R is called the formal adjoint of T, and if R = T, we say that T is
formally self-adjoint.

Every application of the integration by parts formula introduces a sign
change, and the reader may be able to see that the leading coefficient of R is
(—1)™ times the leading coefficient of 7. Assuming this, we see that a necessary
condition for formal self-adjointness is that n be even, so that R and T have the
same first terms.

Supposing that 7 is formally self-adjoint, we seek a complement M of the
null space N of T in @"([a, b]) with the further property that S, the associated
right inverse of T, is self-adjoint as a mapping from the pre-Hilbert space
e%({a, b)) to itself. Let us see what this further requirement amounts to. For
any u, v € €% set f = Su and g = Sv, so that f and ¢ are in M and u = TY,
v=Tyg. Then (u, Sv) = (Tf, 9) = (f, T9) + B({, 9)]3 = (Sw, v) + B(f, .‘])]Z

We thus have:

Lemma 6.1. If T is a formally self-adjoint differential operator and M is a
complement of the null space of T, then the right inverse of T' determined
by M is self-adjoint if and only if

f;gEM = B(f,g)]g: 0.
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From now on we shall consider only the second-order case. However, almost,
everything that we are going to do works perfectly well for the general case, the
price of generality being only additional notational complexity.

We start by computing the formal adjoint of the second-order operator
Tf = ¢eof " -+ eyf' + cof. We have

5,0 = [*af's+ [ s+ [ s,
[ "oty = c:fa]: = [ ’ flexg),
[ ats = ere] - [y

= (af's — fes)) | + [ fca)”,
giving
(f, Bo) = [fleag)” — (csg)’ + (con),

and
B(f,g) = eaJ'g — ¢'f) + (ex — €2) fg.

Thus Rg = cog” + (205 — ¢1)¢" + (¢F — ¢{ + co)g and R = T if and only if
2ci — ¢y = ¢ (and ¢f — e} = 0), that is, c; = ¢;. We have proved:

Lemma 6.2. The second-order dilferential operator T is formally self-
adjoint if and only il

Tf = eof” + cif + cof = (eaf")' + o,

in which case

B(f, g) = calf'g — g')).

A constant coefficient operator is thus formally self-adjoint il and only
if ¢ = 0. .

Supposing that T is formally self-adjoint, we now try to find a complement M
of its null space N such that f, g € M = B(f, ¢)l; = 0. Since N is two-dimen-
gional, any complement M cau be deseribed as the intersection of the null space
of two linear functionals I; and I; on Xy = ©*([a, b]). For example, the “one
point” complement M, that we had earlier in connection with the initial-value
problem is the intersecetion of the null spaces of the two functionals I, (f) = f(t)
and 13(f) = f'(ty). Here, however, the vanishing of !; and I, for two functions
f and g must imply that B(/f, )Ji = ea(f'g — ¢'/))s = 0, and the functionals
Li(f) must therefore involve the values of fand f' at a and at b. We would natu-
rally guess, and it can be proved, that each of !; and I; must be of the form
I(f) = kuS(a) + kaf'(a) ‘+ kaf(D) -+ ksf'(b).

Our problem can therefore be restated as follows. We must find two linear
functionals [, and I3 of the above general form such that if M is the intersection
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of their null spaces, then
a) M is a complement of N, and
b) figeM=cao(f'g — ¢'Nla =0,
in which case we call the boundary condition ;(f) = l2(f) = 0 self-adjoint.

Lemma 6.3. We can replace (a) by
a’) T is injective on M,
Proof. If T is injeetive on M, then M N N = {0}, so that the map
f— <L) L) >

is injeetive on N, and therefore, because N is two-dimensional, is an isomorphism
from N to R? (by the corollary of Theorem 2.4, Chapter 2). Then M is a comple-
ment of N by Theorem 5.3 of Chapter 1. [

Now we can easily write down various pairs [y and [; that form a self-adjoint
boundary condition, We list some below.

1) fe M < fla) = f(b) = 0 [that is, L;(f) = f(a) and L(f) = f(D)].

2) feM = f'(a) = f'(b) = 0.

3) More generally, f'(a) = kf(a), f/(b) = ¢f(b). (In fact, {; can be any [ that
depends only on the values at a, and [o can be any [ that depends only on b.
Thus Li(f) = kif(a) + k2f'(a), and il L(f) = L(y) = 0, then the pairs
<f(a), f'(a)> and <g(a), ¢’(a)> are dependent, since both lie in the one-
dimensional null space of [;, and so f'g — ¢'fla = 0. The same holds for I
and b, so that this split pair of endpoint conditions makes b(f, 9)I5 = 0 by
making the values of B at a and at b separately 0.)

4) If co(a) = ea(b), then take f € M < f(a) = f(b) and f'(a) = f'(b). That
is, i(f) = fla) — f(b) and lo(f) = f'(a) — F'(b).

We now show that in every case but (3) the condition (a’) also holds if we
replace 7' by T' — \ for a suitable \. This is true also for case (3), but the proof is
harder, and we shall omit it.

Lemma 6.4, Suppose that M is defined by one of the self-adjoint boundary
conditions (1), (2), or (4) above, that ¢s(f) = m > 0 on [a, b], and that
A 2 ¢o(t) <+ 1 on [a, b]. Then

(T — NLH 2 ml )3+ (15112
for all f € M. In particular, M is a complement of the null space of 7' — A
and hence defines a self-adjoint right inverse of T — A.

Proof. We have
(= D1

I

~ [ty [ o— s
= —aff] + [ et + [ 0 — e
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Under any of conditions (1), (2), or (4), cof’fl5 = 0, and the two integral terms
are clearly bounded below by m||f’||3 and ||f||3, respectively. Lemma 6.3 then
implies that M is a complement of the null space of T — A. [

We come now to our main theorem. It says that the right inverse Sof T — A
determined by the subspace M above is a compact self-adjoint mapping of the
pre-Hilbert space €%([a, b]) into itself, and is therefore endowed with all the rich
eigenvalue structures of Theorem 5.1 of the last chapter. First we present some
clagsical terminology. A Sturm-Liouville system on [a, b] is a formally self-adjoint
second-order differential operator Tf = (cof ")’ -+ ¢of defined over the closed
interval [a, b}, together with a self-adjoint boundary condition I,(f) = (/) = 0
for that interval. If ¢2(?) is never zero on [a, b], the system is called regular. If
co(a) or ca(b) is zero, or if the interval [a, b] is replaced by an infinite interval
such as [a, «], then the system is called singular.

Theorem 6.1. If T':1;, Iy is a regular Sturm-Liouville system on [a, b], with
¢y positive, then the subspace M defined by the homogeneous boundary
condition is a complement of N(T' — )) if X is taken sufficiently large, and
the right inverse of T — A thus determined by M is a compact self-adjoint
mapping of the pre-Hilbert space €°([a, b]) into itself.

Proof. The proof depends on the inequality of the above lemma. Since we have
proved this inequality only for boundary conditions (1), (2), and_(4), our proof
will be complete only for those cases.

Set ¢ = (T — N f. Since [gllallfllz > [((T — NS, )| by the Schwarz

inequality, we sec from the lemma first that || f||3 < llgllallfli2, so that

1711z < llgll2

and then that m{lf"[|I3 < llgll2lifll < llgllZ, so that

17712 < Hgliz/v/m.

We have already checked that the right inverse S of the formally self-
adjoint T — X defined by M is self-adjoint, and it remains for us to show that the
set S{U] = {f:llglla £ 1} has compact closure. TFor any such f the Schwarz
inequality and the above inequality imply that

’ ’ ly — =|'”
) — sl < [ 1= [ 111 < 1y — e < L=t
x x ‘\/m
Thus S[U] is uniformly equicontinuous. Since the common domain of the
functions in S[U] is the compact set [a, b], we will be able to conclude from
Theorem 6.1 of Chapter 4 that the set S[U] is totally bounded if we can show
that there is a constant C such that all the functions in S[U] have their ranges in

[—C, C]. Taking y and z in the last inequality where |f] assumes its maximum
and minimum values, we have |flle — min|f] < (b — a)?/v/m. But
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(min {f)® — &)V < |Ifll2 < llglle < 1, and therefore
Ifle £C=1/0 —a)V2+ (b — a)V?/v/m.

Thus S[U] is a uniformly equicontinuous set of functions mapping the com-
pact set [a, b] into the compact set [—C, C], and is therefore totally bounded in
the uniform norm. Since €([a, b]) is complete in the uniform norm, every sequence
in S[U] has a subsequence uniformly converging to some f & €, and since
Iflle < ® — @)'2||f]l», this subsequence also converges to f in the two-norm.

We have thus shown that if H is the pre-Hilbert space €([a, b]) under the
standard sealar product, then the image S[U] of the unit ball U C H under S has
the property that every sequence in S[U] has a subsequence converging in H.
This is the property we actually used in proving Theorem 5.1 of Chapter 5, but
it is not, quite the definition of the compactness of S, which requires us to show
that the closure S[U] is compact in H. However, if {£,} is any sequence in this
closure, then we can choose {{,} in S[U] so that ||£, — ¢.]] < 1/n. The se-
quence {{,} has a convergent subsequence {{,m)} m as above, and then {£,m} m
converges to the same limit. Thus S is a compaet operator. U

Theorem 6.2. There exists an orthonormal sequence {¢,} consisting entirely
of eigenvectors of T and forming a basis for M. Moreover, the Fourier
expansion of any f € M with respect to the basis {¢,} converges uniformly
to f (as well as in the two-norm).

Proof. By Theorem 5.1 of Chapter 5 there exist an eigenbasis for the range of S,
which is M. Since S¢, = r,¢, for some nonzero r,, we have (T — \)(r,0,) =
en and To, = ((1 + N,)/7)en. The uniformity of the series convergence
comes out of the following general consideration.

Lemma 6.5. Suppose that T is a self-adjoint operator on a pre-Hilbert
space V and that T is compact as a mapping from V to <V, ¢>, wheregisa
second norm on V that dominates the scalar product norm p (¢ > cp).
Then T is compact (from p to p), and the eigenbasis expansion Y b, ¢, of an
element 8 in the range of T converges to 8 in both norms.

Proof. Let U be the unit ball of V in the scalar product norm. By the hypothesis
of the lemma, the ¢g-closure B of T[U] is compact. B is then also p-compact, for
any sequence in it has a g-convergent subsequence which also p-converges to the
same limit, because p < ¢q. We can therefore apply the eigenbasis theorem.

Now let @ and 8 = T'(«) have the Fourier series > a;¢; and X by, and let
T(gol) = T;¢;. Then bi = rQ, because b,, e (T(a), <pz') = (a, T((p,)) =
(o, 7:05) = rile, ¢;) = ra;. Since the sequence of partial sums X7 a;e; is
p-bounded (Bessel’s inequality), the sequence {3_7 bip;} = {T'(C_% aies)} is
totally g-bounded. Any subsequence of it therefore has a subsubsequence
g-converging to some element v in V. Since it then p-converges to v, ¥ must be 8.
Thus every subsequence has a subsubsequence ¢-converging to 8, and so
{3°7 bie,} itself g-converges to 8 by Lemma 4.1 of Chapter 4. [
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EXERCISES

6.1 Given that Tf(z) = zf”(z) + f(2) and Sf(z) = f'(z), compute T o Sand So T.

6.2 Show that the differential operators T = aD and S§ = bD commute if and
only if the functions a(z) and b(x) are proportional.

6.3 Show that the differential operators T = aD? and S = bD commute if and
only if b(x) is a first-degree polynomial b(z) = cx + d and a(x) = k(b(x))2.

6.4 Compute the formal adjoint S of 7T if

a) Tf=/f, by Tf =f", o) Tf=71", d) (TH(z) = af'(@),
e) (TNH) = 23" ().

6.5 Let S and T be linear differential operators of orders m and =, respectively.
What are the coefficient conditions for Seo T to be a linear differential operator of
order m + n?

6.6 Let T be the second-order linear differential operator

(TH®) = a2()f"(®) + a1 (Of' (V) + ao®)SO).

What are the conditions on its coeflicient functions for its formal adjoint to exist?
What are these conditions for T of order n?

6.7 Let S and T be linear differential operators of order m and n, respectively, and
suppose that all coefficients are @*-functions (infinitely differentiable). Prove that
SoT —ToSisof order < m—+n— 1.

6.8 A 6-blip is a continuous nonnegative function ¢ such
that ¢ = 0 outside of [—34, 8] and ff“o =1 (Fig. 6.4). We
assume that there exists an infinitely differentiable 1-blip .
Show that there exists an infinitely differentiable é-blip for
every 8 > 0. Define what you would mean by a §-blip centered
at z, and show that one exists.

Fig. 6.4

6.9 Let f be a continuous function on [a, b] such that (f,¢) = f2 fg = 0 whenever
¢ is an infinitely differentiable function which vanishes near a and . Show that f = 0.
(Use the above exercise.)

6.10 Let C*({a, b]) be the vector space of infinitely differentiable functions on {a, b],
and let T be a second-order linear differential operator with coefficients in €*;

(THE = az®)f" ) + ar(OF &) + a0 F(®).

Let 8 be a linear operator on €*([a, d]) such that

is a bilinear functional depending only on the values of f,g,f’, and ¢’ at a and b.
Prove that S is the formal adjoint of T. [Hint: Take f to be a §-blip centered at z.
Then K{(f,g) = 0. Now try to work the assertion to be proved into a form to which
the above exercise can be applied.]
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6.11 Prove an nth-order generalization of the above exercise.

6.12 Let X be the space of linear differential operators with C*-coefficients, and let Ar
be the formal adjoint of T. Prove that T' — Ar is an isomorphism from X to X.
Prove that Aesy = Ago Arp.

7. FOURIER SERIES

There are not many regular Sturm-Liouville systems whose associated ortho-
normal eigenbases have proved to be important in actual calculations. Most
orthonormal bases that are used, such as those due to Bessel, Legendre, Hermite,
and Laguerre, arise from singular Sturm-Liouville systems and are therefore
beyond the limitations we have set for this discussion. However, the most well-
known example, Fourier series, is available to us.

We shall consider the constant coefficient operator Tf = DZ2f, which is clearly
both formally self-adjoint and regular, and either the boundary condition
f(0) = f(m) = O on [0, 7] (type 1) or the periodic boundary condition f(—m) =
f(@), f'(—m) = f'(m) on [—m, m] (type 4).

To solve the first problem, we have to find the solutions of f/ — Nf= 0
which satisfy f(0) = f(r) = 0. If X > 0, then we know that the two-dimen-
sional solution space is spanned by {e’% e "%}, where r = A2, But if ¢ e +
cee " 15 0 at both 0 and 7, then ¢; = ¢3 = 0 (because the pairs <1, 1> and
<e"™, e~ "™ > are independent). Therefore, there are no solutions satisfying the
boundary conditions when A > 0. If A = 0, then f(x) = ¢z + ¢ and again
¢1 = ¢ = 0.

If A < 0, then the solution space is spanned by {sin rz, cos rz}, where
r= (—N)Y2. Now if ¢; sinrz + cocosrx is 0 at x = 0 and z = 7, we get,
first, that ¢ = 0 and, second, that rm = nw for some integer n. Thus the
eigenfunctions for the first system form the set {sin nz}§, and the corresponding
eigenvalues of D? are {—n?}{.

At the end of this section we shall prove that the functions in €2([a, b])
that are zero near a and b are dense in €([a, b]) in the two-norm. Assuming this,
it follows from Theorem 2.3 of Chapter 5 that a basis for 3 is a basis for €%, and
we now have the following corollary of the Sturm-Liouville theorem.

Theorem 7.1. The sequence {sin nx}? is an orthogonal basis for the pre-
Hilbert space €°([0, 7]). If f < e?([0, w]) and f(0) = f(x) = 0, then the
Fourier series for f converges uniformly to f.

We now consider the second boundary problem. The computations are a
little more complicated, but again if f(z) = c1"” + ce™ "%, and if f(—m) = f(r)
and f/(—m) = f'(w), then f = 0. For now we have

cle—rr + c2er1r — clemr + 026—7‘#’

giving ¢; = c¢g, and

T — core”™ = cyre’T — core” T,

cire”
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giving ¢;(€™ — e ") = 0, and so ¢; = 0. Again f(z) = ¢1x + ¢ is ruled out
Finally, if f(x) = ¢; sin 7z 4 ¢3 cos rz, our boundary conditions become

2¢ysinrw = 0 and 2rcy sin rm = 0,

so that again » = n, but this time the full solution space of (D? + n?)f = 0
satisfies the boundary condition.

Theorem 7.2. The set {sin nz}T U {cos nx}§ forms an orthogonal basis for
the pre-Hilbert space €°((—m, 7}). If f € €?({—m, 7]) and f(—7) = f(x),
f'(—m) = f’(m), then the Fourier series for f converges to f uniformly on
[—m, 7]

Remaining proof. This theorem follows from our general Sturm-Liouville dis-
cussion except for the orthogonality of sin nz and cos nz. We have

(sin nzx, cos nx) = / sin nt cos nt dt
=% / sin 2nt dt

= —(1/4n) cos 2nz]|";
= 0.

Or we can simply remark that the first integrand is an odd function and therefore
its integral over any symmetric interval [—a, a] is necessarily zero.

The orthogonality of eigenvectors having different eigenvalues follows of
course, as in the proof of Theorem 3.1 of Chapter 5. [

Finally, we prove the density theorem we needed above. There are very
slick ways of doing this, but they require more machinery than we have avail-
able, and rather than taking the time to make the machines, we shall prove the
theorem with our bare hands.

It is standard notation to let a subscript zero on a symbol denoting a class
of functions pick out those functions in the class that are zero “on the boundary”
in some suitable sense. Here Cy([a, b]) will dencte the functions in €({a, b]) that
are zero in neighborhoods of a and b, and similarly for @3([a, b}).

Theorem 7.3. €%([a, b]) is dense in €([a, b]) in the uniform norm, and
eZ([a, b)) is dense in €([a, b]) in the two-norm.

y

Proof. We first approximate f € €([a, b]) to within € by a piecewise “linear’
function ¢ by drawing straight line segments between the adjacent points on the
graph of f lying over a subdivision a = zg < z; < --- < z, = b of [qa, b].
If f varies by less than € on each interval (x;_1, z;), then ||f — gll. < e. Now
g’(t) is a step function which is constant on the intervals of the above sub-
division. We now alter ¢'(¢) slightly near each jump in such a way that the new
function h(f) is continuous there. If we do it as sketched in Fig. 6.5, the total
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integral error at the jump is zero, fz’l’j}" (h — ¢") = 0, and the maximum error

JZi 5 is 8a/4. This will be less than € if we take 3 = €/]/¢g’]|«, since A < 2{[g’]l..
We now have a continuous function & such that | fZ h(t) dt — (f(z) — f(a))| < 2e.
In other words, we have approximated f uniformly by a continuously differ-
entiable function.

Now choose g and h in €!([a, b]) so that first ||[f — gll« < €/2 and then
l9 — klle < €/2(b — a). Then

0@ — 90 — [“4] < er2,

and so H(z) = [§ h + ¢(0) is a twice continuously differentiable function such
that ||f — Hll. < €. In other words, €2([a, b]) is dense in €([a, b]) in the
uniform norm. It is then also dense in the two-norm, since

1= (L2 <1 1) = @ — 920

But now we can do something which we couldn’t do for the uniform norm:
we can alter the approximating funetion to one that is zero on neighborhoods of @
and b, and keep the two-norm approximation good. Given §, let e(f) be a non-
negative function on [a, b} such that e(f) = 1 on [a + 26,5 — 28], e(t) = 0 on
[a,a + sland on [b — &, b}, ¢’’ is continuous, and [lefl, = 1. Such an e(?) clearly
exists, since we can draw it. We leave it as an interesting exercise to actually
define ¢(f). Here is a hint: Show somehow that there is a fifth-degree polynomial
p(t) having a graph between 0 and 1 as shown in Fig. 6.6, with a zero second
derivative at 0 and at 1, and then use 2 piece of the graph, suitably translated,
compressed, rotated, ete., to help pateh together e(t).

Anyway, then [lg — eg|ls < |lg]l(48)!% for any g on €([a, b]), and if g has
continuous derivatives up to order 2, then so does eg. Thus, if we start with fin €
and approximate it by ¢ in €2, and then approximate g by eg, we have altogether
the second approximation of the theorem. [
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EXERCISES

7.1 Convert the orthogonal basis {sin nz}T for the pre-Hilbert space C({0, 7]) to
an orthonormal basis.

7.2 Do the same for the orthogonal basis {sin nz}T U {cos nz}§ for C({—m, 7]).

7.3 Show that {sin nz}{ is an orthogonal basis for the vector space V of all odd
continuous functions on [—m, 7]. (Be clever. Do not calculate from seratch.) Normal-
ize the above basis.

7.4 State and prove the corresponding theorem for the even functions on [—m, 7l

7.5 Prove that the derivative of an odd function is even, and conversely.

7.6 We now want to prove the following stronger theorem about the uniform
convergence of Fourier series.

Theorem. Let f have a continuous derivative on [—mw, 7], and suppose thal
f(—=) = f(z). Then the Fourier scries for f converges to f uniformly.

Assume for convenience that f is even. (This only cuts down the number of
calculations.) Show first that the Fourier series for f/ is the series obtained from the
Fourier series for f by term-by-term differentiation. Apply the above exercises here.
Next show from the two-norm convergence of its Fourier series to f/ and the Schwarz
incquality that the Fourier series for f converges uniformly.

7.7 DProve that {cosnx}g is an orthonormal basis for the space Al of @2-functions
on [0, #] such that f/(0) = f'(x) = 0.

7.8 Tind a fifth-degree polynomial p(z) such that
p(0) = p'(0) = p"(0) =0, p/() =p"(1) =0, p) =1
(Forget the last condition until the end.) Sketch the graph of p.

7.9 Useca “picce” of the above polynomial p to construct a function e(x) such that ¢’
and ¢’ exist and ave continuous, e(z) = 0O whenz < a4 dandx > b — 8§, e(a) = 1
on [a 4 28,5 — 248], and |lefl, = 1
7.10  Prove the Welerstrass theorem given below on {0, #] in the following steps. We
know that f can be uniformly approximated by a @2-function g.

1) Show that ¢ and d can be found and that g(¢) — ¢(¢) — d is 0 at 0 and =.
2) Use the Fourter series expansion of this function and the Maclaurin series for

the functions sin nr to show that the polynomial p(z) can be found.

Theorem (The Weiersirass approzimation theorem). The polynomials are densc
in €({a, d]) in the uniform norm. That is, given any continuous function f on
la, b] and any e, there is a polynomial p such that [f(z) — p(x)| < € for all &
in {a, b].
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CHAPTER 7

MULTILINEAR FUNCTIONALS

This chapter is principally for reference. Although most of the proofs will be
included, the reader is not expected to study them. Our goal is a collection of
basie theorems about alternating multilinear functionals, or exterior forms, and
the determinant function is one of our rewards.

1. BILINEAR FUNCTIONALS

We have already studied various aspects of bilinear functionals. We looked at
their duality implications in Section 6, Chapter 1, we considered the “canonical
forms” of symmetric bilinear functionals and their equivalent quadratic forms
in Section 7, Chapter 2, and, of course, the whole scalar product theory of
Chapter 5 is the theory of a still more special kind of bilinear functional. In this
chapter we shall restrict ourselves to bilinear and multilinear functionals over
finite-dimensional spaces, and our concerns are purely algebraic.

We begin with some material related to our earlier algebra. If V and W are
finite-dimensional vector spaces, then the set of all bilinear functionals on
V X W is pretty clearly a vector space. We designate it V* ) W* and call it
the tensor product of V* and W*. Our first theorem simply states something
that was implicit in Theorem 6.1 of Chapter 1.

Theorem 1.1. The vector spaces V* X W* Hom(V, W*), and Hom(W, V*)
are naturally isomorphie.

Proof. We saw in Theorem 6.1 of Chapter 1 that each fin V* (X W* determines
a linear mapping « — f, from W to V*, where f,(£) = f(§, «), and we also noted
that this correspondence from V* Q) W* to Hom(W, V*) is bijective. All that
the present theorem adds is that this bijective correspondence is linear and so
constitutes a natural isomorphism, as does the similar one from V* &) W#* to
Hom(V, W*). To see this, let f7 be the bilinear functional corresponding to T in
Hom(V, W*). Then frys, = fr + fs, for fer i@ 8) = (7 + 8)(e)) (8) =
(T(e) + 8@)(B) = (T(@))(B) + (8())(8) = fr(e, B) + [s(a, B). We can
do the same for homogeneity.

The isomorphism of V* & W* with Hom(W, V*) follows in exactly the
same way by reversing the roles of the variables. We are thus finished with the
proof. [

305
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Before looking for bases in V* Q) W*, we define a bilinear functional ¥ Q) A
for any two functionals v € V* and A € W* by (v Q A& 1) = Y(EA(n).
We call ¥ (X) A the tensor product of the functionals ¥ and A and call any bilinear
functional having this form elementary. It is not too hard to see that fe V*Q W*
is elementary if and only if the corresponding 7 € Hom(V, W*) is a dyad.

If V and W are finite-dimensional, with dimensions m and #, respectively,
then the above isomorphism of V* ) W* with Hom(V, W*) shows that the
dimension of V* (X W* is mn. We now describe the basis determined by given
bases in ¥V and W.

Theorem 1.2. Let {¢;}T and {8;}7 be any bases for V and W, and let their
dual bases in V* and W* be {u,}T and {r;}7. Then the mn elementary
bilinear functionals {u; & v;} form the corresponding basis for V* Q) W*.

Proof. Since p; @ vi(& 1) = pi(§)v;(n) = zy;, the matrix expansion f{%, 1) =
2.5 tijzy; becomes f(£, n) = 245 tii(us @ v;)(§, ) or

J= 20 tii(u: @ w)).
1,7
The set {u; ® v,} thus spans V* &) W*, Since it contains the same number of
elements (mn) as the dimension of V* ) W#*, it forms a basis. U

Of course, independence can also be checked directly. If > ; ;t:(u; Q vy) =
0, then for every pair <k, >, tiu = 2. tij(us & v;)(ax, B1) = 0.

We should also remark that this theorem is entirely equivalent to our
discussion of the basis for Hom(V, W) at the end of Section 4, Chapter 2.

2, MULTILINEAR FUNCTIONALS
All the above considerations generalize to multilinear functionals
fV1X’XVn——)R

We change notation, just as we do in replacing the traditional <z, 3> € R% by
x = <Zy,...,2,> € R".  Thus we write flay,...,a,) = f(a), where
a= <aj,...,a,> €V; X--- X V,. Our requirement now 1s that

f(alr ey an)

be a linear functional of a; when «; is held fixed for all ¢ = j. The set of all such
functionals is a vector space, called the tensor product of the dual spaces
¥ ..., V¥ and is designated V¥ Q) --- Q) Vi
As before, there are natural isomorphims between these tensor product
spaces and various Hom spaces. For example,

Vi®---®@Vy and  Hom(V,Vi®---® Vi)

are naturally isomorphic. Also, there are additional isomorphisms of a variety
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not encountered in the bilinear case. However, it will not be necessary for us to
look into these questions.

We define elementary multilinear functionals as before. If \; € V¥, ¢ =
1,...,n,and § = <§&,..., £, >, then

To keep our notation as simple as possible, and also because it is the case of
most interest to us, we shall consider the question of bases only when V; =
Vo=---=V,=V. In this case (V)® = V*® ... ® V* (in factors) is
called the space of covariant tensors of order n (over V).

If {a;}™ is a basis for V and f € (V*)®, then we can expand the value
f(&) = f(§4, ..., £,) with respect to the basis expansions of the vectors £; just
as we did when f was bilinear, but now the result is notationally more complex.
If we set £, = 2 L, xja,- forz=1,...,n (so that the coordinate set of &; is
x* = {2} ;) and use the linearity of the f(£y, . .., &,) in its separate variables one
variable at a time, we get

1,2
f(gl) st gn) = lehxpz e xz,.f(apn QXpgy - - ) Otpn),

where the sum is taken over all n-tuplesp = <py, ..., p,> suchthat 1 < p; <
m for each 7 from 1 to m. The set of all these n-tuples is just the set of all func-
tions from {1, ..., 7} to {1,...,m}. We have designated this set 7", using the
notation @ = {1, ..., n}, and the scope of the above sum can thus be indicated
in the formula as follows:

f(gly sy En) = Z_xlln Tt xznf(app -y apn)'
pem’
A strict proof of this formula would require an induction on n, and is left to the
interested reader. At the inductive step he will have to rewrite a double sum

PI= Z,em as the single sum g em»+1 using the fact that an ordered pair
<p,j> inm" X W is equivalent to an (n + 1)-tuplet q w1, where q; = p;

fors = 1,. ..,nandqn_H—] ~
If {u;}7 is the dual basis for V* and q € m", let uq be the elementary func-
tional ug, @ - - - @ pg,. Thuspglap,, ..., ap,) = [Tire(ap,) = O unless p = q,

in which case its value is 1. More generally,

#(I(Elx ey En) = Nq;(gl) et #qn(én) = 51731 e :ZJZn.

Therefore, if we set ¢q = flag,, - - ., ag,), the general expansion now appears as
fE b)) = X comlty, - -, E)
pcm”

or f = 2 cypip, Which is the same formula we obtained in the bilinear case, but
with more sophisticated notation. The functionals {u,:p € 7"} thus span
(V¥)®. They are also independent. For, if 3 c,up, = 0, then for each ¢,
Cq = 2 CpMplotgy, - - -, 0q,) = 0. We have proved the following theorem.
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Theorem 2.1. The set {u, :p € M} is a basis for (V¥)®. For any f in
(V¥® its coordinate function {¢py is defined by ¢, = flap, ..., ap,).
Thus f = Zcp#pandf(gl: sy gn) = Zcpﬂp(fly BRI En) = Z Cp x;ln e xz,.
forany f € (V¥)® and any <%¢y,..., &,> € V™

Corollary. The dimension of (V*)® is m™.

=T

Proof. There are m™ functions in 7", so the basis {u, : p € "} has m" ele-
ments. [

3. PERMUTATIONS

A permutation on a set S is a bijection f: S — S. If 8(S) is the set of all permu-
tations on S, then 8 = $(8) is closed under composition (o, p €8 = g o p €38)
and inversion (¢ € § = ¢! € §). Also, the identity map I isin 8, and, of course,
the composition operation is associative. Together these statements say exactly
that 8 is a group under composition. The simplest kind of permutation other
than 7 is one which interchanges a pair of elements of S and leaves every other
element fixed. Such a permuation is called a {ransposition.

We now take S to be the finite set @ = {1,...,n} and set §, = $(7).
It is not hard to see that then any permutation can be expressed as a product of
transpositions, and in more than one way.

A more elementary faet that we shall need is that if p is a fixed element of §,,
then the mapping o +— ¢ o p is a bijection 8, — §,. It is surjective because
any ¢’ can be written ¢’ = (¢’ o p~ 1) o p, and it is injective because o; o p =
Ga0p = (010p)op ! = (630p)0op ! = 0, =g, Similarly, the mapping
o — p oa (p fixed) is bijective.

We also need the fact that there are n! elements in §,. This is the ele-
mentary count from secondary school algebra. In defining an element o € §,,
a(1) can be chosen in n ways. For each of these choices a(2) can be chosen in
n — 1 ways, so that <o (1),6(2)> can be chosen in n(n — 1) ways. For each of
these choices ¢(3) can be chosen in n — 2 ways, ete. Altogether o can be chosen
innn —1)(n —2)---1= n! ways.

In the sequel we shall often write ‘po”’ instead of ‘p o ¢’, just as we occasion-
ally wrote ‘ST’ instead of ‘S o T” for the composition of linear maps.

IfE= <&,..., &,> € V*ando € 8, then we can “apply o to £”, or “per-
mute the elements of <£;,..., &, > through ¢”. We mean, of course, that
we can replace < &1, ..., £, by <E1y, - - -, Eony >, that is, we can replace &
by £o0.

Permuting the variables changes a functional f € (V*)® into a new such
functional. Specifically, given f € (V¥)® and ¢ € 8, we define f° by

F® = fEoo™h) = f(E101yr - - 5 Eom1(m))-

The reason for using ¢~! instead of ¢ is, in part, that it gives us the following
formula.
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Lemma 3.1. f€1°2 = (f71)%,

Proof. [772(§) = f(£ (01°02)7") = f(g° (03" 007") = f((§o03 ") 007") =
fu(geooz’) = (fr)2(8). O
Theorem 3.1. For each ¢ in §, the mapping T, defined by f +— f7 is a linear
isomorphism of (V*)® onto itself. The mapping ¢ — T, is an antihomo-
morphism from the group 8, to the group of nonsingular elements of

Hom ((VH®@).

Proof. Permuting the variables does not alter the property of multilinearity, so
T, maps (V*® into itself. It is linear, since (af + bg)” = af® + bg°. And
Ty = T, o T, because /7 = (f*)°. Thuso — T, preserves products, but in the
reverse order. This is why it is called an antzhomomorphism. Finally,

TetyoTo= Tty =Tr =1,
so that T, is invertible (nonsingular, an isomorphism). O

The mapping o — T, is a representation (really an antirepresentation) of the
group $, by linear transformations on (V*)®,

Lemma 3.2. Each T, carries the basis {u,} into itself, and so is a permu-
tation on the basis.

Proof. We have (up)7(§) = pp(£ ©0™2) = TTiuy tipy(£5-10). Settingj = o~2(2)
and so having ¢ = o(j), this product can be rewritten [I7_1 up,,(£) = upoo(£).
Thus

(/*‘p)g = Mpoos

and since p — p o 0 is a permutation on m", we are done. [

4. THE SIGN OF A PERMUTATION

We consider now the special polynomial £ on R™ defined by

Ex) = E(xy,...,2) = 11 (x:— ).
1<i<j<n
This is the product over all pairs <7, 7> €7 X 7 such that ¢ < j. This set of
ordered pairs is in one-to-one correspondence with the collection P of all pair
sets {7,J} C 7@ such that 7 £ j, the ordered pair being obtained from the un-
ordered pair by putting it in its natural order. Now it is clear that for any
permutation ¢ € 8,, the mapping {7, j} — {6(2),0(j)} is a permutation of P.
This means that the factors in the polynomial E7(x) = E(x o o) are exactly the
same as in the polynomial E(x) except for the changes of sign that occur when ¢
reverses the order of a pair. Therefore, if n is the number of these reversals, we
have E° = (—1)"E. The mapping o — (—1)" is designated ‘sgn’ (and called
“sign”). Thus sgn is a function from $, to {1, —1} such that E” = (sgno)E,



(c) ketabton.com: The Digital Library

~
a

310 MULTILINEAR FUNCTIONALS

foralle € 8,. It follows that

sgn po = (sgn p) (sgn o),
for (sgn po)E = EF’ = (FE*)° = (sgno)E? = (sgnp) (sgno)E, and we can
evaluate E at any n-tuple x such that E(x) # 0 and cancel the factor E(x).

Also
sgng = —1 if ¢ is a transposition.

This is clear if ¢ interchanges adjacent numbers because it then changes the
sign of just one factor in E(x); we leave the general case as an exercise for the
interested reader.

5. THE SUBSPACE @" OF ALTERNATING TENSORS

Definition. A covariant tensor f € (V*)® is symmetric if {7 = f for all
g E §,.

If f is bilinear [f € (V*)®], this is just the condition f(£, ) = f(», £) for
all £y e V.

Definition. A covariant tensor f € (V*)® is antisymmetric or alternating if
fF= (sgno)fforallo € §,.

Since each ¢ is a product of transpositions, this can also be expressed as the
fact that f just changes sign if two of its arguments are interchanged. In the

case of a bilinear functional it is the condition f(£, ) = —f(y, £ forall {,ne V.
It is important to note that if fis alternating, then f(£) = 0 whenever the n-tuple
E= <%,..., &, > is not injective (& = &; for some ¢ # 7). The set of all

symmetrie elements of (V*)®@ is clearly a subspace, as is also the (for us) more
important set @" of all alternating elements. There is an important linear pro-
jection from (V*)® to @* which we now describe.

Theorem 5.1. The mapping f— (1/n)2,es, (sgn 0)f° is a projection
from (V*)® to @™

Proof. We first check that Qf € @” for every f in (V*)®. We have (Qf)* =
A/n)>, (sgno)f’. Now sgno = (sgnop)(sgn p). Setting ¢’ = o0 p and
remembering that o +— ¢’ is a bijection, we thus have
sSgn o’
@ = SEL S (sgn o) = (sen p) ).

Hence Qf € @™.

If f is already in @™, then f* = (sgno)fand @f = (1/2D)Xses, f. Since 8,
has n! elements, @f = f. Thus @ is a projection from (V)® to @™ [

Lemma 5.1. Q(f°) = (sgn p)Qf.

Proof. The formula for Q(f*) is the same as that for (2f)” except that po replaces
op. The proof is thus the same as the one for the theorem above. U
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Theorem 5.2. The vector space @™ of alternating n-linear functionals over
the m-dimensional vector space V has dimension (7).

Proof. If fe @™ and f= 2, cypp, then since f° = (sgno)f, we have
2o Collper = 2p (S8 O)cpu, for any ¢ in §,. Setting p o 0 = q, the left sum
becomes 3 g Cqoo—1iq, and since the basis expansion is unique, we must have
Cqoo—1 = SENOCq OF ¢, = (SEN &)y, for all p € 7. Working backward, we see,
conversely, that this condition implies that f© = (sgno)f. Thus f € @™ if and
only if its coordinate function ¢, satisfies the identity

ep = (58N 0)Chos forall pe m* and all ¢ €8,.

This has many consequences. For one thing, ¢, = 0 unless p is one-to-one
(injective). Forif p; = p; and ¢ is the transposition interchanging < and j, then
Pod =P, ¢, = (SgN0)Cy.s = —Cp, and so ¢, = 0. Since no p can be injective
if n > m, we see that in this case the only element of @" is the zero functional.
Thus n > m = dim @™ = 0.

Now suppose that » < m. For any injective p, the set {poo:o € 8,}
consists of all the (injective) n-tuples with the same range set as p. There are
clearly n! of them. Exactly one q = p o ¢ counts off the range set in its natural
order, i.e., satisfies g; < q3 < ++- < gn. We select this unique q as the repre-
sentative of all the elements p o ¢ having this range. The collection C of these
canonical (representative) ¢’s is thus in one-to-one correspondence with the
collection of all (range) subsets of m = {1,..., m} of size n.

Each injective p € 7" is uniquely expressible as p = q o ¢ for some q € C,
o € 8,. Thuseach fin @™ is the sum 3 qec 2 oes, lqookiqos SINCE lgoe = (58N 0)lg,
this sum can be rewritten X qec tq 20 (S8 0)tqor = 2qec lq¥q Where we have
set Vg = sz (Sgn U)Mqo(f = le(#q)'

We are just about done. Each v, is alternating, since it is in the range of Q,
and the expansion

f= Z lava

qeC

which we have just found to be valid for every f € @™ shows that the set
{rq:q €C} spans @". It is also independent, since 3 qec tq?q = Zpem® Lobip
and the set {u,} is independent. It is therefore a basis for @™

Now the total number of injective mappings p from 7 = {1,...,n} to
m={1,...,m} is m(m — 1)--- (m — n- 1), for the first element can be
chosen in m ways, the second in m — 1 ways, and so on down through n choices,
the last element having m — (n — 1) = m — n - 1 possibilities. We have seen
above that the number of these p’s with a given range is n!. Therefore, the
number of different range sets is

m(m~1)~--m_n+1— m! <m>

n! T allm —n)! \n

And this is the number of elements q € C. U
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The case n = m is very important. Now C contains only one element, the
identity I in $,, so that
f=cwvr=cr2. (sgno)u,
and ’
flEr, .. &) = c1 ZUZ (sgn ) oy (E1) * * + Moemy(Em)

=c7 ), (S8R O)Zo1) " * * Tyim)-
g

This is essentially the formula for the determinant, as we shall see.

6. THE DETERMINANT

We saw in Section 5 that the dimension of the space @™ of alternating m-forms
over an m-dimensional V' is (},) = 1. Thus, to within scalar multiples there is only
one alternating m-linear functional D over V = R™, and we can adjust the

constant so that D(s%,..., ™) = 1. This uniquely determined m-form is the

determinant functional, and its value D(x!, ..., x™) at the m~tuple <x!,...,x">

is the determinant of the matriz x = {z;;} whose jth columnisx’ forj=1,...,m.
Lemma 6.1. D(tl, ey tm) = Zaesm (sgn 0')150-(1),1 e ta'(m)‘m'

Proof. This is just the last remark of the last section, with the constant ¢f = 1,

since D(8, ..., 6™ = 1, and with the notation changed to the usual matrix

form ¢;;. O

Corollary 1. D(t*) = D(t).

Proof. If we reorder the factors of the product £, (- - - &, in the order of the
values o;, the product becomes ¢y ,, * * * tm,p,, where p = ¢~ *. Since

g > p = 0'—1
is a bijection from §, to $,, and since sgn(c™!) = sgn o, the sum in the lemma
can be rewritten as 3" es, (sgn p) t1,0, " * - tm,p,. But thisis

Y (sgn p)tE 1 b = D(*). O

Corollary 2. D(t) is an alternating m-linear functional of the rows of t.

Now let dim V = m, and let f be any nonzero alternating m-form on V. For
any T in Hom V the functional fr defined by f7(£1, ..., &) = f(T¢1, ..., TE,)
also belongs to @™. Since @™ is one-dimensional, f7 = kzf for some constant k.
Moreover, kr is independent of f, since if gr = kz'g and g = ¢f, we must have
¢fr = kr'cf and k' = kp. This unique constant is called the determinant of T,
we shall designate it A(T). Note that A(T) is defined independently of any basis
for V.

Theorem 6.1. A(S o T) = A(S) A(T).
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Proof
AS o TV f(§1y v oy Em) = F((So T)(&1), -+, (S o T)(ém)
= f(S(T(£0), . . ., 8(T(&n)))
= AT (£0), - -+, T(ém)) = A(T) AS)f(Er, - - -, &m)-
Now divide out f. O
Theorem 6.2. If 6 is an isomorphism from V to W, and if T € Hom V and
S =00To0¢ ! then A(S) = A(T).

Proof. If f is any nonzero alternating m-form on W, and if we define ¢ by

(&1, -« -y En) = f(8F1, ..., 8E,). Then g is a nonzero alternating m-form on V.

Now f(s °o 01, ..., So 057&) = A(S)f(ﬁf, R Bgn) = A(S){/(fl, se ey En)a
and also f(S o 0¢1,...,8008,) =f(0c Téy,...,00TE) = g(Téy, ..., TE) =
AT)g(&1, .. ., £n). Thus A(S)g = A(T)g and A(S) = A(T). O

The reader will expect the two notions of determinant we have introduced
to agree; we prove this now.

Corollary 1. If t is the matrix of 7 with respect to some basis in V, then
D(t) = A(T).

Proof. 1f 8 is the coordinate isomorphism, then 7 = o T o 7! is in Hom R™
and A(T) = A(T) by the theorem. Also, the columns of t are the m-tuple
T(Y,...,T(6™). Thus D)= D!, ..., ™) = D(T(Y,..., T(s™) =
A(T) D(8%, ..., 8™ = A(T). Altogether we have D(t) = A(T). O

Corollary 2. If s and t are m X m matrices, then D(s-t) = D(s) D(t).
Proof. D(s-t) = A(So T) = A(S) A(T) = D(s) D(t). U
Corollary 3. D(t) = 0 if and only if t is singular.

Proof. If t is nonsingular, then t™! exists and D(t) Dt™!) = D(tt™!) =
D(I) = 1. In particular, D(t) # 0. If t is singular, some column, say ty, is a
linear combination of the others, t; = >3 cit;, and D{ty, ..., ty) =
> 7 c;D(t;, tg, ..., ty) = 0, since each term in the sum evaluates D at an
m-tuple having two identical elements, and so is 0 by the alternating property. U

We still have to show that A has all the properties we ascribed to it in
Chapter 2. Some of them are in hand. We know that A(S o T) = A(S) A(T),
and the one- and two-dimensional properties are trivial. Thus, if T interchanges
independent vectors a; and a, in a two-dimensional space, then its matrix with
respect to them as a basisis t = [¢ §], and so A(T) = D(t) = —1.

The following lemma will complete the job.

Lemma 6.2. Consider D(t) = D(t', ..., t™) under the special assumption
that t” = 8™. If s is the (m — 1) X (m — 1) matrix obtained from the
m X m matrix t by deleting its last row and last column, then D(s) = D(t).
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Proof. This ean be made to follow from an inspection of the formula of Lemmau
6.1, but we shall argue directly.

If t has 6™ also as its jth column for some 5 # m, then of course D(t) = 0
by the alternating property. This means that D(t) is unchanged if the jth column
is altered in the mth place, and therefore D(t) depends only on the values ¢; in
the rows ¢ ¢ m. That is, D(t) depends only on s. Now t > s is clearly a sur-
jective mapping to R™~1X7=1 and, as a function of s, D(t) is alternating
(m — 1)-linear. It therefore is a constant multiple of the determinant /)
on RmM=DXm=D T4 see what the constant is, we evaluate at

s= <&,..., 8™ 1>,
Then D(s) = 1 = D(t) for this special choice, and so D(s) = D(t) in general. ||

In order to get a hold on the remaining two properties, we consider an
m X m matrix t whose last m — n columns are 6”7 ..., 8™, and we apply
the above lemma repeatedly. We have, first, D(t) = D((t)™™), where (t)""
is the (m — 1) X (m — 1) matrix obtained from t by deleting the last row and
the last column. Since this matrix has 6™~ ! as its last column (6™~ being now
an {(m — 1)-tuple), the same argument shows that its determinant is the samc
as that of the (m — 2) X (m — 2) matrix obtained from it in the same way.
We can keep on going as long as the 3-columns last, and thus see that D(t) is the
determinant of the n X n matrix that is the upper left corner of t. If we interpret
this in terms of transformations, we have the following lemma.

Lemma 6.3. 3uppose that V is m-dimensional and that T in Hom V is
the identity on an (m — n)-dimensional subspace X. Let Y be a comple-
ment of X, and let p be the projection on Y along X. Then po (T [ Y) ean
be considered an element of Hom Y and A(T) = Ay(p o (T | ¥)).

Proof. Let ay, ..., a, bea basis for ¥, and let a,41, . .., an be a basis for X.
Then {a;}T is a basis for V, and since T'(a;) = a; for e =n—+1,...,m, the
matrix for 7 has 8" as its ¢th column for ¢ = n+ 1,..., m. The lemma will

therefore follow from our above discussion if we can show that the matrix of
peo (T | Y)in Hom Y is the n X n upper left corner of t. The student should
be able to see this if he visualizes what vector (p o T)(e) isforz < n. 0

Corollary. In the above situation if Y is also invariant under 7', then
A(T) = ay(T | V).

Proof. The proof follows immediately since now po (T [ Y) = T [ Y. [l

If the roles of X and Y are interchanged, both being invariant under 7" and
T being the identity on ¥, then this same lemma tells us that A(T) = Ax(T | X).
If we only know that X and Y are T-invariant, then we can factor T into a
commuting produet T = Ty o Ty = Ty o Ty, where T; and T are of the two
more special types discussed above, and so have the rule A(T) = A(Ty) A(Te) =
Ax(T [ X) Ay(T | Y), another of our properties listed in Chapter 2.



(c) ketabton.com: The Digital Library

7.6 THE DETERMINANT 315

The final rule is also a consequence of the above lemma. If 7T is the identity
on X and also on V/X, then it isn’t too hard to see that p o (T [ Y) is the
identity, as an element of Hom Y, and so A(T) = 1 by the lemma.

We now prove the theorem concerning “expansion by minors (or cofactors)”.
Let t be an m X m matrix, and let (£)?” be the (m — 1) X (m — 1) submatrix
obtained from t by deleting the pth row and rth column. Then,

Theorem 6.3. D(t) = > 7, (—1)"""t;, D((t)"). That is, we can evaluate
D(t) by going down the rth column, multiplying each element by the
determinant of the (m — 1) X (m — 1) matrix associated with it, and
adding. The two occurrences of ‘D’ in the theorem are of course over di-
mensions m and m — 1, respectively.

Proof. Consider D(t) = D(t},...,t™) under the special assumption that
t" = 6%. Since D(t) is an alternating linear functional both of the columns of t
and of the rows of t, we can move the 7th column and pth row to the right-
bottom border, and apply Lemma 6.2. Thus

Dy = (D" (D" D) = (=) DE"),

assuming that the rth column of t is 6". In general, t" = 3.7, & &%, and if we

expand D(t?, ..., t™) with respect to this sum in the rth place, and if we use the

above evaluation of the separate terms of the resulting sum, we get D(t) =
e (=D Dy O

Corollary 1. If s 5 7, then 3.7, (—1)**"t;, D((£)™) = 0.

Proof. We now have the expansion of the theorem for a matrix with identical sth
and rth columns, and the determinant of this matrix is zero by the alternating
property. O

For simpler notation, set ¢;; = (—1)*" D((t)¥). This is called the cofactor
of the element ¢;; in t. Our two results together say that

m
E Cirlis = 5: D(t)
=1

In particular, if D(t) # 0, then the matrix s whose entries are s,; = ¢;/D(t) is
the inverse of t. This observation gives us a neat way to express the solution of
a system of linear equations. We want to solve t- x = y for x in terms of y,
supposing that D{t) # 0. Since s is the inverse of t, we have x = s - y. That is,
@ = Pty Sy = (i1 yici)/ D) for 7=1,...,m. According to our
expansion theorem, the numerator in this expression is exactly the determinant
d; of the matrix obtained from t by replacing its jth column by the m-tuple y.
Hence, with d; defined this way, the solution to t- x = y is the m-tuple

_J A
X_<D(t)”m N

This is Cramer’s rule. It was stated in slightly different notation in Section 2.5.
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7. THE EXTERIOR ALGEBRA

Our final job is to introduce a multiplication operation between alternating
ni-linear functionals (also now called exterior n-forms). We first extend the tensor
product operation that we have used to fashion elementary covariant tensors out
of functionals.

Definition. If f € (V)@ and g € (V¥)O, then f® g is that element of
(V*)@ defined as follows:

f@ g(sl; IR gn-*—l) = f(gl: veey En)g(gn—*-ly ] gn—{—l)'

We naturally ask how this operation combines with the projection @ of
(V9D onto @™

Theorem 7.1. Q(f R g) = Qf X Q) = UY R ¢).
Proof. We have

2 ® %) = G357 & (sen @)/ @ 99
= (Ti—l), S 6mo) (101 T o p>g”)”

We can regard p as acting on the full n + [ places of f X ¢ by taking it as the
identity on the first n places. Then (f & ¢*)" = (f & ¢)*. Set po = ¢'. For
each ¢’ there are exactly [! pairs <p,o0> with po = ¢’, namely, the pairs
{<p,p o' >:p € 8;}. Thus the above sum is

n + D12 2 (gnd)f® 9 = 2Af @ 9)-

The proof for Q(Qf ) ¢) is essentially the same. [
Definition. If fe @”and g € @, thenf A g = (FHQ ® ¢).
Lemma 7.1. fi A fa A -+ A fi = (nl/nyIng!- - - m)Q(f1 @ - - - Q fi),

where n; is the order of f;, 1 = 1,...,k and n = 21 N

Proof. This is simply an induction, using the definition of the wedge operation A
and the above theorem. [

Corollary. If \;e V* ¢ =1,...,n, then
In particular, if g; < -+ - < g, and {ug}7T is a basis for V*, then

Har A -0 A pg, = niQ(ug) = the basis element vq of G™.
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Theorem 7.2. If fe @™ and g € @}, then ¢ A f = (—1)!*f A ¢g. In par-
ticular, N A A= 0forx & V*

Proof. We have g X f = (f K ¢)’, where o is the permutation moving each of
the last I places over each of the first n places. Thus o is the product of in
transpositions, (sgn ) = (—1)'*, and

2 @) =2 @ 9)° = (gna)2(f D ¢9) = (—1"2Af D 9).
We multiply by (%) and have the theorem. [

Corollary. If {\}7 CV* then Ay A -+ A A, =0 if and only if the
sequence {A;}7 is dependent.

Proof. If {\;} is independent, it can be extended to a basis for V*, and then
A A s A A, is some basis vector v of @™ by the above corollary. In par-
ticular, Ay A - -+ A A, # 0.

If {\;} is dependent, then one of its elements, say Ay, is a linear combination of
the rest, Ay = 2_5ehsand Ap AXg Ao AXp=2""0 chi A (A2 A=<+ A Np).
The 4th of these terms repeats \;, and so is 0 by the lemma and the above
corollary. O

Lemma 7.2. The mapping <f,¢> — f A ¢ is a bilinear mapping from
Q" X @ to @™,

Proof. This follows at once from the obvious bilinearity of f X) ¢g. U
We conclude with an important extension theorem.

Theorem 7.3. Let 6 be the alternating n-linear map
L O ST WD o e SEANEII AN VA

from (V*)™ to @". Then for any alternating n-linear functional F(Ay, ..., \,)
on (V*)™ there is a uniquely determined linear functional G on @™ such that
F = (Go#0. The mapping G — F is thus a canonical isomorphism from
@"* to @*(V*).

Proof. The straightforward way to prove this is to define G by establishing its
necessary values on a basis, using the equation F = G o 6, and then to show
from the linearity of G, the alternating multilinearity of

<)\1,...,>\n> *-’)\1 /\"'/\)\n,

and the alternating multilinearity of F that the identity ¥ = G o 8 holds
everywhere. This computation becomes notationally complex. Instead, we shall
be devious. We shall see that by proving more than the theorem asserts we get
a shorter proof of the theorem.

We consider the space G*(V*) of all alternating n-linear functions on (V*)™,
We know from Theorem 5.2 that d(@™(V*)) = (), since d(V*) = d(V) = m.
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Now for each functional ¢ in (@™)*, the functional G o 6 is alternating and n-
linear, and so G+ F = G o § is a mapping from (@™)* to @™(V*) which 1s
clearly linear. Moreover it is injective, for if G # 0, then Fugy, - - -, tomy) =
G(vgy) # 0 for some basis vector vq = wey A -+ A fgmy of @*(V¥). Since
d(@™(V*) = (3) = d(@™) = d((@™)*), the mapping is an isomorphism (by
the corollary of Theorem 2.4, Chapter 2). In particular, every F in @™*(V*) iy
of the form Go 4. U

It can be shown further that the property asserted in the above theorem is
an abstract characterization of @". By this we mean the following. Suppose that
a vector space X and an alternating mapping ¢ from (V*)"® to X are given, and
suppose that every alternating functional F on (V*)™ extends uniquely to a
linear functional G on X (that is, F = G o ¢). Then X is isomorphic to @”", and
in such a way that ¢ becomes 6.

To see this we simply note that the hypothesis of unique extensibility is
exactly the hypothesis that ®: G+— F = G o ¢ is an isomorphism from X* to
@"(V*). The theorem gave an isomorphism ©® from (@™)* to @*(V*), and the
adjoint (7! o ©)* is thus an isomorphism from X ** to (@™)**, that is, from X
to @". We won’t check that ¢ “becomes” 6.

By virtue of Corollary 1 of Theorem 6.2, the identity D(t) = D(t*) is the
matrix form of the more general identity A(T) = A(T*), and it is interesting to
note the “coordinate free” proof of this equation. Here, of course, T & Hom V.

We first note that the identity (T*N\)(£) = MT&) carries through the defini-
tions of ) and A to give

T*>\1 AN A T*)\n(gly [ En) = )\1 AN A )\n(TSI; ey Tgn) (*)

Also, evii Mg A s AN A Ao A M1, ..., E1) Is an alternating
n-linear functional on @,(V*) for cach £ € V". The left member of () is thus
ev(T* A, ..., T*\y), and, if n = dim V, this is A(T*)ev (A, ..., M) by the
definition of A. By the same definition the right side of (*) becomes

AN A - ANty -+, E)] = AD)ev,Ohpy - -+, M),

Thus () implies the identity A(T*)ev, = A(T)ev,. Since ev, = 0 if £ =
{&;}7 is independent, we have proved that A(T*) = A(T).

We call a wedge product A; A --- A A, of functionals \; € V* a multi-
vector. We saw above that Ay A --- A N\, # 0 if and only if {A\;}7 is inde-
pendent, in which case {\;}} spans an n-dimensional subspace of V*. The
following lemma shows that this geometric connection is not accidental.

Lemma 7.3. Two independent n-tuples {\;}} and {u;}7 in V* have the
same linear span if and only if u; A -+« A up, = k(A1 A --- A N,) for
some k.

Proof. If {u;}7 C L{{\}7), then each y; is a linear combination of the A\;’s, and
if we expand uj; A --- A u, according to these basis expansions, we get
E(hy A -+ A N,). If, furthermore, {u;}7 is independent, then k cannot be zero.
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Now suppose, conversely, that uy A -+ - A w, = k(A A -+ - A A,), where
k # 0. This implies first that {u;}7 is independent, and then that

i A AL A AN =0

for each 7, so that each u; is dependent on {A;}7. Together, these two con-
sequences imply that the set {u;}7 has the same linear span as {\;}%7. O

This lemma shows that a multivector has a relationship to the subspace it
determines like that of a single vector to its span.

8. EXTERIOR POWERS OF SCALAR PRODUCT SPACES

Let V be a finite-dimensional vector space, and let ( , ) be a nondegenerate
(nonsingular) symmetric bilinear form on V. In thisand the next section we shall
call any such bilinear form a sealar product, even though it may not be
positive definite. We know that the bilinear form ( , ) induces an isomorphism
of V with V* sending y € V into J € V*, where 7(x) = {(z, J) = (z, y) for all
x € V. We then get a nondegenerate form (scalar produet), which we shall con-
tinue to denote by ( , ), on V* by setting (%, 7) = (u, v). We also obtain a
nondegenerate scalar product on G? by setting

(@i A ANy 01 A AT = det (7, 7). (8.1)

To check that (8.1) makes sense, we first remark that for fixed 7, ...,7, € V¥,
the right-hand side of (8.1) is an antisymmetric multilinear function of the
vectors %y, - . ., Uy, and therefore extends to a linear function on ®4(V*) by
Theorem 7.3. Similarly, holding the %’s fixed determines a linear function on
Q4(V*), and (8.1) is well defined and extends to a bilinear function on @4(V*).
The right-hand side of (8.1) is clearly symmetric in % and v, so that the bilinear
form we get is indeed symmetric. To see that it is nondegenerate, let us choose a

basis uy, . . . , U, so that

(wiy uj) = =845 (8.2)
(We can always find such a basis by Theorem 7.1 of Chapter 2.) We know that
{@} = {@;y A --- AU} forms a basis for @, wherei = <7y, ..., %,> ranges
over all ¢g-tuplets of integers such that 1 < ¢; < --- < 7, £ n, and we claim
that

(W, %) = =+ 8;. (8.3)

In fact, if i # j, then ¢, # j, for some value of r between 1 and ¢ and for all s.
In this case one whole row of the matrix (u;, u;,) vanishes, namely, the rth row.
Thus (8.1) gives zero in this case. If i = j, then (8.2) says that the matrix has
=+1 down the diagonal and zeros elsewhere, establishing (8.3), and thus the fact
that ( , ) is nondegenerate on @%. In particular, we have

(WU Ao A Uny g Ao A ug) = (—DF (8.4)

where # is the number of minus signs occurring in (8.3).
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9. THE STAR OPERATOR

Let V be a finite-dimensional vector space endowed with a nondegenerate scalar
product as in Section 8. The space @™ is one-dimensional if # is the dimension of
V. The induced scalar product on ®@” is nondegenerate, so that (%, @) is either
always positive or always negative for all nonzero % € @". In particular, there
are exactly two @’s in @™ with (%, @) = -£1. Let us choose one of them and hold
it fixed for the remainder of this section. Geometrically, this amounts to choosing
an orientation on V. We thus have picked a

TEQ@™  with @, w) = (—1)*. (9.1)

Let 7 be some fixed element of @2 Then forany 7€ @"" %4, 7 A 7€ Q"% and so
we can write 7 A 7§ = f(7)%, where f3(7) depends linearly on 7. Since the
induced scalar product ( , ) on @*7¢ is nondegenerate, there is a unique
element *7 € @" 77 such that (7, *7) = f5(§). To repeat, we have assigned a
*7 € @77 to each 7 & @7 by setting

(T,*DVT =7 A 7. 9.2)
We have thus defined a map, *, from G? to @™~ 9. It is clear from (9.2) that this
map is linear. Let ug, ..., u, be a basis for V satisfying (8.2) and also % =
Uy A -+ A U, and construct the corresponding bases for the spaces @? and
@"~% Then 7 A 7; = 0 if any 4; oceurring in the g-tuplet i also occurs in j.
If no 4; occurs in j then

N\ Uy = fil...iqjl...jn._qﬁ»
where €, = sgn k.
If we compare this with (9.2) and (8.3), we see that

Uy = T€iyiyfyedug Ui (9.3)

where the sign is the same as that occurring in (8.3), i.e., the sign is positive or
negative according as the number of j; with (%, %;) = —1 which appear in j
is even or odd. Applying * to (9.3), we see that

#+x7 = (—1)4"9T#y  forall »e @l 9.4)
Let v and w be elements of @2, Then
k0, ¥w)u = v A *w = (—1DI"Pxpw A v = (—1)772 (xxw, v)u.
If we apply (9.4), we see that
(*v, *w) = (—1D*(, w). (9.5)
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CHAPTER 8

INTEGRATION

1. INTRODUCTION

In this chapter we shall present a theory of integration in n-dimensional Euclid-
ean space E", which the reader will remember is simply Cartesian n-space
R™ together with the standard scalar product. Our main item of business is to
introduce a notion of size for subsets of E* (area in two dimensions, volume in
three . . .). Before proceeding to the formal definitions, let us see what properties
we would like our notion of size to have. We are looking for a function p which
assigns a number u(A) to bounded subsets 4 C E™

i) We would like u(A4) to be a nonnegative real number.
il) If AC B, we would expect to have u(A) < u(B).

iil) If A and B are disjoint (that is, A N B = &), then we would expect to
have u(4 U B) = u(4) + u(B).

iv) Let T be any Euclidean motion.* For any set 4 let T A be the set of all
points of the form Tz, where x € 4. We then would expect to have
uw(TA) = u(A). (Thus we want “congruent” sets to have the same size.)

v) We would expect a “lower-dimensional set” (where this is suitably de-
fined) to have zero size. Thus points in the line, curves in the plane,
surfaces in three-space, ete., should all have zero size.

vi) By the same token, we would expect open sets to have positive size.

In the above discussion we did not specify what kind of sets we were talking
about. One might be ambitious and try to assign a size to every subset of E™.
This proves to be impossible, however, for the following reason: Let U and V
be any two bounded open subsets of E®. It can be shown? that we can find

* Recall that a Euclidean motion is an isometry of E™ and can thus be represented as
the composition of the translation and an orthogonal transformation.

1 S. Banach and A. Tarski, Sur la décomposition des ensembles de pointes en partic
respectivement congruentes, Fund. Math. 6, 244-277 (1924). R. M. Robinson, On the
decomposition of spheres, Fund. 3ath. 34, 246-260 (1947).

321
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decompositions

k
v=Uuv; ad v=UVW
i—1 i=1

with U;nU;= & =V,;nV; for 7 # 3, and Euclidean motions 7T; with
T.U; = V; Inother words, we can break up U into finitely many pieces, move
these pieces around, and then recombine them to get V. Needless to say, the
sets U; will have to look very bad. A moment’s reflection shows that if we wish
to assign a size to all subsets (including those like U;), we cannot satisfy (ii),
(i), (iv), and (vi). In fact, (iii) [repeated (X — 1) times] implies that

k
w(U) = E:l w(U3),

and (iv) implies that u(U,) = u(V;). Thus p(U) = u(V), or the size of any two
open sets would coincide. Since any open set contains two disjoint open sets,
this implies, by (ii), that w(U) > 2u(U), so u(U) = 0.

We are thus faced with a choice. Either we dispense with some of require-
ments (1) through (vi) above, or we do not assign a size to every subset of E”.
Since our requirements are reasonable, we prefer the second alternative. This
means, of course, that now, in addition to introducing a notion of size, we must
describe the class of “good” sets we wish to admit.

We shall proceed axiomatically, listing some “reasonable” axioms for a class
of subsets and a function u.

2. AXIOMS

Qur axioms will concern a class D of subsets of E™ and a function u defined on ®.
(That is, u(A4) is defined if A4 is a subset of E” belonging to our collection ®.)

I. Dis a eollection of subsets of E™ such that:
Dl. fAcDand BeD, then AUBeD, ANBeD,and A — BeD.
D2. If A € Dand T is a translation, then T4 € D.
D3. Theset [ o= {z:0 < z* < 1} belongs to D.
II. The real-valued funetion u has the following properties:
pl. u(d) > Oforall A € ©.
p2. T AeD Be®D and A NB =, then u(4 U B) = u(4) + u(B).
#3. For any A € D and any translation T, we have u(T4) = u(4).
pi. u((o) = 1.

Before proceeding, some remarks about our axioms are in order. Axiom D1
will allow us to perform elementary set-theoretical operations with the elements
of ». Note that in Axioms D2 and u3 we are only allowing translations, but in



(c) ketabton.com: The Digital Library

8.2 AXIOMS 323

our list of desired properties we wanted proper behavior with respect to all
Euclidean motions in (iv). The reason for this is that we shall show that for
“sood” choices of D, the axioms, as they stand, uniquely determine u. It will
then turn out that u actually satisfies the stronger condition (iv), while we
assume the weaker condition u3 as an axiom.

Fig. 8.1

Axiom D3 guarantees that our theory is not completely trivial, i.e., the
collection D is not empty. Axiom u4 has the effect of normalizing u. Without it,
any u satisfying pl, u2, and u3 could be multiplied by any nonnegative real
number, and the new function u’ so obtained would still satisfy our axioms.
In particular, u4 guarantees that we do not choose u to be the trivial function
assigning to each 4 the value zero.

Fig. 8.2

Our program for the next few sections is to make some reasonable choices for
D and to show that for the given D there exists a unique u satisfying ul through u4.

An important elementary consequence of the D, u-axioms that we shall fre-
quently use without comment is:

w5, If A C U} 4; and all the sets are in ©, then u(4) < 2% u(49).

Our beginning work will be largely combinational. We will first consider
(generalized) rectangles, which are just Cartesian products of intervals, and the
way in which a point inside a rectangle determines a splitting of the rectangle
into a collection of smaller rectangles, as indicated in Fig. 8.1. This is associated
with the fact that the intersection of any two rectangles is a rectangle and the
difference of two rectangles is a finite disjoint union of rectangles (see Fig. 8.2).
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—

I
I
H
1
i

Fig. 8.3

We call a set A paved if it can be expressed as the union of a finite disjoint
collection p of rectangles (a paving of 4). It will follow from our combinational
considerations that the collection Dy, of all the paved sets satisfies Axioms D1
through 3 and is the smallest family that does: any other collection © satisfying
the axioms includes Dyin. It will then follow that if u satisfies ul through u4 on
Dumin, then it must have the natural value (the product of the lengths of the sides)
for a rectangle. This implies that u is uniquely defined on i, by requirements
11 through p4, since the value u(4) for any paved set 4 must be the sum of the
natural values for the rectangles in a paving of A. The existence of u on Dy
thus depends on the crucial lemma that two different pavings of the set A give
the same sum. (See Iig. 8.3.)

This comes down to the fact that the “intersection” of two pavings of 4 1s
a third paving “finer” than either, and the fact that when a single rectangle is
broken up, the natural values of u for the pieces add up to u for the fragmented
rectangle.

All these considerations are elementary but exceedingly messy in detail. We
give the proofs below for the reader to refer to in case of doubt, but he may
prefer to study only the definitions and statements of results and then to proceed
to Section 6.

3. RECTANGLES AND PAVED SETS

We first introduce some notation and terminology. Let a = <al, ..., a">
and b = <b!, ..., b"> be elements of E™. By the .Vectm.zgle [P we shall mean
the set of all x = <z',...,2"> in E* with o* < 2° < b’. Thus

(= {x:a <2 <b,i=1,...,n}. (3.1)

Note that in order for [ 2 to be nonempty, we must have a® < b® for all 7.

In other words,
[(B=g if a > b forsomes. (3.2)

In the plane (n = 2) for instance, our rectangles [ |2 correspond to ordinary
Fuclidean rectangles whose sides are parallel to the axes. (We should perhaps use
an additional adjective and call our sets level rectangles, braced rectangles, or
something else, but for simplicity we shall just call them rectangles.) Note that
in the plane our rectangles include the left-hand and lower edges but not the
right-hand and upper ones (see Fig. 8.4).
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2;=0

22=0 Fig. 8.4

For general n, if weset 1 = <1,..., 1>, then our notation coincides with
that of D3.

We now collect some elementary facts about rectangles. It follows imme-
diately from the definition (3.1) thatifa = <al,...,a*> b= <bl, ..., b">,
ete., then

e N =11 (3.3)
where
¢ = max (a',¢) and  fi= min b, d), i=1,...,n

(The reader should draw various different instances of this equation in the plane
to get the correct geometrical feeling.) Note that the case where[ P N[ 3 = &
is included in (3.3) by (3.2). Another immediate consequence of the definition
(3.1) is
T P=[1 Sfor any translation T. (3.4)
We will now establish some elementary results which will imply that any ©
satisfying Axioms D1 through D3 must contain all rectangles.

Lemma 3.1. Any rectangle [ |2 can be written as the disjoint union
k
(b= U Df::, where b, —a, € Cle.
r=1

(What this says is that any “big” rectangle can be written as a finite union
of “small” ones.)

Proof. We may assume that [ |5 # & (otherwise take k = 0 in the union).
Thus b > a'. In particular, if we choose the integer m sufficiently large,
1/2™) (b — a) will lie in [ .
By induction, it therefore suffices to prove that we can decompose [ % into
the disjoint union
272
b= Y O with  ds — es = (b — a). (3.5)
§=1
(For then we can continue to subdivide until the rectangles we get are small
enough.)
We get this subdivision in the obvious way by choosing the vertex “in the
middle” of the rectangle and considering all rectangles obtained by cutting
[® through this point by coordinate hyperplanes. To write down an explicit



(c) ketabton.com: The Digital Library

326 INTEGRATION 83

a{i2) =bg
b /

Db{m Dbug}
2{2} (1,2}
ag) b,

‘:}bg |:]b“}
ag afy;

b=bg g

a=ag,
ag)

Fig. 8.5
formula, it will be convenient to use the set of all subsets of {1,...,n} asan
indexing set, rather than the integers 1, ..., 2" Let J denote an arbitrary sub-
set of {1,2,...,n}). Let ay= <a},...,a%> and by = <b},...,b0%> be
given by

;b —al e . b if zed,
g = a' -+ 2 if 7e€d, and b} — bi_bi_az i igs
at it 7¢J ’

Then any z € [ ] lies in one and only one [_]57. In other words, [12 N []2% =
& ifJ = Kand Uans (2 = [, (The case where n = 2 is shown in Fig. 8.5.)

ay
Since by — a; = (b — a) for all J, we have proved the lemma. {1

We now observe that for any ¢ € [ s we have, by (3.3),
06 = N [e- (3.6)

Let T, denote translation through the vector ». Then [ ¢y = T.—y [ o by
(3.4). Thus by Axioms D2 and D3 the rectangle [ Jo_; must belong to D.
By (3.6) and Axiom D1 we conclude that [J§ € © for any ¢ [ o

Observe that T, Jo—==[1° by (8.4). Thus

(teD whenever b —aec[ .
If we now apply Lemma 3.1 we conclude that
(e forall aandb. 3.7
We make the following definition.

Definition 3.1. A subset S C E" will be called a paved set if S is the disjoint
union of finitely many rectangles.

We can then assert:

Proposition 3.1. Any D satisfying Axioms 1 through 3 must contain all
paved sets. Let Dy, denote the collection of all finite unions of rectangles;
then Dy, satisfies Axioms D1 through 3.

Proof. We have already proved the first part of this proposition. We leave the
second part as an exercise for the reader.
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4. THE MINIMAL THEORY

We are now going to see how far u is determined by Axioms ul through w3.
In fact, we are going to show the u((2) is what it should be; i.e., if

a= <d,...,a"> and b= <bl,..., ">,
then we must have
by _ 0 if D?:g)
MU =3y —ar) - n—an) it [~ &, @.1)

Axiom p4 says that (4.1) holds for the special casea = 0, b = 1. Examining
the proof of Lemma 3.1 shows that []§ can be written as the disjoint union of 2"
rectangles, all congruent (via translation) to [Jp'%, where 3 = (%,...,2).

Axioms u2 and u3 then imply that

1
w(Y®) = 5
c
Repeating this argument inductively shows that er N
r 1 .. 1 1 1

1727 _ 2 e, =
WOB™) =55 1 =< g 62
We shall now use (4.2) to verify (4.1). The idea is
to approximate any rectangle by unions of trans-
lates of cubes i Fig. 8.6

0

Observe that in proving (4.1) we need to consider only rectangles of the form
[ Jo- In fact, we take ¢ = b — a and observe that

T_.((0%) = 36
so Axiom u3 implies that p((?) = u((), and by definition ¢'---¢" =
b —a') .- " —a"). If [J§ = ¢, then (4.1) is trivially true (from Axiom
u2). Suppose that [J§ # &. Thene= <c!,...,c"> with ¢ > 0 for all 7.
For each r there are n integers N1, . .., N® such that (Fig. 8.6)
Ni/2m < ¢ < (N 4 1)/2. (4.3)

In what follows, let k = <k!,..., k">, L= <I',...,I">, ete., denote
vectors with integral coordinates (i.e., the ks are integers). Let us write
k <lifk; <l foralls. If N= <N,,...,N,>, then it follows from (4.3)
and the definitions that

Déiggtﬁmr c[J§  whenever k < N.
For any k and 1,
(1/2Nk+1/2F (1/27)1+1/27 .
D(I/ZT)k ﬂ D(I/ZT)L == Q lf k # l

Since D(1/2T>k+l/2' 1
HFLl/2nk = Sur
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by (4.2) {(and Axiom u2) and
(1/2"k+1/2% c
U (1/27k c 15,
k<N

we conclude that

u(LJ9) = 5}; X (the number of k satisfying 0 < k < N).
It is easy to sce that therc are Ny - No- ... N, such k, so that
1 N N,
(LI 2 5 X Ny Ny) = (TZTI> s <27) :

According to (4.3), N,/2" > ¢, — 1/27, so we have

Similarly,
c (1/27)k +1/2F
[ JoC : <Q+2 (1/27)k )
and we conclude that ‘
2 w2 .
w9 < (el + 2) o <c + 2~> (4.5)

Letting » — o in (4.4) and (4.5) proves (4.1).

In deriving (4.1) we made use of Axiom u4. Fxamining our argument show:
that if u’ satisfied u2 and u3 but not p4, we could argue in the same manner
except that we would have to multiply everything by the fixed constant u/([ ).
To sum up, we have proved:

Proposition 4.1. If u satisfies Axioms pl through upd4, then the value of p
or any rcetangle is uniquely determined and is given by (4.1). If u’ satisfices
ul through p3, then for any rectangle [ 2,

p(J) = Ku((l)  where K = /(CHo).

5. THE MINIMAL THEORY (Continued)

We will now show that formula (4.1) extends to give a unique u defined on D,,;,,

so as to satisfy Axioms ul through p4. We must cstablish essentially two facts.
1) Every union of rectangles can be writlen as a disjoint union of rectangles

This will then allow us to use Axiom ul to determine u(A4) for every A € Doy,
by secttin s
v e () = X w1

if A is the disjoint union of the [:]};; Since A might be written in another way
as a disjoint union of rectangles, this formula is not well defined until we estah-
lish that:
2) If A = [ % = UDLI; are two representations of A as a disjoint union
of rectangles, then

> 1) = X w(@OH).
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Fig. 8.7 Fig. 8.8

We first introduce some notation.

Definition 5.1. A paving p of E” is a finite collection of mutually disjoint
rectangles. The floor of this paving, denoted by ||, is the union of all
rectangles belonging to p.

If p = {2} and T is a translation, we set Tp = {T[]%}.

If p and z are two pavings, we say that g is finer than p (and write g < p)
if every rectangle of p is a union of rectangles of g. It is clear that if p < ¥
and g < p, then g < v. Note also that g < p implies [p| C [5].

Proposition 5.1. Let p and g be any two pavings. There exists a third
paving ¥ such that ¥ < pand v < 3.

Proof. The idea of the proof is very simple. Each rectangle in p or in g deter-
mines 2" hyperplanes (each hyperplane containing a face of the rectangle).
If we colleet all these hyperplanes, they will “enclose” a number of rectangles.
We let ¥ consist of those rectangles in this collection which do not contain any
smaller rectangle. Figure 8.7 shows the case (for n = 2) where p and g each
contain one rectangle. Here ¥ contains nine rectangles.

We now fill in the details of this argument. Let ¢; = <c¢i, ..., ci>, ...,
ex = <ck, ..., k> be all the vectors that occur in the description of the
rectangles of p and g. (In other words, if [ ]* € p or € g, then a and b are among
the¢’s.) Letdy, . . ., dg» be the vectors of the form <ci11, ..., 6>, where thez;’s
range independently from 1 to k&, (so that there are k™ of them). (See Fig. 8.8 for
the case where n = 2 and p and g consist of one rectangle each.) For each d;
there is at most one smallest d;;, such that d; < dj¢. In fact, if

_ 1 n
di— <Ci1; .. ')ci,,>7

1 n
then set d;;y = <¢j,, ..., ¢, >, where

Lo e
C;; = MIN Cp.

cl >cl.
m i]
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Let ¥ = { Dg;m}. Then v is finer than p and . In fact, if [ ]2 € p, say, then
k= I:]ﬁg for suitable @ and g8 and
¥—- U O (5.1)
dagdi
d;(;)<dg
To see this observe that if x € [j:}ﬁ, then d, < x < dg. Choose a largest
d; < x. Then d; < x < dj, so x € [J@¥. This proves the proposition. We
will later want to use the particular form of the ¥ we constructed to find addi-
tional information. [

We can now prove (1) and (2).

Lemma 5.1. Let p1,...,p; be pavings. Then there exists a paving s
such that [g] = lﬂ1| U---u ]m[

Proof. By repeated applications of Proposition 5.1 we can choose a paving ¢
which is finer than all the p;’s. Then each |p,| is the union of suitable rectangles
of v. Let g be the collection of all these rectangles occurring in all the p/s.
Then 5| = |p1] U~ U [pe]. O

In particular, we have proved (1). More generally, we have shown that every
A € Dpin 1s of the form 4 = |p| for a suitable paving p. We now wish to turn
our attention to (2).

Lemma5.2. Let el <---<¢,edd < - <, ...,cfl <---<c ben
sequences of numbers. Then

1 n 1 n
<cr ..... - > D(C. ..... C. >
1 T t1+1 intl
W7 = 2 M ] .
<€

n c n
<Clreens > 1Sl_1<T1 c; ,...,cin>

1Si;,<r,,

Proof. In fact, cﬁi — i =c — ey —ch cﬁi — cﬁi_l, so that the
lemma follows from (4.1) when we multiply out all the factors. 0

We now prove (2). Let p = 1DL’;‘} and g = {{ %}, where 4 = |p| = |3|.
Let ¥ be the paving we constructed in the proof of Proposition 5.1. Let 4 =
{{J4r} be the collection of those rectangles [ ]3% of v such that [ 138 C [p| = |3/-
Then to prove (2) it suffices to show that

S a3 = Z (5 = T w(T%). (5.2)

Now each rectangle (:]2: is decomposed into rectangles Dﬁ{ M aeeording to (5.1),
that is, a; = da, by = dg, ete.

By construction of the d’s, this is exactly a decomposition of the typc
described in Lemma 5.2. Thus (5.1) implies that

O = 3 w(O9).
da<d;
d;(;)<dp
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Summing over all DE: (and doing the same for [1:.,‘;) proves (5.2). We can thus
state:

Theorem 5.1. Every A € Dpin can be written as A = |p|. The number
u(A) = 2 oepu(]) does not depend on the choice of p. We thus get a
well-defined function x on Dpyi,. It satisfies Axioms ul through ud. If u'is
any other function on D, satisfying u2 and w3, then u'(4) = Ku(4),
where K = p/(CR).

Proof. The proof of the last two assertions of the theorem is easy and is left as an
exercise for the reader.

6. CONTENTED SETS

Theorem 5.1 shows that our axioms are not vacuous. It does not provide us
with a satisfactory theory, however, because D, contains far too few sets.
In particular, it does not fulfill requirement (iii), since Dpyin is not invariant
under rotations, except under very special ones. We are now going to remedy
this by repeating the arguments of Section 4; we are going to try to approximate
more general sets by sets whose u’s we know, i.e., by sets contained in Dpmip.
This idea goes back to Archimedes, who used it to find the areas of figures in
the plane.

Definition 6.1. Let A be any subset of E®. We say that p is an inner paving
of Aif |p| C A. We say that 3 is an outer paving of 4 if A C 3.

We list several obvious facts.

If [p] C A C 3], then u(p) < u(3). (6.1)
If |p| C A C 3|, then |Tp| C TA C|T3|. (6.2)
If Ayn Ay = Jand |ps] C Ay, [pa| C Ay,

then p; U p is an inner paving of 4; U 4. (6.3)

Definition 6.2. For any bounded subset A of E” let

pH4) = b w(lp)

be called the inner content of A and let
a(4) = glb u(3))
AC|g|

be called the outer content of A.

Note that since A4 is bounded, there exists a g with A C |g|. This shows that
A(A) is defined. This together with (6.1) shows that u*(4) is defined and that

p*(4) < B(4). (6.4)
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Definition 6.3. A set A will be called contented if u*(A) = a(A4). We call
u*(4) = a(A4) the content of A and denote it by u(4).

Observe that every A € Dmin is contented. In faet, if A = [v|, then v is
both an inner and an outer paving of 4. Thus p*(4) = a(4) = u(l¥]), and the
new definition of u(A4) coincides with the old one.

Our next immediate objective is to show that the collection of all contented
sets fulfills Axioms D1 through 3.

Proposition 6.1. A set A is contented if and only if its boundary is con-
tented and has content zero.

Proof. Suppose A is contented. For any § > 0 we can find an inner paving p
and an outer paving g such that u(zg) — u(p) < §/2. We want to replace p by
a close paving p’ with |p’| Cint A. To do this, we choose a small number 7
and replace each rectangle [ |5 of p by [ |a77®-%. We let p, be the collection
of all these rectangles. Then |p,| Cint|p|, so |p,] Cint A. Furthermore,
p(py) = (1 — 29)"u(]p), since the factor (1 — 24) is the decrease of each side
of each rectangle of p. Similarly, we replace g by a slightly larger z,, with
4 Cint g, and u(z,) < (1 + 29)"u(g). By choosing 5 sufficiently small, we
can thus arrange that u(gz,) — u(p,) < 8. Let ¥ be a paving which is finer
than g, and p,, with || = |z,]. Let & Cv consist of those rectangles of ¥
lying in int A. Then [v| = {3,] D [4[D |p,], so u(lv]) —u(le]) < 8. But
04 Clv — &, so that g(6d) < u(ly — 2]) = u(lv]) — u(j¢]) < 8. In other
words, g(dd) = 0.

Conversely, suppose that d4 has eontent zero. Let 4 be an outer paving of
dA with u(le]) < e. Let v be a paving finer than ¢ and such that 4 C [v[.
Let p C v consist of those rectangles contained in A. Let 3 C ¥ consist of those
rectangles lyingin [p| U [4]. Then u(|3]) < p(lp]) +nu(le]) <u(p]) + e Further-
more, 4 C |g|. In fact,letz € A. Thenz c [ forsome[Jev. If[JNJ4 #
&, then [N 4] # &, 50 ] C e, since v is a refinement of 4. If[]NJ4A = &,
then every point of [ | must lie in A4, so that [ ] C |p]. We have thus constructed
p and g with |p| C 4 Clgl and u(3) — u(p) < €. Since we can do this for any ¢,
this implies that A is contented. [

Proposition 6.2. The union of any finite number of sets with content zero
has content zero. If A C B and B has content zero, then so does A.

Proof. The proof is obvious.

Theorem 6.1. Let D, denote the collection of all contented sets. Then
Deon satisfies Axioms D1 through D3, and the p given in Definition 6.3 sat-
isfies ul through u4. If u’is any other function on Dg., satisfying ul through
u3, then u’ = Ky, where K = u/'((]}).

Proof. Let us verify the axioms.
1. For any 4 and B,
(A UB)Cd4A UHB and (A NnB)Cs4 UIB.
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By Proposition 6.1, if A and B are contented, then 84 and 8B have content
zero. 'Thus so do 94 U8B, (A U B), and 3(4A N B), by Proposition 6.2.
Hence A U B and A N B are contented.

2. Follows immediately from (6.1).

D3. Is obvious.

p2. If A, and 4, are contented, we can find inner pavings p; and g, such

that u(A41) — u(lp1l) < €/2and u(As) — u(lpel) < €¢/2. fA N4y = &,
then p; U p2 is an inner paving of 4; U 4, and so

w(A; U Ads) 2 u(Ay) 4 u(dg).

On the other hand, let g, and 32 be outer pavings of 4; and A4, respectively,
with u(g1) < u(41) -+ €/2 and p(g2) < wu(dz) + €/2.

Let v be a paving with |¥| = [g1] U |§2]. Then v is an outer paving of
Ay U Ag and p(ly]) < wu(l3:]) + w(lz2]).  Thus p(d; U dg) < u(ly)) <
w(d) +u(dy) + e oru(d; U dy) < u(dy) + u(ds). These two inequal-
ities together give u2.
pl. Is obvious.
#3. Tollows from (6.2) and Definition 6.3.

pd. We already know.

The second part of the theorem follows from Theorem 5.1 and Definition 6.3.
In fact, we know that p/(|p]) = Ku(|p|), and (6.1) together with Axiom wu2
implies that u'(Ip]) < w/(4) < ¢/(J3]). Since we can choose p and z to be
arbitrarily close approximations to 4 (relative to u), we are done. [

Remark. It is useful to note that we have actually proved a little more than
what is stated in Theorem 6.1. We have proved, namely, that if D is any collec-
tion of sets satisfying ©1 through ©3, such that Dpin CD C Deon, andifu’: D — R
satisfies ul through u3, then u/'(4) = Ku(4) for all A in D, where K = u/ ().

7. WHEN IS A SET CONTENTED?

We will now establish some useful criteria for deciding whether a given set is
contented.
Recall that a closed ball B} with center x and

radius r is given by x+rl
By={y:ly — x| £7}. (7.1) / \
Note that ox
Bl C [ thtel forany € > 0, (7.2) \ J
and

i CBY. (7.3)
(See Fig. 8.9.) Fig. 8.9
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If we combine (7.2) and (7.3), we see that any cube C lies in a ball B such
that a(B) < 2"(v/n)"u(C) and that any ball B lies in a cube C such that u(C) <
3"(V/n)"a(B).

Lemma 7.1. Let A be a subset of E®. Then 4 has content zero if and only
if for every € > O there exist a finite number of balls {B;} covering A
with 3 a(B,) < e

Proof. If we have such a collection of covering balls, then by the above remark
we can enlarge each ball to a rectangle to get a paving p such that A C |p] and
w(lp|) < 3"(v/n)"e. Therefore, a(A) = 0 if we can always find the {B;}.

Conversely, suppose A has content 0. Then for any § we can find an outer
paving p with u(|p|) < 8. For each rectangle [ ] in the paving we can, by the
arguments of Section 4, find a finite number of cubes which cover [ ] and whose
total content is as close as we like to u([_]), say <2u([]). By doing this for each
[] € p, we have a finite number of cubes {[];} covering 4 with total content
less than 28. Then by our remark before the lemma each cube [ ], lies in a ball
B;such that u((]:) < 2°(v/n)"a(B,), and so we have a covering of A by balls B;
such that 3 a(B;) < 2"T'(/n)"s. If we take & = €/2" T (v/n)", we have the
desired collection of balls, proving the lemma. [

Recall that a map ¢ of U C E* — E” is said to satisfy a Lipschitz condition
if there is a constant K (called the Lepschitz constant) such that

le@) — e@I < Klly — | (7.4)

Proposition 7.1. Let A be a set of content zero with A C U, and let
¢: U — E" satisfy a Lipschitz condition. Then ¢(A4) has content zero.

Proof. The proof consists of applying both parts of Lemma 7.1. Since A has
content zero, for any € > 0 we can find a finite number of balls covering 4 whose
total outer content is less than e/K™. By (7.4), o(By) C Bf{x), so that the images
of the balls covering A cover ¢(A4) and have a total volume less than e. []

Recall that if ¢ is a (continuously) differentiable map of an open set U into
E", then ¢ satisfies a Lipschitz condition on any compact subset of U.
As a consequence of Proposition 7.1, we can thus state:

Proposition 7.2. Let ¢ be a continuously differentiable map defined on an
open set U, and let A be a bounded set of content zero with A C U. Then
©(A) has content zero.

Let A be any compact subset of E* lying entirely in the subspace given by
2" = 0. Then A has content zero. In fact, for some sufficiently large fixed r,
the set 4 is contained in the rectangle
ir—"r','f.’,&—)r,o>> forany € >0,

which has arbitrarily small volume.
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Now let ¢: V C E»™! — E” be a continuously differentiable map given by
<y17 MR yn—1> - <¢1(y17 R ] yn_l)l R | \pn(yl) R ) yn—1)>'
Let B be any bounded subset of E*~! with B C V. We can then write ¢(B) =

¢(4), where A is the set of points in E” of the form (y, 0), where y € B, and
where ¢ is a differentiable map such that

olxl, ..., 2™ = <yl ..., 2", ..., ¢ @, ..., T >
By Proposition 7.2 we see that u(¢(B)) = 0. Thus,

Proposition 7.3. Let ¢ be a differentiable map of V C E*~! into E”, and
let B be a bounded set such that B C V. Then ¢(B) has content zero.

We have thus recovered requirement (v) of Section 1.
An immediate consequence of Propositions 7.3 and 6.1 is:

Proposition 7.4. Let A C E” be such that 84 C ¢ (B;) where each ¢, and
B; is as in Proposition 7.3. Then A is contented.

This shows that every set “we can draw” is contented.

Exercise. Show that every ball is contented.

8. BEHAVIOR UNDER LINEAR DISTORTIONS
We shall continue to derive consequences of Proposition 7.1.

Proposition 8.1. Let ¢ be a one-to-one map of U — E” which satisfies a
Lipschitz condition and is such that ¢! is continuous. If 4 C U is con-
tented, then so is ¢(4).

Proof. Since A is contented, A4 has content zero. By the conditions on ¢,
we know that d¢(A4) = ¢(84). Thus d¢(A4) has content zero, and so ¢(4) is
contented. [

An immediate consequence of Proposition 8.1 is:

Proposition 8.2. Let L be a linear transformation of E*. Then LA is con-
tented whenever A is contented.

Proof. 1If L is nonsingular, Proposition 8.1 applies. If L is singular, it maps all
of E™ onto a proper subspace. Any such subspace is contained in the image of
{x: 2" = 0} by a suitable linear transformation, and so u(LLA) = 0 for any
contented A. [

Theorem 8.1. Let L be a linear transformation of E*. Then for any con-
tented 4 we have W(LA) = |det Liu(A). 8.1)

Proof. We can restrict our attention to nonsingular L, since we have already
checked Eq. (8.1) for det L = 0. If L is nonsingular, then L carries the class of
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contented sets into itself. Let us define u’ by u’(A) = u(LA) for each A € Doy
We claim that u’ satisfies Axioms ul through u3 on Den.

In fact, ul and u2 are obviously true; u3 follows from the fact that for any
translation T, we have Tr,L = LT,, so that

W (T,A) = w(LT,A) = w(Tr,LA) = n(LA) = u/'(4).
By Theorem 5.2 we thus conclude that

/J', = kL/“‘)

where kz, is some constant depending on L. We must show that k; = [det L].
We first observe that if O is an orthogonal transformation, then

#(04) = p(4).

In fact, we know that u(0OA) = kou(A4). If we take 4 to be the unit ball By,
then OB} = B, s0 ko = 1.
Next we observe that pu(LiLeAd) = kpu(Led) = ki kr,u(d), so that

kLle = kleLZ-

Now we recall that any nonsingular L can be written as L = IO, where P
is a positive sclf-adjoint operator and O is orthogonal. Thus ky, = kp and
[det L] = |det P| |det O] = |det PJ, so we need only verify (8.1) for positive self-
adjoint linear transformations. Any such P can be written as P = 0,D07?,
where 0, is orthogonal and D is diagonal. Since P is positive, all the eigenvalues
of D are positive. Since det P = det D and kp = kp, we need only verify (8.1}
for the case where L is given by a diagonal matrix with positive cigenvalues
M, ..., M. But then L = [Je™ ™ so that

w0 = w(eM ™7y = Ny -+ Ay = |det I,
verifying (8.1). 0

Exercise. lLetvi, ..., v,bevectorsof E*. By the parallelepiped spanned by vy, ..., v,
we mean the set of all veetors of the form Y 7 z%v;, where 0 < z* < 1. Show that its
content is [det ((v,, v;))[1/2

9. AXIOMS FOR INTEGRATION

So far we have shown that there is a unique u defined for a large collection of
sets in E". However, we do not have an cffective way to compute u, except in
very special cases. To remedy this we must introduce a theory of integration.
We first introduce some notation.

Definition 9.1. TLet f be any real-valued function on E*. By the support of
[, denoted by supp f, we shall mean the closure of the set where f is not zero;
that is,

supp f = {x: f(x) # 0}.
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Observe that
supp (f + ¢g) C supp f U supp ¢ (9.1)
and
supp fg C supp f N supp g. 9.2)

We shall say that f has compact support if supp f is compact. Equation (9.1)
[and Eq. (9.2) applied to constant g] shows that the set of all functions with
compact support form a vector space.

Let T be any one-to-one transformation of E” onto itself. For any function f
we denote by Tf the functions given by

(THx) = f(T7%). (9.3)
Observe that if T and T™! are continuous, then
supp Tf = T supp f. (9.4)

Definition 9.2. Let A be a subset of E*. By the characteristic function of A,
denoted by ¢4, we shall mean the function given by

1 if xeAd,

A =10 i xe4. 9.5)
Note that
€4 N4y = €4, " €4y, (9.6)
€4,U4, = €4, + €4, — €4,n4,, 9.7)
suppes = A, (9.8)
and
Tes = era (9.9)

for any one-to-one map T of E” onto itself.

By a theory of integration on E™ we shall mean a collection F of funetions
and a rule f which assigns a real number ff to each f € &, subject to the follow-
ing axioms:

F1. F is a vector subspace of the space of all bounded functions of compact

support.

F2, If fe Fand T is a translation, then 7f € 7.

F3. ep belongs to § for any rectangle [ ].

f1. [ is a linear function on &.

f2. [Tf = [ffor any translation T.

f3. Iff > 0, then [f > 0.

f‘i‘. feD(]j = 1.
Note that the axioms imply that ¥ contains all functions of the form
en, + eo, + - - - -+ eg, for any rectangles [ ]y, ..., [ Js. In particular, for any

paving p, the function e, must belong to J.
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Also note that from [3 we have at once the stronger version:
[3". f<g= [f < [g,since theng — f > 0.

Proposition 9.1. Let &, f be a system satisfying Axioms F1 through 3 and
J1 through [4. Then

/ ea = p(A) (9.10)
for every contented set A such that e4 € F, and

5. |[f] < [ flleu(supp f) for every f € .

Proof. The axioms guarantee that e4 € & for every A € Dnin and that v(A) =
fe 4 satisfies ul through u4. Therefore, fe 4 = u(4) for every A € Dpia by the
uniqueness of u (Proposition 4.1). It follows that if A is a contented set such
that e4 € §, and if p and z are inner and outer pavings of 4, then

u(lp)) = /e!p, < feA < fem = u(ls)).

Therefore, feA lies between u*(A4) and G(A), and so equals u(A). For any
fe% and any A € Dy, such that suppf < 4, we have —||fllees < f <
| fllmea, and therefore | [f] < [[f]lu(A) by [3” and (9.10). Taking the greatest
lower bound of the right side over all such sets A, we have [5. [

10. INTEGRATION OF CONTENTED FUNCTIONS

We will now proceed to deal with Axioms § and | in the same way we dealt
with Axioms D and u. We will construct & “minimal” theory and then get a “big”
one by approximating. According to Proposition 9.1, the class § must contain
the function e, for any paving p. By 1 it must therefore contain all linear
combinations of such.

Definition 10.1. By a paved function we shall mean a function f= f,

given by
f= 3 cien, (10.1)
0,€p
for some paving p.

It is easy to see that the collection of all paved functions satisfies Axioms F1
through §3. Furthermore, by Proposition 9.1 and Axiom fl the integral, f, is
uniquely determined on the class of all paved functions by

J1= L ew@ (10.2)
if fis given by (10.1).

The reader should verify that if we let $p be the class of all paved functions
and let f be given by (10.2), then all our axioms are satisfied. Don’t forget to
show that f is well defined: if f is expressed as in (10.1) in two ways, then the
sums given by (10.2) are equal.
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The paved functions obviously form too small a collection of functions.
We would like to have an ¥ including all continuous functions with compact
support and all characteristic functions of the form e4 with A contented, for
example.

Definition 10.2. A bounded function f with compact support is said to be
contented if for any € > 0 and § > 0 there exists a paved function g = g3
and a contented set 4 = A s such that

Ifx) — gx)| < e forall x& 4 (10.3)

and
u(d) <é. (10.4)

The pair <g, A> will be called a paved ¢,5-approximation to f.

Let us verify that the collection of all contented functions, Feon, satisfies
Axioms F1 through 3. It is clear that if fis contented, so is af for any constant a.
If f; and f; are contented, let <g;, 41> and <gs, A2> be paved €,8-approxi-
mations to f; and fs, respectively. Then

[(f1 + f2)(x) — (91 + g2)(x)] < 2 forall x& A; U 4y,
and

uw(d; U Ay < 26,

Thus <g; + g2, A1 U Ao > gives a paved 2¢, 25-approximation to fi + fo.

To verify 2 we simply observe that if <g, A > isa paved €,8-approximation
to f, then < Tg, TA > is one to TY.

A similar argument establishes the analogous result for multiplication:

Proposition 10.1. Let f; and fo be two contented functions. Then fif, is
contented.

Proof. Let M be such that |fi(x) < M and |fs(x)] < M for all x. Recall that
the product of two paved functions is a paved function. Using the same notation
as before, we have

[fifo(x) — g1(x)g2(x)] < [f1(0] |f2(x) — g2(0)] + |92)] [f1(x) — g1(x)]
< Me+ (M + e)e forall x& A, U A,.

Thus <g¢19s, A1 U Ag> is a paved (2M - €)¢, 28-approximation to fifs. U

As for §3, it is immediate that a stronger statement is true:

Proposition 10.2. If B is a contented set, then egp is a contented function.
Proof. In fact, let p be an mner paving of B with u(B) — u(|p|) < 8. Then
ep(x) — e (x) =0 if x¢B—|p|,

uw(B —Ip)) <3,

S0 e),,|p| is a paved € 6-approximation to ep for any € > 0. U

and
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We now establish a useful alternative characterization of a contented func-
tion.

Proposition 10.3. A function f is contented if and only if for every € therc
are paved functions i and k such that h < f < k and f(k —h) < e

Proof. If fis contented, let R be a rectangle including supp f. Let<g, 4 > be an
€, S-approximation to f. Let P be a paved set including 4 = A4, such that
w(P) < 8, and let m be a bound of |f|. Then ¢ — €(er) — mep < f < g+
€(er) + mep, where the outside functions are clearly paved and the differences
of their integrals is less than 2eu(R) -+ 2mé. Since € and § are arbitrary, we have
our h and k. Conversely, if h and k are paved functions such that h < f < k
and [(k — h) < a, then the set where & — A > a'/?is a paved set A. Further-
more, a'/2u(A) < [es(k — h) < [(k — k) < a, so that u(4) < a2 Given €
and &, we only have to choose ¢ < min (€2, §2) and take ¢ as either % or 4 to sec
that f is contented. (]

Corollary. A function f is contented if for every e there are contented
functions f; and fy such that f; < f < feand [(fs — f1) < e

Proof. Tor then we can find paved functions # < f; and k& > f, such that,
J(fi — 1) < eand [(k — f3) < eandend upwithh < f < kand [(k — &) < 3e. [

Theorem 10.1. Let F be a class of functions satisfying Axioms 1 through §3
and such that §p CF C Feon. Then there exists a unique f satisfying Axioms
{1 through [4 on 5.

Proof. If f is any integral on F satisfying Axioms fl through f4, then we must
have ff simultaneously equal to lub fh for A paved and <f and equal to glb f/c
for k paved and >f, by Proposition 10.3. The integral is thus uniquely de-
termined on §. \oreover, it is easy to see that if the integral on § is defined by
ff = lub fh = glb flc, then Axioms fl through f4 follow from the fact that
they hold for the uniquely determined integral on the paved functions. 0

Exercise 10.1. Let f and g be contented functions such that f(z) = g(x) for 2 & 4,
where u(.1) = 0. Then [f = [g. (This shows that for the purpose of integration
we need to know a function only as to a set of content zero.)

Definition 10.3. Let f be a contented function and A a contented set.
We call feA f the integral of f over A and denote it by f 4f- Thus

[ 1= [ear. (10.5)
An immediate consequence of Axiom fl and (9.7) is
= T — . ]. .
/AIUAzf [A1f+/A2f /AlﬂAzf (10.6)

An immediate consequence of Exercise 10.1 is

] £ splicoluca.
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We close this section by giving another useful characterization of contented
functions.

Proposition 10.4. Let f be a bounded function with compaect support.
Then f is contented if and only if to every € > 0 and 6§ > 0 we can find an
7 > 0 and a contented set A; such that u(4;) < 6 and

[fx) — f(y)] < € whenever Ix —yll <7 and x,yé& 45 (10.7)

Proof. Suppose that for every €, § we can find 9 and A;. Let p = {{1;} bea
paving such that

i) suppfClpl;
i) if x,y €[], then |Ix — y|| < #;
iil) if g = {{ls€p:[Iin 4s = &}, then u(l5]) < 24.

Then let fc 25(x) = f(x;) when x € [ ];, where x; is some point of [ ];. By (ii)
and (i), we see that f. o5 /5| is a paved €, 28-approximation to f. Thus f is
contented.

Conversely, suppose that f is contented,
and let fe0.5/2, 4¢2,5/2 be a paved approxima-
tion to f.

Let p = {{I;} be the paving associated
with f2.52. Replace each [1; by the rec-
tangle [ ]; obtained by contracting []; about
its center by a factor (1 — £). (See Fig. 8.10.)
Thus p(() = (1 — §"w(d). For any x,
y € UL, if

Ix — vyl <=

where 7 is sufficiently small, then x and y belong Fig. 8.10
to the same [ ). If

X,y < UD:; X,y & Ae/2.5/2; and [[X - y” <,
then
[f(x) — fD] < &) — fepzor2(X)] 4 [f(y) — Ferz.012(0)]
+ |fe2.82(2) — fer,82(9)]

But the third term vanishes, so that |f(x) — f(y)| < e. Now by first choosing £
sufficiently small, we can arrange that u(|p] — U1} < 8/2. Then we can
choose 7 so small that [lx — y|| < » implies that x, y belong to the same [ [; if
x,y € U[l.. For thisnand for A5 = A2.52 U (|| — UL, Eq. (10.7) holds,
and u(4;) < 8. 0

In partieular, a bounded funetion which is continuous except at a set of
content zero and has compact support is contented.
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10.2 Show that for any bounded set A, e4 is a contented function if and only if A4 1s
a contented set.

10.3 Letfbe a contented function whose support is contained in a cube[ }. For each §
let ps = {{Ji.s}icr; be a paving with |ps| = [[] and whose cubes have diameter less
than 8. Let x;; be some point of [ ;5. The expression

2 foxg i)
€1

is called a Riemann §-approximating sum for f. Show that for any € > O there exists «
80 [=80(f)] > 0 such that

’/f o i;éf(xi,5)ﬂ([ji.5) < €

whenever & < 8o.

11. THE CHANGE OF VARIABLES FORMULA

This section will be devoted to the proof of the following theorem, which is of
fundamental importance.

Theorem 11.1. Let U and V be bounded open sets in R?, and let ¢ be a
continuously differentiable one-to-one map of U onto V with ¢! differentiable
Let f be a contented function with supp f C V. Then (f ¢ ¢) is a contented function,

and
[ 7= [ Geoldets,l. (1L.1)

Recall that if the map ¢ is given by y* = ¢'(z’, ..., 2"), then J, is the
linear transformation whose matrix is [3¢;/dx;].

Note that if ¢ is a nonsingular linear transformation (so that J, is just ¢),
then Theorem 11.1 is an easy consequence of Theorem 8.1. In fact, for functions
of the form e, we observe that e4 o ¢ = e,~14, and Eq. (11.1) reduces, in this
case, to (8.1). By linearity, (11.1) is valid for all paved functions.

Furthermore, f o ¢ is contented. Suppose [f(x) — f(y)] < ewhen [|x —y|| <
pand x,y € 4, with u(4) < 8. Then |[fo p(u) — fo o(v)| < € when

la — vl < 2/]|ell and u,veé o 1(A),

with u(e™1A) < 8/|det ¢|.

Now let g.,5, 4,5 be an approximating family of paved functions for f. Then
[foo(x) — gesoo(x)] < eforx & o 1A, ;) and u(e 'A.5) < 8/|det ¢|. Thus
[(geso@)ldet o] — [(fo @)|det ¢, and Eq. (11.1) is valid for all contented f.

The proof of Theorem 11.1 for nonlinear maps is a bit more tricky. It con-
sists essentially of approximating ¢ locally by linear maps, and we shall do it in
several steps. We shall use the uniform norm [x||, = max |z‘| on R™ This is
convenient because a ball in this norm is actually a cube, although this nicety
isn’t really necessary.
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Let ¢ be a (continuously) differentiable map defined on a convex open set U.
If the cube [ ] = Dﬁi’:} lies in U, then the mean-value theorem (Section 7,
Chapter 3) implies that for any y €[],

l¥(y) = #@le < lly — plls sup |Jy(@)].
Thus
() C®FEN,  where K= sup [[7y(2)]]-
Thus ‘ )
s(W@) < (up 7y@I)" 6D (11.2)

Lemma 11.1. Let ¢ be as in Theorem 11.1. Then for any contented set 4
with 4 C U we have

u(e(4)) < /A |det J,|. (11.3)

Proof. Let us apply Eq. (11.2) to the map ¢ = L™, where L is a linear
transformation. Then

jdet L~ (o) = #(L (D) < (sup I1-1,@I)"w(OD)-

Sinee J~1, = L™1J,, we get
u(e(@D) < |det Li(sup [L7V,@)])" s (11.4)

for any [ ] contained in the domain of the definition of ¢ and for any linear
transformation L.
For any € > 0, let & be so small that [|J,(x) ", (y)| < 1 -+ € for

Ix —yllo < 8

for all x, y in a compact neighborhood of 4. (It is possible to choose such a 3,
since J(x) is a uniformly continuous function of x, so that J,(x) ~1J ,(y) is close
to the identity matrix when x is close to y; see Section 8, Chapter 4.)

Choose an outer paving g = {[ ];} of A, where the [ ]; are cubes all having
edges of length less than 8. Let x; be a point of [_];. Then applying (11.4) to
each []; taking L = J,(x;), we get

w(e(4)) < ule(s)) = L pe(@) < X |det J,(xa)|(L + €)"u((d)-
We can also suppose § to have been taken small enough so that
|det J,(z)] > (1 — €)|det J ,(xs)| forall ze[}; andall .

Then we have

[, det Tl > (1 — @)ldet Jo(xa) w2,
and so
plo(d)) < T2 0+ & /la ldet 7l

Sinee € is arbitrary and 3z is an arbitrary outer paving of 4, we get (11.3). O
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We can now conclude that feo ¢ is contented for any contented f with
supp f C V. In fact, let K be chosen so large that it is a Lipschitz constant for
on ¢ (supp f), and so large that K > |det J,—1(u)| for u € supp f. Now given
€ and 8, we can find an 5 such that

[fa) — f(v)] < e if JJu—v|] < nandu,v& 4; with u(4;) < 4.
But this implies that

lfoolx) —foel <e if [x =yl <a/Kandx,y & ¢ ' (45),

where u(p™1(4;5)) < K;, by (11.3). Since K was chosen independently of €
and §, this shows that f o ¢ 1s contented.

Lemma 11.2. Let ¢, U, and V be as in Theorem 11.1. Let f be a nonnega-
tive contented function with supp f C V. Then

[ 5= [ Ueoldets. (11.5)

Proof. Let <g, A> bea paved €,5-approximation to f with g(u) < f(u) forallu.
If p = {[J;} is the paving associated with g, we may assume that supp f C |p|
Then

[o=Z owde) < Lot detd | <3 [ 1 (o oldet

= [ e oldet ] = [/ oldet I,
Ue—1(Oy)

Since we can choose ¢ so that fg — ff, we obtain (11.5). O

Lemma 11.3. Let ¢, U, V, and f be as in Theorem 11.1. Let f be a non-
negative function. Then Eq. (11.1) holds.

Proof. Let us apply (11.53) to the map ¢! and the function (fo ¢)|det J,|.
Since J,(x) o J,1{(¢(x)) = id, we obtain

[@ealdet T < [1(7 e ¢) 0 07 !)((det o] o 7 ")det T

~ [r

Combining this with (11.5) proves the lemma. [

Completion of the proof of Theorem 11.1. Any real-valued contented function can
be written as the difference of two positive contented funections. If for all x,
flx) > —M for some large M, we write f= (f+ Men) — Mey, where
supp f C[_]. Since we have verified Eq. (11.1) for nonnegative functions, and sinec
both sides of (11.1) are linear in f, we are done. Similarly, any bounded complex-
valued contented function f can be written as f = f; + «fs, where f; and f, arc
bounded real-valued contented functions. I
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In practice, we sometimes may apply Eq. (11.1) to a situation where the
bypotheses of Theorem 11.1 are not, strictly speaking, verified. For instance, in
RZ we may want to introduce “polar coordinates”. That is, we let r, 8 be coordi-
nates on R?; if S is the set 0 < 8§ < 2, 0 < 7, we consider the map ¢: 8 — R?
given by © = r cos 8, y = rsin 6, where z, y are coordinates on a second copy
of R2. Now this map is one-to-one and has positive Jacobian for r > 0. If we
consider the open sets U C S given by 0 < 7,0 < 6 < 27 and V C R? given by
V=R2— {x,y:y =0,z > 0}, the hypotheses of Theorem 11.1 are fulfilled,
and we can write (since det J, = 7)

Ji=[Geoor (11.6)

if supp f C V. However, Eq. (11.6) is valid without the restrietion supp f C V.
In fact, if D.is a strip of width € about the ray y = 0, x > 0, then f = fep, +
feqn_p, and ffeDE — 0ase— 0 (Fig. 8.11). Similarly, f(fo e)(rolep, o —0,
so that (11.6) is valid for all contented f by this simple limit argument.

Fig. 8.11

We will not state a general theorem covering all such useful extensions of
Theorem 11.1. In each case the limit argument is usually quite straightforward
and will be left to the reader.

EXERCISES
11.1 By the parallelepiped spanned by v1, ..., v* we mean the set of allz = > £lvl+
<o+ Erv? where 0 < £* < 1. Show that the content of this parallelepiped is given by
[det ((vs, v5))|1/2.
11.2 Express the content of the ellipsoid
. )2
“(ah)?

in terms of the content of the unit ball.

CaN

S N

11.3 Compute the Jacobian determinant of the map <r, 6> +— <z, y>, where
T =rcosf,y = rsinéb.

11.4 Compute the Jacobian determinant of the- map <r,8,¢>+— <z,y,2>,
where z = rcospsinf,y = rsinesinf, z = r cos 6.

11.5 Compute the Jacobian determinant of the map <r,8,z>+— <z,y,2>,
where 2 = rcosf,y = rsinf,z = 2.
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12. SUCCESSIVE INTEGRATION

In the case of one variable, i.e., the theory of integration on R, the fundamental
theorem of the caleulus reduces the computation of the integral of a funetion to
the computation of its antiderivative. The generalization of this theorem to
n dimensions will be presented in a later chapter. In this section we will show
how, in many cases, the computation of an n-dimensional integral can be reduced
to » successive one-dimensional integrations.

Suppose we regard R™, in some fixed way, as the direct product R™ =
R* x R’ Weshall write everyz € R as z = <x,y>, wherex € R* and y € R%.

Definition 12.1. We say that a contented function f is contented relative to
the decomposition R™ = R* X R’ if there exists a set 4; C R* of content
zero (in R*) such that

i) for each fixed x € R¥, x € Ay, the function f(x, ) is a contented function
on R,

ii) the function le f which assigns to 2 the number lef(x, -) is a contented
function on R*.

It is easy to see that the set of all such functions satisfies Axioms F1 through
3. (The only axiom that is not immediate is 2. But this is an easy consequence
of the fact that any translation T can be rewritten as T'; T ,where T'; is a trans-
lation in R* and T, is a translation in R%.)

It is equally easy to verify that the rule which assigns to any such f the

number
Jue (e 7:9)

satisfies Axioms [1 through [4. The only one which isn’t immediately obvious
is [3. However, if p is any paving with supp f C ||, then

= flley,

Joe (L 18 ) = 150 [ [z tor = IlsCer),
/Rk Lz eg = Keg)

for any rectangle (direct verification). Thus, by the uniqueness part of Theorem
10.1, we have ’

Jinf = [ (Ju?6) - (12.1)

Note, in particular, that if f is also contented relative to the decomposition

R™ = R! X R¥, then
Jurd = Jur (fee ) -

In particular, for such f the double integration is independent of the order.

and

since
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In practice, all the functions that we shall come across will be contented
relative to any decomposition of R*. In particular, writing R” = R! X - - - X R},

e e ﬁnf=/((/f())) (12.2)

In terms of the rectangular coordinates z!, . . ., ™, this last expression is usually

written as
f(~--(/f(acl,...,x")dxl)--~)dx".

For this reason, the expression on the left-hand side of (12.2) is frequently
written as

Jaf= [ 1@ dat - da”,
Let us work out some simple examples illustrating the methods of integra-

tion given in the previous sections.

Example 1. Compute the volume of the intersection of the solid cone with vertex
angle a (vertex at O) with the spherical shell 1 < r < 2 (Fig. 8.12). By a Euclidean
motion we may assume that the axis of the cone is the z-axis. If we introduce
polar coordinates, we see that the set in question is the image of the set

gemdlrrl 1<r<2, 0<Le<2m, 0<6<a/2
in the <r, ¢, 8> -space (Fig. 8.13).

a - 4~
N, g

Fig. 8.12 Fig. 8.13

By the change of variables formula and Exercise 11.4 we see that the volume
in question is given by

r?sin § = S r2sin 6 d0 de dr
/ 1 Jo Jo
= 271'/12 /oa/z 72 sin 6 d6 dr

= 2nf 11 — cos (a/2))r% dr
1
= 2m[1 — cos («/2)](§ — 9)-
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Example 2. Let B be a contented set in the plane, and let f; and 5 be two con-
tented functions defined on B. Let A be the set of all <z, y, 2> < E3 such that.
<z,y> € Band fi(z, y) < 2z < folz, y). If G is any contented function on 4,
we can express the integral f 4 @ as

fA qd= fA {/fﬁ:x:) Gz, y, 2) dz} dx dy.

For example, compute the integral f A 2, where
A 15 the set of all points n the unit ball lying
above the surface z = z® + y* (Tig. 8.14).
Thus

A= {x,ye>:2?+y?+22< 2> 2%+ y%.

We must have 22 + y? < a, where a® + a = 1 [so that a = (/5 — 1)/2], in
order for <z, y, 2> to belong to A. Then fi(z,y) = 2% + 9%, folz, y) =

V1 — (22 + y2), and

/ffz(z,y)zdz _ %[1 . (x2+ y2) o (122+ 3/2)2]7

1(z. )

so that, using polar coordinates in the plane (and Exercise 11.3),

\/(_,
/A 2= %LQHZSGH — @4y - @+ = “fo r(L—r® — 1Y dr.

As we saw in the last example, part of the problem of computing an integral
as an iterated integral is to determine a good description of the domain of
integration in terms of the decomposition of the vector space. It is usually «
great, help in visualizing the situation to draw a figure.

Example 3. Compute the volume enclosed by a surface of revolution. Here we are
given a function f of one variable, and we consider the surface obtained by
rotating the curve z = f(2), 2; < z < 25, around the z-axis (Fig. 8.15). We
thus wish to compute u(4), where

A = {<x,y,z> 3$2+y2 Sf(z); 21 S ZSZZ}

Here it is obviously convenient to use cylindrical coordinates, and we sec
that A4 is the image of the set

B={<r8z>:r<fz),0<0<2m}

in the <r, 6, 2> -space. By Exereise 11.5, we wish to compute

/Br = /;)% szf()f(Z)rdrdzd6:2w/;j2 </;)f(Z)rdr>dz=27r/zj2ﬁ;):dz.

Thus ,
p(d) = = L * 1(2)? de.
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EXERCISES

12.1 Compute the volume of the region between the surfaces z = z2+ y2 and
z=z4y.

12.2 Find the volume of the region in E3 bounded by the plane z = 0, the cylinder
24 y2 = 2z, and the cone z = ++/22 F 2.

12.3 Compute f4 (x2+ y2)2 dx dy dz, where A is the region bounded by the plane
2z = 2 and the surface 22 y2 = 2z

12.4 Compute 4 2, where
A= {<Lzyz>:224+y2+22<a?2, 22> 0,y> 0,z > 0}.

12.5 Compute
/ R I N
A(§+ 554‘ E;) )

where A is the region bounded by the ellipsoid

x2 y2 z2
aTETa-t

Let p be a nonnegative function (to be called the density of mass in the following
discussion) defined on a domain D in E3. The total mass of <D, p> is defined as

M=/Dp(x)dx.

If M = 0, the center of gravity of <D, p> is the point ¢ = <Cj, C2, C3>>, where

1
C: = Z‘—{ﬁxlp(@ dz,

1
C2 = i D:czp(x) dz,

1
Cs = i /D z3p(z) dz.
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12.6 A homogeneous solid (where p is constant) is given by z; > 0,22 > 0,23 > 0,
and
x| 75 | 23
2tpTaesh
Find its center of gravity.

12.7 The unit cube has density p(x) = z1z3. Find its total mass and its center of
gravity.

12.8 Find the center of mass of the homogeneous body bounded by the surfaces
22 -+ y?+ 22 = a2 and 22+ y? = ax.

The notion of center of mass can, of course, be defined for a region in a Euclidean space
of any dimension. Thus, for a region D in the plane with density p, the center of mass
will be the point <=zo, yo >, where

_Jpze _Jour

z
0 fDP vo fDP

12.9 Let D be a region in the zz-plane which lies entirely in the half-plane > 0.
Let A be the solid in E® obtained by rotating D about the z-axis. Show that u(A4) =
2r du(D), where d is the distance of the center of mass of the region D (with uniform
density) from the z-axis. (Use cylindrical coordinates.) This is known as Guldin’s rule.

Observe that in the definition of center of gravity we obtain a vector (i.e., a point
in E®) as the answer by integrating each of its coordinates. This suggests the following
definition: Let ¥V be a finite-dimensional vector space, and let eg, ..., e, be a basis
for V. Call a map ffrom E” to V (fis a vector-valued function on E” with valuesin V)
contented if when we write f(x) = 2 fi(x)e;, each of the (real-valued) functions f;
is contented. Define the integral of f over D by

[z ()

12.10 Show that the condition that a function be contented and the value of its

integral are independent of the choice of basis ey, . . ., €.
D
Let £ be a point not in the closed domain D, which has a
mass distribution p. The gravitational force on a particle of
unit mass situated at £ is defined to be the vector S,
/ P — 9
o [x— &3
(here x — £ is an [F3-valued function on E3). Fig. 8.16

12.11 Let D be the spherical shell bounded by two concentric spheres Sy and So
(Fig. 8.16), with center at the origin. Let p be 4 mass distribution on D which depends
only on the distance from the center, that is, p(x) = f(|/x]|). Show that the gravita-
tional force vanishes at any £ inside Si.

12.12 < D, p> is as in Exercise 12.5. Show that the gravitational force on a point
outside Sy is the same as that due to a particle situated at the origin and whose mass
is the total mass of D.
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13. ABSOLUTELY INTEGRABLE FUNCTIONS

Thus far we have been dealing with bounded functions of compact support. In
practice, we would like to be able to integrate functions which neither are
bounded nor have compact support. Let f be a function defined on E®, let M be
a nonnegative real number, and let 4 be a (bounded) contented subset of E™.

Let /% be the function
0 if z& 4,

M) =M if redand|fx) > M,
flx) if z€ 4 and |f{z)] < M.

Thus f2 is a bounded function of compact support. It is obtained from f by
cutting f back to zero outside A and cutting f back to M when |f(z)] > M.
We say that a function f is absolutely integrable if

i) f¥is a contented function for all M > 0 and contented sets 4 ; and

ii) for any € > O there is a bounded contented set A, such that ey4, - f is
bounded and for all M > 0 and all Bwith BN 4. = ,

il < e

It is easy to check that the sum of two absolutely integrable functions is again
absolutely integrable. Thus the set of absolutely integrable functions forms a
veetor space. Note that if f satisfies condition (i) and |f{z)| < |g(z)| for all z,
where ¢ is absolutely integrable, then f is absolutely integrable.

Let f be an absolutely integrable function. Given any €, choose a correspond-
ing A.. Then for any numbers M; and M, > max.cq, |f(z)| and for any sets
A-l D Ae and A2 D Ae;

[ — [72] < [ Pl + [ e,

If we let ¢ — 0 and choose a corresponding family of 4 ., then the above inequal-
ity implies that the lim ff 4, 1s independent of the choice of the A.. We define
this limit to be [f.

We now list some very erude sufficient eriteria for a function to be absolutely
integrable. We will consider the two different causes of trouble—nonbounded-
ness and lack of compact support.

Let f be a bounded function with f4 contented for any contented set A.
Suppose |f(x)] < Cllz||™* for large values of ||[z]]. Let B, be the ball of radius »
centered at the origin. If r; is large enough so that the inequality holds for
llzl] > r1, then for r4 > r; we have

/lfBrz—Brll < CfBW_Br1 e Cﬂn/: =ik

where Q,, is some constant depending on # (in fact, it is the “surface area” of the
unit sphere in E*). If & > =, this last integral becomes

< 2e.

CQn n— n—
n—k (rs F— ri k),
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which is < [CL,/(k — n)]*, which tends to zero as r; — oo if & > n. Thus
we can assert:

Let f be a bounded function such that f4 is contented for any contented
sct A. Suppose that [f(z)| — 0 as [|z]] — oo in such a way that [|{|*¥|f(x)] is
bounded for some k¥ > n. Then f is absolutely integrable.

Now let us examine the situation when f is of compact support but un-
bounded. Suppose first that there is a point zy such that f is bounded in the
complement of any neighborhood of z3. Suppose, furthermore, that

[f@)] < CHlz — ol 7

for some constants C' and k. Then if |f(x)] > M, |lz — zol|™* > M/C or
lx — zof < C/MYE,

Let By be the ball of radius CM** centered at zo. Then |f(z)| > M,
implies that z € By. Furthermore, for My > M; we have

[ <t e woll o Man(By),
B, B,—B,
where By is the ball of radius C3; /* centered at zo. Thus
oMLk
/ 1742 < c’m/ T e MY M,
B, CM,

where Q, and V, depend only on n. If & < n, the integral on the right becomes

i k—n)/k crF ki
n—k(]wl — M5 )<n_kM1 .

Thus
/B lszl < const (MY“—”)/’c 4 M(Zk—n)/n)’

which can be made arbitrarily small by choosing M| large.

Thus if f has compaet support and is such that f is contented for all M and
[f(x)] < Cllz — xo]| 7% with & < n, then fis absolutely integrable.

More generally, let S be a bounded subset of an [-dimensional subspace of
E”. Let d(z) denote the distance from z to S. Let f be a function of compact
support with 7 contented for all M. If [f(z)| < C d(z)™™ with k < n — |,
then f is absolutely integrable. The proof is similar to that given above and is left
to the reader. ,

Let {fi} be a sequence of absolutely integrable functions. Under what
conditions will the sequence ff » — [fif the sequence fix(z) — f(z)? Even if the
sequence converges uniformly, there is no guarantee that the integrals converge.
For instance, if fr = (1/k")egk, then |fi(@)| < 1/k", so that fi approaches zero
uniformly. On the other hand, [f; = 1 for all k.
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We say that a set of functions {fi} is uniformly absolutely integrable if for
any € > 0 there is an 4, which can be chosen independenily of k such that

fB ‘f;ﬁ”{ < € forall M

wherever BN A, = .

We frequently verify that {f;} is uniformly absolutely integrable by showing
that there is an absolutely integrable function g such that |fi(x)] < [g(z)] for
all k£ and z.

Let {fi} be a uniformly absolutely integrable sequence of functions. Suppose
that f; — funiformly. Suppose in addition that f is absolutely integrable. Then
ffk — [f. In fact, for any § > O we can find a ko such that [fi(z) — f(z)| < &
forall k > kg and all z. We can also find A, and 3, such that

o= [1] < | [ac— [5] 4 |[7He = [o] | [rlla, — [1K
< e+ e+ su(dd),

which can be made arbitrarily small by first choosing € small (which then gives
an A.) and then choosing 8 small (which means choosing kg large).

The main applications that we shall make of the preceding ideas will be to
the problems of computing iterated integrals and of differentiating under the
integral sign.

Proposition 13.1. Let f be a function on R* X R’ Suppose that the set of
functions {f(z, )} is uniformly absolutely integrable, where x is restricted
to lie in a bounded contented set K C R¥. Then the function exwal- f is
absolutely integrable, and

_ 4 d == o .
Jea? = [ faf@w dyde = [, [ s, dudy
Proof. By assumption, for any € > 0 we can find M and A, C R’ such that

Ll @) <e if And.= . (13.1)
Now for any set B in R,
[exsatl B = [ex@ [, If¥ @)l
< wKe if BNEXA.=d.

This shows that exwql f is absolutely integrable on R®. Now choose a sufficiently
large [ ] = []; X [ ]2 and an M such that

'/kalf o /Kxnlféll < E,
and also such that

Uf(x, ) — ffél(x, -)l <e forall zeK.

A
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’/Kxnlf— /Kxnlfé{‘ <€

Then we have

and
[t = [ [¥ @ dya
Thus
UKXle - /K A,f(x, y) dy dx’ < €+ u(K)e,
so that

/Kxnlf - /K /;l-f(xr y) dy dx.

Finally Eq. (13.1) shows that the function F(y) = fK f(,y) is absolutely
integrable. In fact, using the same A and M as in (13.1), we get

JIFE] < w(E)e.
Thus we get

/KXszZ [K Alf(x, y) dy dz = ‘/';z /Kf(x, y) dedy. O

An extension of the same argument shows the following.

Proposition 13.2. Let f be absolutely integrable on R™ and such that the
functions f(z, -) are uniformly absolutely integrable for each z € R¥. Then

1= [[#@ ) dyda.

We now turn our attention to the problem of differentiating under the
integral sign.

Proposition 13.3. Let (i, 2) — F(¢,z) be a function on I X R", where

I = [a, b] C R. Suppose that

i) F and dF/dt are continuous functions on I X R";

it) (9F/at)(t, -) is a uniformly absolutely integrable family of functions;

iii) F(t,-) is absolutely integrable for all { € I.

Let f(t) = fF(t, -}. Then f is a differentiable function of ¢ and

1 = [, @F/ane ).
Proof. Let G(f) = fn" (dF/ot)(t, -). Then G(t) is continuous; hence we can pass

to the limit under the integral sign of a family of absolutely integrable
functions. Furthermore,

/: G(s) ds = L"/,,t (3F /at) (s, -) ds
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by Proposition 13.1. Thus

i
[ 6= [,(Ft,) —F@") = [,Ft,) — [,Fa-) =it — fa).
a R R R
Differentiating this equation with respect to ¢ gives the desired result. [

Finally, let us state the change of variables formula for absolutely integrable
functions.

Let ¢: U — V be a differentiable one-to-one map with differentiable inverse,
where U and V are two open sets in R”. Let f be an absolutely integrable
function defined on V. Then (f o ¢)|det J,| is an absolutely integrable func-
tion on U and

[ f=[ Gooldet s,

Proof. To show that (fe ¢)|det J, | is absolutely integrable, let € > 0 and
choose an A, C V such that (ii) holds. Then 4, is compact, and therefore so is
¢ Y(4,). In particular, ¢ }(4,) is a bounded contented set and |detJ,| is
bounded on it. If B N ¢~ !(A,) = &, where B C U is bounded and contented,
then

[ et T (e ™ < [ 1Y) < e
B #(B)

This shows that (f o ¢)|det J,| is absolutely integrable. The rest of the proposi-
tion then follows from

[ f=_ (el
A e 40
by letting e — 0. 0

EXERCISES

13.1 Evaluate the integral [ e==* dr. [Hint: Compute its square.]

13.2 Evaluate the integral fo° e—="22* dz.

13.3 Evaluate the volume of the unit ball in an odd-dimensional space. [Hint: Ob-
serve that the Jacobian determinant for “polar” coordinates is of the form r»—1 X f,
where f is & function of the “angular variables”. Thus the volume of the unit ball is of
the form Cf§ r»~1 dr, where C is determined by integrating f over the “angular vari-
ables”. Evaluate C' by computing (f*_ e~=* dx)=.]

14. PROBLEM SET: THE FOURIER TRANSFORM

Let « = <ai, ..., an> be an n-tuple whose entries are nonnegative integers.
By D* we shall mean the differential operator

ay+-+ag
D% = o T
x5t - - 9z
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Let o] = a; -+ -+ + an. Let Q(z, D) = X ja<k aa(z) D be the differential
operator where each a, is a polynomial in z. Thus if f is a C*-function on R”,
we have

@)@ = 1}: a4 () Df(z).

al<

For any f which is C* on R™ we set
iflle = sup [Qf(x)!.
TER"
We denote by § the space of all f € C* such that
Iflle < oo (14.1)

for all Q. To see what this means, let us consider those @ with k¥ = 0. Then
(14.1) says that for any polynomial a(-) the function ¢ - f is bounded. In other
words, f vanishes at infinity faster than the inverse of any polynomial; that is,
lim [[z][*f(z) = 0
lizll—0
for all p. To say that (14.1) holds means that the same is true for any derivative
of f as well.
If f is a C*-function of compact support, then (14.1) obviously holds, so
f € 8. A more instructive example is provided by the function n given by

n(x) = e 1o,

Since lim,_,, rP¢~™ = 0 for any p, it follows that limi_e a(z)n(z) = 0. On
the other hand, it is easy to see (by induection) that D*n(z) = P,(x)n{x) for
some polynomial P,. Thus @n(z) = Pg(z)n(x), where Pg is a polynomial.
Thus » € 8.

It is easy to see that the space § is a vector space. We shall introduce a
notion of convergence on this space by saying that f, — f if for every fixed @,

[lfn — Flle — 0.

(Note that the space $ is not a Banach space in that convergence depends on an
infinity of different norms.)

EXERCISES

14.1 Let ¢ be a C®-function which grows slowly at infinity. That is, suppose that
for every « there is a polynomial P, such that

[Dep(x)] < Pa(x) for all =.

Show that if f € 8§, then ¢f € 8. Furthermore, the map of 8 into itself sending f — of
is continuous, that is, if f» — f, then of, — of.
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For z = <2l,...,2" > R" and £ = <¢,..., > c R™ we denote the value
of £atz by
(2, 8) = o' 4 - g,
Also for any o = <al,...,a"> and any 2 € R® we let
72 = (1}1)‘11 R (xn)an’

and similarly £2 = (§H)o - - - (§%) %, ete. .
For any f € 8§ we define its Fourier transform f, which is a function on R™*, by
jo = [ 01tz da.
We note that
jor =[5 ad 1@ < [ifl

14.2 Show that f possesses derivatives of all orders with respect to £ and that

DfE) = (—)'* [T V() da;

in other words, A
DE(® = §(®),
where g(z) = (—1)!“z2f(z).
14.3 Show that 57 .
—_— — y JA
5 ©) = i),
[Hint: Write the integral as an iterated integral and use integration by parts with
respect to the jth variable.]

14.4 Conclude that the map f— f sends $(R™ into $(R™) and thatif f, —» 0in 8,
then f, — 0 in $(R™).

14.5 Show that - )
Tof(§) = e~*8f(g) for any we R”™

Recall that Tof(x) = flz — w).
14.6 For any f € § define f by .
f(x) = f(—x))

where ~ denotes complex conjugation. Show that
7o = 7.
14.7 Letn = 1, and let f be an even real-valued function of . Show that
J® = [ cos @, &) f(z) da.
14.8 Let n(z) = e~ V/2+* where £ € R!. Show that
% © =~

and conclude that
log #(£) = —23£24 const,
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so that
7(E) = const X e~ (/D
Evaluate this constant as 4/2r by setting £ = 0 and using Exercise 13.1. Thus
ME) = +/2m e~ D7,

14.9 Show that the limit lim. o f/¢ (sin 2)/z dz exists. Let us call this limit d.
Show that for any R > 0, lim._,o f&/¢ (sin Rz)/z dz = d.

If f € 8, we have seen that f € $(R™). We can therefore consider the function
[ Piw a.

The purpose of the next few exercises is to show that

@) = === f " VOf(e) dt. (14.2)

2Zm)"

We first remark that since all integrals involved are absolutely convergent, it
suffices to show that

f@ = lim --- lim -~ / / FE . e WLl e ) Q. ag,
R,

Ry 5w R,—x» (27")7l

Substituting the definition of f into this formula and interchanging the order of inte-
gration with respect to z and E, we get

Rhm «.. lim (2"') // " f(x e, xn)ei[(yl—zl)fl+...+(yn—zn)fn] dgl o dgndﬁlf.
1 R,—w — —R

It therefore suffices to evaluate this limit one variable at a time (provided the conver-
gence is uniform, which will be clear from the proof). We have thus reduced the problem
to functions of one variable. We must show that if f € S(R?), then

f) = Tim 5 / / F@)e’ % dt da.

We shall first show that

R
@) = lim f / f@)e™ 7" d de,
Rowdd JJ/_r
where d is given in Exercise 14.9.
14.10 Show that this last integral can be written as
1 @ . . L . )
1 / By =2 1 [yt
Yy — d 2

n&tdu.
u

14.11 Let

— .

o) = fly — uH2—f(y+u)
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Show that g(0) = 0 and conclude that g(x) = zh(z) for 0 < # < 1, where h € 1. By
integrating by parts, show that

€ 1
. Ru . Ru 1
{/; g(u) s1n7 —+ /;/Eg(u) smT’ < const 7

Conclude that
lim 1 f(y —u)+fy+ u)

R—w d 2
This proves that

du = f®.

_ _1_ vk

o) =4 ]e f(8) dE.

14.12 TUsing Exercise 14.8, conclude that d = #/2.

Let f1 € 8 and f2 € 8. Define the function f1 * f2 by setting
fi* 2@ = [fue — 02 dy.

Note that this makes good sense, since the integrand on the right clearly converges for
each fixed value of z. We can be more precise. Since f; € 8, we can, for any integer p,
find a K, such that

10 < T3
so that
L,R"
/uuu> 12l < T3 %7
Then
[at+ledne—vh@a =[Ol — 0k d

A+ lz|9f1le — ») f2(y) dy.

fuy >(1/2) izl
The first integral is at most

CaRllzI)" (1 + llz[)? max |f2(2)]
while the second is at most

(1+ [l2]%) max |72

K,
14 (ll=l)?

LyGle)"
1+ (Gllzl?

By choosing p > ¢+ n, we see that both terms go to zer;). Thus
uli”m (L4 l|=[1)f1 * fa(z) = 0.

Ztirs = (L) v 10 ().

Conclude that f1 * fo € 8.

14.13 Show that
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14.14 Show that if ¢ is any bounded continuous function on R”, then

[ / o+ y)f @faly) dzdy = [ P(u)(f1 * f2) (w) du.

14.15 Conclude that
T R R
fu* f2(8) = f1(H)f2(8).

r*fw) = %) / o ? a.
14.17 Conclude that for any f € §,

/ I = (%) / . (14.3)

[Hint: Set y = 0 in Exercise 14.16.]

14.16 Show that

The following exercises use the Fourier transform to develop facts which are useful
in the study of partial differential equations. We will make use of these facts at the
end of the last chapter. The reader may prefer to postpone his study of these problems
until then.

On the space 8, define the norm || ||s by setting

17l = @m ™ [+ a1 ¢
and the scalar product (f, g)s by

(f, 9)s = [ A+ 181D ©aE de.

14,18 Let s = R be a nonnegative integer. Show that

Il = 2 QM—MD!/ID“J’@)F dz,

lal<E

where a! = ai! -+ a,!. [Use the multinomial theorem, a repeated application of
Exercise 14.3, and Eq. (15.3).]

We thus see that ||fllr measures the size of f and its derivatives to order R in
the square integral norm. It is helpful to think of || [s as a generalization of this notion
of size, where now s can be an arbitrary real number.

Note that

Il < il if s<t

For any real s define the operator K* by setting
Kf(5) = (L + [E»).
14.19 Show that the operator K = KU is given by

2
Ki=7-% 0%
1
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14.20 Show that for any real numbers s and ¢,
[EAlle = flleras

(st; g)t = (f; ng)t = (f) g)s-H-
14.21 Show that K**t = K® o K! so that, in particular, K* in invertible for all s.

and

We now define the space H, to be the completion of § under the norm || ||;. The
space H, is a Hilbert space with a scalar product ( , ). We can think of the elements
of H, as “generalized functions with generalized derivatives up to order s”. By con-
struction, the space $ is a dense subspace of H; in the norm || ||;. We note that Exer-
cise 14.20 implies that the operator K* can be extended to an isometric map of H, into
H,_9,. We shall also denote this extended map by K°. By Exercise 14.21,

K—s: Ht—2s — Ht

is the inverse of K®, so that K*® is a norm-preserving isomorphism of H,; onto H;_2;.
14.22 Letue H;and v € H_,. Show that

|, 9o < Hlullslloll -

Thus we can extend <u,v> — (u, v)o to a function on H; X H_, which is linear in
u and antilinear in v [that is, (u, avy -+ beve)o = @(u, v1) + b(u, v2)] and satisfies the
above inequality. Thus any v € H_, defines a bounded linear function, I, on H; by
l(w) = (u,v)o.

14.23 Conversely, let I be a bounded linear function on H,. Show that there is a
v € H_, with l(u) = (u, v)o for all u & H,. [Hint: Consider the linear form » = Kw,
where w is a suitable element of H,, using Theorem 2.4 of Chapter 5.}

14.24 Show that

lo]—s = sup 1w, )0l

weH, |l
u0

(EExercise 14.22 gives an inequality. If v 0, take u = K% to get
ol —sllull, = (K2, K=/%) = |jo|Z,

in order to get an equality.)

14.25 Let 2s > n (where our functions are defined on R™). Show that for any f& 8
we have

sup f@) < Hf“s[[nn a-+ H!;'Hz)_s]l/z dt  (Sobolev’s inequality).

(Use Eq. (14.2), Schwarz’s inequality, and the fact that the integral on the right of
the inequality is absolutely convergent.)

Sobolev’s inequality shows that the injection of 8 into C(R™) extends to a continuous
injection of H, into C(R™), where C(R"™ is given the uniform norm. We can thus
regard the elements of H, as actual functions on R" if s > n/2.
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By induction on [e] we can assert that for s > n/2, any f € H|4 1 has |a] con-
tinuous derivatives and

sup [D°f(z)| < Callfllia+s- (14.4)

14.26 Let @ be a bounded open subset of R”. Let ¢ € 8 satisfy supp ¢ C 2. Show
that
lo(8)] < w@2fello  forall &

14.27 Let di = lub,eq |27, and let d* = (dV)*1 - - - (d")*». Show that

[D@(8)] < du(@)2||e|o.
14.28 Show that

[88(8)] < u(@)V2|| DPollo,
and conclude that

(L 181252 (O] < w@ el

14.29 More generally, let ¢ be a function in 8§ which satisfies¥(z) = 1 forallz €,
and let ¢ € 8 satisfy supp ¢ C Q. Show that

[e(®] = [(e,¥e)ol < llellslell—s,
where Y:(2) = ¢¥(z) e~%=P and that

[Die(®] < el il —s
where Y§(z) = a4y (z)e {8,

Let us denote by H¥ the completion under || ||s of the space of those functions in §
whose supports lie in ©. According to Exercise 14.29, any ¢ € H defines an actual
function ¢ of £ which is differentiable and satisfies

IDte(®)] < llellui @,

where |[¥¢(x){| s depends only on @, &, £, and s, and is independent of ¢. Further-
more, [lefl§ = [+ ||EI12le(®)]? dé.

14.30 Let s < t. Then the injection H; — H; is a compact mapping. That is, if
{g:} is a sequence of elements of H* such that [|¢s]|; < 1 for all 4, then we can select =
subsequence {@;} which converges in || {l,. [Hint: By Exercise 14.29, the sequence of
functions ¢;(£) is bounded and equicontinuous on {: | &|| < r} for only fixed r. We
can thus choose a subsequence which converges uniformly and therefore a subsubse-
quence which converges on {£:[|£]| < r} for all » (the uniformity possibly depending
on 7). Then if {g;} is this subsubsequence,

s — @i lZ = / A+ 50, — 0 @F dt
= 14 E les ) — @i (®)]® dt

lE<r

+ A4 [E]1D les (&) — @i, (O dE

Igll>r

L e, O I T ®) — 00O 2
- A 18 ™ s 1T 4 sl ]
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CHAPTER 9

DIFFERENTIABLE MANIFOLDS

Thus far our study of the calculus has been devoted to the study of properties
of and operations on functions defined on (subsets of) a vector space. One of
the ideas used was the approximation of possibly nonlinear functions at each
point by linear functions. In this chapter we shall generalize our notion of space
to include spaces which cannot, in any natural way, be regarded as open subsets
of a vector space. One of the tools we shall use is the “approximation” of such a
space at each point by a linear space.

Suppose we are interested in studying functions on (the surface of) the unit
sphere in E2. The sphere is a two-dimensional object in the sense that we can
deseribe a neighborhood of every point of the sphere in a bicontinuous way by
two coordinates. On the other hand, we cannot map the sphere in a bicontinuous
one-to-one way onto an open subset of the plane (since the sphere is compact and
an open subset of E2 is not). Thus pieces of the sphere can be described by open
subsets of E2, but the whole sphere cannot. Therefore, if we want to do calculus
on the whole sphere at once, we must introduce a more general class of spaces
and study functions on them.

Even if a space can be regarded as a subset of a vector space, it is conceivable
that it cannot be so regarded in any canonical way. Thus the state of a (homo-
geneous ideal) gas in equilibrium is specified when one gives any two of the three
parameters: temperature, pressure, or volume. There is no reason to prefer any
two to the third. The transition from one set of parameters to the other is given
by a one-to-one bidifferentiable map. Thus any function of the states of the
gas which is a differentiable function in terms of one choice of parameters is
differentiable in terms of any other. Thus it makes sense to talk of differentiable
functions on the states of the gas. However, a function which is linear in terms
of one choice of parameters need not be linear in terms of the other. Thus it
doesn’t really make sense to talk of linear functions on the states of the gas.
In such a situation we would like to know what properties of functions and what
operations make sense in the space and are not artifacts of the description we
give of the space.

Finally, even in a vector space it is sometimes convenient to introduce
“nonlinear coordinates” for the solution of specific problems: for example, polar
coordinates in Exercises 11.3 and 11.4, Chapter 8. We would therefore like to
know how various objects change when we change coordinates and, if possible,
to introduce notation which is independent of the coordinate system.

363
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We will begin our formal discussion with the definition of differentiable
manifolds. The basic idea is similar to the one that is used in everyday life to
describe the surface of the earth. One gives a collection of charts deseribing small
overlapping portions of the globe. We can piece the whole picture together by
seeing how the charts match up.

e UinUj)
1

viop

e UinUsy™

(U
ol Fig. 9.1

1. ATLASES

Let M be a set. Let V be a Banach space. (For almost all our applications we
shall take V to be R™ for some integer n.) A V-atlas of class C* on M is a collec-
tion @ of pairs (U, ¢;) called charts, where U; is a subset of M and ¢; is a bijec-
tive map of U; onto an open subset of V subjeet to the following conditions
(Fig. 9.1):
Al. For any (U;, ¢) €@ and (Uj, ¢;) €EQ the sets ¢;(U; N U;) and
¢;(U; n U;) are open subsets of V, and the maps

eio it ioi(Usn Uj) = o(Usn Uy)
are differentiable of class C*.
A2, U;= M.

The functions ¢; c ¢; * are called the transition functions of the atlas Q.
The following are examples of sets with atlases.

1

Example 1. The trivial example. Let M be an open subset of V. If we take @
to consist of the single element (U, ¢), where U = M and ¢: U — V is the
identity map, then Axioms Al and A2 are trivially fulfilled.

Example 2. The sphere. Let M = S™ denote the subset of R**! given by
(@2 +--. 4+ @2 = 1. Let the set U, consist of those points for which
2"+t > —1, and let U, consist of those points for which "™ < 1. Let

e1: U; — R
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be given by
x’b

14 gntt’

where 31, ..., y™ are coordinates on R™. Thus the map ¢; is given by the
projection from the “south pole”, <0,...,0, —1>, to R™ regarded as the
equatorial plane (see Fig. 9.2). Similarly, define ¢5 by

; 1 1 .
Yoozt ..., ") = i=1,...,n,

x‘b

1 — gnbl’
Then ¢3(U; N Usg) = 0o(U1 N Ug) = {y € R":y = 0}. Now
(xz)z + . + <xn)2
(1 + ant1)2

1 — (xn+1)2 1 — xn—}-l
T F a2 T 1 4 gndt

3 1
yzo¢2(x7"'yxn+l):

T @ ee)’@, ..., a" ) =

Thus
) 1 n+1
i, 1 ntly Yoo, ..., 2 ) ,
Y €02(z e T ) Z{yiom(ﬁcl,..-,x”“)P
or
o1 ()
20 = @
In other words, the map o5 © 7, defined for all y 5 0, is given by
@2 © 90—1_1(?/) = ”yy”2 :
Thus conditions Al and A2 are fulfilled.
[
|
|
|
[
I 4
/ zt z"
N f ///W» <1+$n+17” )}+x"+1’o>

\%:M/«Z\:
— 5\—<xl, IS

Fig. 9.2

Note that the atlas we gave for the sphere contains only two charts (each
given by polar projection). An atlas of the earth usually contains many more
charts. In other words, many different atlases can be used to describe the same
set. We shall return to this point later.
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AN

Fig. 9.3 Fig. 9.4

Example 3. The circle. The circle S!is a “one-dimensional sphere” and therefore
has an atlas as described in Example 2. We wish to deseribe a different atlas
on S!. Regard S! as the unit circle 2% + z% = 1, and consider the function 6;,
defined in a neighborhood of <1, 0> on the upper semicircle of S*, which gives
the angle from the point on 8! to <1, 0> (see Fig. 9.3). As we move counter-
clockwise around the cirele, this function is well defined until we hit <1, 0>
again. We will take, as the first chart in our atlas, (U, 6;), where U; =
S! — {<1,0>} and 6, is the function defined above. Let Uy = S! — {<0, 1>},
and define 6, to be /2 plus the angle (measured counterclockwise) from
<0,1> (see Fig. 94). Now U;nU;= 8'— {<1,0>, <0,1>}, and
6:(Us N Uyp) = (0,2m) — {m/2}.

6,(UnUy)
(') 1r/'2 2|7r
Also, 8,(U, N Uy) = (w/2, 27w + 7/2) — {27}.
B U/ inUy)
} } + -+
0 /2 27 27+47/2

The map 6, o 87" is given by
6y 0 671(z) = i—f—Z’n’ if 0<z < w/2,

if 7/2 <2< 2.

Example 4. The product of two atlases. Let @ = {(U;, ¢;)} bea Vi-atlas on a set
M, and let ® = {(W;,¢;)} be a Vy-atlas on a set N, where V; and V, are
Banach spaces. Then the collection @ = {(U; X V;, ¢; X ¢;)} isa (V; X Vy)-
atlas on M X N. Here ¢; X ¥;(p, @) = <ei(p), ¥i(g) > if <p,¢> € U; X W;.
It is easy to check that € satisfies conditions Al and A2. We shall eall € the
product of @ and ® and write € = @ X ®.

For instance, let M = (0,1) C R! and N = S!.. Then we can regard
M X N as a cylinder or an annulus. If ¥ = N = S, then M X N is a torus.

Cylinder Annulus Torus
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It is an instructive exercise to write down the atlases and transition functions
explicitly in these cases.

Example 5. As a generalization of our first example, let S be a submanifold of
an (n + m)-dimensional vector space X, as defined in Section 12 of Chapter 3.
For each neighborhood N defined there, the set S N N, together with the map ¢
which is defined as the projection 7, restricted to S, provides a chart with
values in V (where X is viewed as ¥V X W). In such a neighborhood N the set S
is presented as a graph of function F. In other words,

SNAN = {<z,Fz)> € VX W:z € mi(S)},

where F is a smooth map of A = 7;(S N N) into W. Let N’ be another such
neighborhood with corresponding projeetion 77 (where now X is identified with
V X W in some other way). Then ¢’ o ¢~ }(z) = 7i(z, F(x)), which shows
that ¢’ o ¢! is a smooth map. Thus every submanifold in the sense of Chapter 3
possesses an atlas.

Exercise. Let P” (projective n-space) denote the space of all lines through the origin
in R**!. Any such line is determined by a nonzero vector lying on the line. Two such
vectors, <z!,...,z"*1> and <y}, ..., "' >, determine the same line if and only
if they differ by a factor, that is, y* = Az’ for all 7, where A is some (nonzero) real
number. We can thus regard an element of P”* as an equivalence class of nonzero
vectors. For each 7 between 1 and n+ 1, let U; C P” be the set of those elements
coming from vectors with z* = 0. Map

U; = R*
by sending

. " 2! L1 gt £
k3
<z,...,z >H<F"”’xi e .

Show that the map «; is well defined and that {(U;, @)} is an atlas on P”.

2. FUNCTIONS, CONVERGENCE

Let @ be a V-atlas of class C* on a set M. Let f be a real-valued function defined
on M. For a chart (U;, ¢;) we obtain a function f; defined on ¢;(U;) by setting

fi=Feoi. CAY
The function f; can be regarded as the “local expression of f” in terms of the

chart (U, ¢;). In general, the functions f; will look quite different from one
another. For example, let M = 8", let @ be the atlas described, and let f be the

function on the sphere assigned to the point <z!, ..., z"71> the value "%
Then 9
= THy) = ——= — 1
. f1(y) = foe1 (v) 1+ Jyl? s
while
2

fo() =Ffooz'(y) =1

as one can check by solving the equations.

I e
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Returning to the general discussion, we observe that the funections f; are
not completely independent of one another. In fact, it follows from the defini-
tion (2.1) that we have

ficeio ot =f; on ¢i(U:nU,. (2.2)

[Thus in the example cited above we indeed have fo(y) = f1(y/|yl|?), as is
required by (2.2).]

We now come to a simple but important observation. Suppose we start
with a collection of functions {f;}, each f; defined on ¢;(U;), and such that (2.2)
holds. Then there exists a unique function f on M such that f; = fo ¢; 1. In
fact, define f by setting f(p) = f.(¢:i(»)) if p € U.. For f to be well defined, we
must be sure that this definition is consistent, i.e., that if p is also in U}, then
fi(ei(p)) = £;(¢;(p)), but this is exactly what (2.2) says.

We can thus think of a real-valued function in two ways: as either

i) an object defined invariantly on M, i.e., a map from M to R, or

ii) a collection of objects (in this case functions) one defined for each chart
and satisfying certain “transition laws”, namely (2.2).

This dual way of looking at objeets on M will recur quite frequently in what
follows.

Let M be a set with an atlas of class C*. We will say that a function f is of
class C* (I < k) if each of the functions f; defined by (2.1) is of class C*. Note
that since I < k, this can happen without any interference from (2.2). If f; € C*
and ¢; 'o @; €C* (k > 1), then f;o (¢; 10 ¢;) €Ch If I were larger than k,
then in general f; would not be of class C' if f; were, and there would be very
few functions of class C*.

Since we will not wish to constantly specify degrees of differentiability of
our atlas, from now on when we speak of an atlas we shall mean an atlas of class C*.

Let M be a set with an atlas @. We shall say that a sequence of points
{z; € M} converges tox € M if

i) there exists a chart (U;, ¢;) € @ and an integer N; such that x € U; and
forallk > N, 2, € U;;

i) ¢i(xr)r>n converges to o(x).

Note that if (Uj, ¢;) is any other chart with z € U}, then there exists an N;
such that ¢;(xx) € U; for k > N; and ¢;(zr) — ¢;(z). In fact, choose N; so
that ¢;(z;) € ¢ (U; N U;) for all k > N;. (This is possible since ¢,(U; N Uj;)
is open by Al.) The fact that the ¢;(z;) converge to ¢;{x) follows from the
continuity of ¢; o ¢; !. It thus makes good sense to say that {z;} converges to z.

Warning. It does mot make sense to say that a sequence {x;} is a Cauchy
sequence. Thus, for example, let M = S" with the atlas described above. If {z}
is a sequence of points converging to the north pole in 8™, then ¢;(zz) — 0,
while ¢s(x;) — . This example becomes even more sticky if we remove the
north pole, i.e., let M = 8* — {<0,...,0, 1>} and define the charts as before.
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Then {z;} has no limit (in M). Clearly, {¢;(z;)} is a Cauchy sequence, while
{e2(zr)} is not.

Once we have a notion of convergence, we can talk about such things as
open sets and closed sets. We could also define them directly. For instance, a set
U is open if o (U N U;) is an open subset of ¢,(U;) for all charts (U;, ¢;), and so on.

EXERCISES

2.1 Show that the above definition of a set’s being open is consistent, i.e., that there
exist nonempty open sets. (In fact, each of the U,’s is open.)

2.2 Show that a sequence {z,} converges to z if and only if for every open set U
containing z there is an Ny with z, € U for « > Ny.

Let @ = {(U;, ¢;)} be an atlas on M, and let U be an open subset of M relative
to this atlas. Let @ [ U be the collection of all pairs (U; N U, ¢; [ U). Tt is
easy to check that @ [ U is an atlas on U. We shall call it the restriction of
@ to U.

Let f be a function defined on the open set U. We say that f is of class C*
on U if it is of class O relative to the atlas @ [ U on U. For later convenience
we shall say that a function f defined on a subset of M is of class C* if

i) the domain of f is some open set U of M, and
ii) fis of class C* on U.

3. DIFFERENTIABLE MANIFOLDS

In our discussion of the examples in Section 1, the particular choice of atlas that
we made in each case was rather arbitrary. We could equally well have intro-
duced a different atlas in each case without changing the class of differentiable
functions, or the class of open sets, or convergent sequences, and so on. We
therefore introduce an equivalence relation between atlases on M :

Let @; and @y be atlases on M. We say that they are equivalent if their
union @ U @2 is again an atlas on M.

The crucial condition is that Al still hold for the union. This means that
for any charts (U, ¢;) € @y and (W;, ¢;) € @z the sets ¢;(U; N W;) and
¥;(U; 0 W;) are open and ¢; o ¢; ' is a differentiable map of ¥,;(U; N W) onto
0:(U; N W;) with a differentiable inverse.

It is clear that the relation introduced is an equivalence relation. Further-
more, it is an easy exercise to check that if f is a function of class C* with respect
to a given atlas, it is of class C* with respect to any equivalent one. The same is
true for the notions of open set and convergence.
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Definition 3.1. A set M together with an equivalence class of atlases on M is

called a differentiable manifold if it satisfies the ‘‘Hausdorff property”’: For any

two pointsx; = x9 of M there are open sets Uiand Us with x1 € Uy and xo€ Uy with

UinUs =@.

In what follows we shall (by abuse of the language) denote a differentiable
manifold by M, where the equivalence class of atlases is understood. By an
atlas of M we shall then mean an atlas belonging to the given equivalence class,
and by a chart of M we shall mean a chart belonging to some atlas of M.

We shall also adopt the notational convention that V is the Banach space
where the charts on M take their values (and shall say that M is a ¥V-manifold).
If there are several manifolds, M, M4, ete., under discussion, we shall denote
the corresponding vector spaces by Vi, Vs, ete. If V = R”, we say that M is
an n-dimensional manifold.

Let M, and M, be differentiable manifolds. A map ¢: M; — M, is called
continuous if for any open set Uy C M, the set o~ (U3) is an open subset of M.
Let 25 € M5, and let U, be any open set containing z,. If ¢(z1) = x5, then
¢ Y (U,) is an open set containing x;. If (W, ) is a chart about z,, then
W N ¢~ 1(U,) is an open subset of W, and «(W N ¢~ 1(Us)) is an open set in V;
containing a(z;). Therefore, there exists an € > 0 such that ¢(z) € U, for all
z €W, with ||a(z) — alz:)]] < e. In this sense, all points “close to x;” are
mapped “close to z5”. Note that the choice of € will depend on the chart (W, a)
as well as on z1, 22, Usg, and o.

If M, My, and M3 are differentiable manifolds, and if ¢: M; — M, and
¥: My — M3 are continuous maps, it is easy to see that their composition
¥ o ¢ is a continuous map from M to M.

Let ¢ be a continuous map from M to M,. Let (W, «;) be a chart on M,
and (W3, ag) a chart on M,. We say that these charts are compatible (under ¢)
if (W) C W, If Q3 is an atlas on M5 and @, is an atlas on M, we say that @,
and @, are compatible under ¢ if for every (Wi, @;) € @; there exists a
(W, ag) € @5 compatible with it, i.e., such that ¢(W;) C W, (Note that the
map as o (¢ | W1) o a7l is then a continuous map of an open subset of ¥V into
Vs.) Given Q3 and ¢, we can always find an @; compatible with @, under ¢.
In fact, let @} be any atlas on M4, and set

@ = {(Wine M(Wy), al (Wine H(Wa))},

where (W, a) ranges over all charts of @} and (W, B8) ranges over all charts
of Qa.

Definition 3.2. Let M; and M, be differentiable manifolds, and let ¢ be a
map: M; £ M,. We say that ¢ is differentiable if the following hold:

i} ¢ is continuous.

ii) Let &; and G2 be compatible atlases under ¢. Then for any compatible
(W1, @1) € @1 and (W, @) € @, the map

agogoar i a (W) = ax(Wy)

is differentiable (as a map of an open subset of a Banach space into a
Banach space). (See Fig. 9.5.)
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oo poai’!

Fig. 9.5

In order to check that a continuous map ¢ is differentiable, it suffices to
check much less than (ii). Condition (ii) relates to any pair of compatible atlases
and any pair of compatible charts. In fact, we can assert:

Proposition 3.1. Let ¢: M; — M, be continuous, and let @; and G, be
compatible atlases under ¢. Suppose that for every (W, a;) € @; there
exists a (W, a3) € @z with o(W;) C W, and ay e ¢ o a7 ! differentiable.
Then ¢ is differentiable.

Proof. Let (Uy, 84) and (U,, B2) be any charts on M, and M, with o(U;) C U,.
We must show that 85 o ¢ o 871 is differentiable. It suffices to show that it is
differentiable in the neighborhood of every point 8(x;), where z; € U,;. Choose
(Wi, a1) €@, with z € Wi, and choose (W, a1) € G with o(W,) C Wa.
Then on 8;(W; N U,), we have

Baogo BTl = (Baeaz)o(azopoart)e (o B,
so that the left-hand side is differentiable. [

In other words, it suffices to verify differentiability with one pair of atlases.
We have as a consequence:

Proposition 3.2. Let ¢:M; — M, and ¢:M; — M3 be differentiable.
Then ¢ o ¢ is differentiable.

Proof. Let Gz be an atlas on M;. Choose @5 compatible with @3 under ¢,
and then choose an atlas @; on M; compatible with G, under ¢. For any
(W1, a1) € Gy choose (Wy, ag) € G2 and (W3, az) € Gz with o(W;) C W, and
$y(W2) CWs. Then ageyopoal' = (agogpoaz’)o (agopoar’) is dif-
ferentiable.

Exercise 3.1. Let M; = S* let M2 = P", and let ¢: M1 — M2 be the map sending
each point of the unit sphere into the line it determines. (Note that two antipodal
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points of S* go into the same point of P™) Construct compatible atlases for ¢ and
show that ¢ is differentiable.

Note that if f is any function on M with values in a Banach space, then f is
differentiable as a function (in the sense of Section 2) if and only if it is differ-
entiable as a map of manifolds. In particular, let ¢: M; — M 3 be a differentiable
map, and let f be a differentiable function on M, (defined on some open subset,
say Uz). Then fo ¢ is a differentiable function on M [defined on the open sel
¢ YU,)]. Thus ¢ “pulls back” a differentiable function on M» to M. From
this point of view we can say that ¢ induces a map from the collection of differ-
entiable functions on M 5, to the collection of differentiable funetions on 37,. We¢
shall denote this induced map by ¢*. Thus

differentiable functions on M, —¢%, differentiable functions on M4

is given by
e*[f1=fo .

If y: My — M3isa second differentiable map, then (¢ o ¢)* goes from functions
on }M 3 to functions on A, and we have

(o) =¢*oy* (3.1)
(note the change of order). In fact, for g on Mg,
(op)'y=ygoep)= (go) ¢ = ¢*Y*[ll

Observe that if ¢ is any map from 7, — M, and f is any funection defined
on a subset S; of M5, then the “pullback” ¢*[f] = f o ¢ is a function defined on
0 1(S,) of M. The fact that ¢ is continuous allows us to conclude that if Ss is
open, then so is ¢~ 1(S3). The fact that ¢ is differentiable implies that ¢*[f] i=
differentiable whenever f is.

The map ¢* commutes with all algebraic operations whenever they arce
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